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MESSAGE

‘Maths iz not only seen as beautiful—beauty is also mathematical’. -Dr. Thomas Britz

Look at all the inventions, buildings, means of transport including starships and other
technological developments around us, and you will find Maths at the heart of
everything. Even nature exhibits symmetry through Maths. The famous Fibonacci
Sequence or the Golden Ratio accounts for many patterns in the cosmos, such as
flower petals, seed heads, fruits, vegetables, tree branches, our faces and even our
bodies. It helps explain the way galaxies spiral, a seashell curves, patterns replicate
and rivers bend. We can’t deny the significance of Maths in our day to day lives.

Whether you look forward to solving a problem or becoming a scientist, Maths has got
your back. Maths is a friend to those who play with numbers and shapes, and leads to
the development of mathematical thinking and logical reasoning. Isn’t it interesting
to know that ‘jiffy* is a unit of time for 1/100%* of a second and ‘2520’ is the smallest
number that can be exactly divided by all the numbers from 1 to 10.

All competitive exams check mathematical ability without letting the students use a
calculator. In order to enable students to do fast and accurate mental calculations and
gain expertise in word problems, Mental Maths is being introduced in Classes XI and

XII from the academic session 2023-2024,

It is imperative that students with mathematical aptitude are identified and trained
to participate in the Mental Maths Competitions and Olympiads. These books have
ample material for regular practice by such students, who not only become proficient
in Maths, but also bring laurels for their school and motivate other students like
them. I commend the Maths teachers who work dedicatedly to support these students
in schools and provide regular feedback for improvement of the Mental Maths Books,

I also take this opportunity to appreciate the efforts of the Core Team, HOSs and
coordinators who work round the clock to promote Mental Maths in DOE schools, and
DBTB for timely publication of the Mental Maths books.

(HIMANSHU GUPTA)
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ths: d!
[ am a student of language. So, I view Maths also from a linguist’s perspective,

For example, Thousand’ is the only word from numbers 0 to 1000 which
contains the vowel ‘a’. Or for example, the units that come after Million (10)&, Billion
(10)° & Trillion (1012 are called: Quadrillon (10'%), Quintillion (10'#), Sextillion (1021),
Septillion (1024), Octillion (1027), Nonillion (10%) & Decillion (103%),

But do you know that world's highest paying jobs include Data Scientist,

Quantitative Analyst, Acturial Analyst, Statistician, Data Modeler etc. And
Mathematics is the backbone of all these fields!

Then, there is hardly any competition - for Entrance into some prestigious
course or college or for any job opportunity — which does not include Maths, directly

or indirectly. So, no matter, whether you love Maths or abhor it - if you are a sensible
person, you cannot ignore it!

And I know, all of you are most sensible guys out there because you have
chosen to opt for Maths|

Now that you have made your choice, why not also make your mark! Why not
master Maths — which many of your friends, consider as an ‘Untamable horse'l

Believe me, investment of time & brains made in Maths will give you highest
returns!

As for ‘Mental Maths’, it is the same as normal Maths with the only difference
that in Mental Maths you can not use your calculator or even your pen/paper to

solve mathematical problems. It is a matter of practice. The more you practice its
techniques, the more confidence you will gain.

This Question Bank will give you ample practice to succeed not only in Mental
Maths Quiz Competitions that are being held for you (i.e. for the students of XI & XI1I
classes) for the first time, but also in your entire career - whichever career you pick!

Take my word, there is no such book available in the market! Our best
teachers have burnt midnight oils in writing this and our best experts have critically
analysed and edited it. Still if - despite the best efforts of my team - there remain
some typographical errors/misprint, [ am solely responsible for the same.

As this is the first print, 1 sincerely request you to send your
suggestions/corrections to me so that we can serve our students better, next time.

Y\

(VIKAS KALIA)
PROJECT DIRECTOR (MENTAL MATHS)
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CHAPTER 1

RELATIONS AND FUNCTIONS

POINTS TO REMEMBER

1. Cartesian Product of Sets:-

AxB={(ab):ae Aandb e B}.
Results on Cartesian Products of Sets:
MAXBuuO=AxB)u(A x( ).
(AXEBENCO=AxBnNA xC).
(liDAx B-OC)=AxB) - (A xO).

(iv) If A and B have 'n' elements in commeon, then A x B and Bx A have n® elements

in comimon.

(v) If n(A) = a and n(B) = b, then
@nAxB)=axb @®nBxA)=bxa
(©)n(A x A)=a’ (d) n(B xB) = b?

2. Relation: Let A and B be any two non-empty sets. Any subset of A X B is said to
be a relation from the set A to the set B.

3. Binary Relation on a set: Every subset of A X A is called a binary relation on A.

I (i) Identity Relation: Ia={(a,a): aeA }.
(ii) Universal Relation: A x A is called the universal relation on A.
II. A relation K on A is said to be:

(i) Reflexive, if a RaVae A




(ii) Symmetric, faRb=bRaVabeA
(iii)y Transitive, faRbandbRc=aRcVa b&ceA
(iv) Antisymmetric faRbandbRa=a=D0b.
IIT. Equivalence Relation: A relation which is Reflexive, Symmetric and Transitive

is called an equivalence relation.

(i) The inverse of an equivalence relation is an equivalence relation.

(ii) The intersection of two equivalence relations is an equivalence relation.
(iii) The union of two symmetric relations is symmetric.

(iv) The union of two transitive relations need not be transitive.

(v) If n (A)=m and n (B) = n, then total no. of relations from A to B is 2™n,

(vi) If n (A) = m and n (B) = n, then total no. of relations from B to A is 2™",

(vii) If n (A) = m, then total no. of relations from A to A is 2“‘2.

(viii) If n (B) = n, then total no. of relations from B to B isE“I.
IV. A relation R on a set A is:

(i) Reflexive A <> Ia c R. (ii) Symmetrice R!1=R.
(iii)Transitive < RoE C R

4. Functions or Mappings:

Let A and B be two non-empty sets. Then, a rule or a correspondence f which
associates to each xe A, a unique element f (x) € B, is called a function or a mapping
from A to B, and we write, I: A— B. [ () is called the immage of x and x is called the

pre-image of I (X).

A is called the domain of f and { f (X). X € A} ¢ B is called the range of f, where B is

the co-domain of f.




5. Various Tvpes of Functions:

A function f: A— B is said to be:
() Many-One, if two or more than two elements in A have the same image in B.
(ii) One-One, if distinct elements in A have distinct images in B
ie, fisone-one if f (X)=f(%X;)= X;= X,V x4, X; €A
(iii) Into, if 3 at least one element in B which has no pre-image in A.
(iv) Onto, if Range = Co-domain i.e., each element of B has a pre-image in A.

One-one mapping is called Injective, onto mapping is called surjective and a one-

one, onto mapping is called bijective.

6. Letf: A5 Band g B —C, then

gof: A— C s.t. (gof) (x) = g({(x))

Note I: gof is defined when Range () € Dom (g).

Note II: fog is defined when Range (g) ¢ Dom (f).

7. Chart to find the domain of various functions:-

Domain

: {(x) = 0}

: g(x) # 0}

D={x:1{x) =0}

D={x:1(x) = 0}

D={x:1(x) >0}
I£(x)|, [f(x)], ef™® D = Domain({)




8. (i) Dom( f + g) = Dom( f ) » Dom(g).

(ii) Dom (f — g) = Dom (f) » Dom (g).

(iii) Dom ( é) =Dom (f) n {Dom (g) — {x: g (x) =03}

9. Tofind the range of f (x), firstly put y =1 (X) and find value of 'x' in terms of y
only, ie. x= g (y), then find the domain of g (y), this domain (g) = Range ().

Notes:
(i) As range of all functions cannot be derived by one method. So, students are
advised to be a bit careful while finding range.

(ii)If a line parallel to x- axis cuts the graph of f (x) at more than one point, then the

function is not One-One.

(ii)If a line parallel to x — axis cuts the graph of I (x) at atmost one point, then the

function is One-One.

(iv)If f '(x) remains unchanged in its sign for every point in the domain of the

function, then f (X) is always One - One.




QUESTIONS:

LLetA=1{1,2,3;. fTR=1{(1,1), 2 2),33),1,2),2 1), Q3 G, 2)}on A, then

what is the nature of R in terms of Reflexive, Symumetric and Transitive?

2. If K is a relation from set A = {2, 4, St toset B= {1, 2, 3, 4, 6, 8} defined by

XRy <= x divides y, then find the domain and the range of E.

3. Let A and B be two sets such that A x B consists of 6 elemnents. If three elements
of A x Bare (1, 4), (2, 6) and (3, 6), then find the other three elements of A x B.

4 Let R={(x,y): xy =0, x, yE Z }. What is the nature of R in terms of Reflexive,

Symmetric and Transitive?

S.ITA={1, 2} B= {2, 3} and C = {3, 4}, then what is the cardinality of
AxB)n (Ax C)?

6. If A is a finite set of n elements, then how many relations can be defined on A?

7.If R is defined on Z as R = {(a, b): a —b is divisible by 5}, then what is the nature

of R in terms of Reflexive, Symmetric and Transitive?

8. Let S be the set of all straight lines in a plane. A relation R is defined on S by

a R b ¢»al b. What is the nature of R in terms of Reflexive, Symmetric and

Transitive?

9. What is the nature of the relation = on the set of all the integers in terms of

Reflexive, Symmetric and Transitive?

10. A relation R has been defined on R by a R b & |a — b|<1. What is the nature of R

in terms of Reflexive, Symmetric and Transitive?

11. A relation is defined as R = {(a, 0): 1 + ab >0, a, be R }. What is the nature of R

in terms of Reflexive, Symmetric and Transitive?




12. A relation R on R is defined as: aRb < |a| £ b. What is the nature of R in terms

of Reflexive, Symmetric and Transitive?

13. If n (A) = 2 and n (B) = 3, then what are the total number of relations from A to
B?

14. What is the nature of the relation R = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)} on
set A = {1, 2, 3} in terms of Reflexive, Symmetric and Transitive?

15. What is the nature of the relation "less than" on the set of natural numbers in

terms of Reflexive, Symmetric and Transitive?

16. For real numbers x and y, we writex Ry & x—y ++/2 is an irrational number.

What is the nature of the relation R in terms of Eeflexive, Symmetric and

Transitive?

17. A relation R is defined from {2, 3, 4, 5} to {3, 6, 7, 10} by x R y & x is relatively

prime to y. Find the domain of the relation R.

18. What is the nature of the void relation on a set A in terms of Reflexive,

Symmetric and Transitive?

19. Let S be the set of all straight lines in a plane. A relation R is defined on S by
aRbé¢>a |l b. What is the nature of R in terms of Reflexive, Symmetric and

Transitive?

20. Let A = {1, 2,3, 4} and let R = {(2, 2), (3, 3), &, 4), (1, 2)} be a relation on A.

What is the nature of R in terms of Reflexive, Symmetric and Transitive?

21. Let f- N — N such that f (x) =x . What is the nature of f in terms of one-one and

onto?

22. Let f R— R s.t f(x) = x . What is the nature of fin terms of one-one and onto?

23. Let f: R—> R s.t f(x) = x* . What is the nature of fin terms of one-one and onto?




24. Let R* be the set of all positive real numbers. A function is defined as
R =R s.tf(x)=¢". What is the nature of fin terms of one-one and onto?

25. If f* Q— Q such that £ (x) = 3x + 5, then find /! (x).
26. If £ (x) = (x* — 1) and g (x) = (3x + 1) then find the value of (g ¢ ) (x).

Iff (:-r + 3 =x"+ I—lz,x # 0, then what is the value of f(x)?

.Letf(x) = v — ¥, Find the domain of f(x).
. What is the domain of f(x) = sin~! 2x?

sin .1-'

.Letf(x) = . What is the domain of [ (x)?
. What is the range of [ (x) = a*, where a = 0?

.Letf R—R be defmedbyf{.r)—— x =0, f(0)=2. What is the range of f?

. What is the range of the function f (x)=—, x2 0?7

34. If fbe a function from the set of natural numbers to the set of even natural

numbers given by f(x) = 2Zx. What is the nature of fin terms of one-one and onto?

1:xisrational
0 :xisirrational’

35. Consider the function /- R — {0, 1} such that f(x) =[

What is the nature of fin terms of one-one and onto?

36. Let f(x) = |*— . What is the domain of f ?

37. Let f(x) = — 1 — x! . What is the domain of f ?

'2x—1

38. Let f (x)= What is the domain of [?

z3+1

39.Letf: N = N : f(x) = 2x. What is the nature of fin terms of one-one and onto?




40. Let € and R denote the sets of all complex numbers and all real numbers

respectively. Let 7 € = R: f(2) = |z]. What is the nature of fin terms of one-one and

onto?

41. Letf* N =N : f(n) = n’ + n +1. What is the nature of fin terms of one-one and

onto?

42. A function is defined as /* R — 4 s.t /' (x) = cos x such that f(x) is onto. Find set
A.

43. Letf (x) = cos "1 (3x - 1). What is the domain of f?
HMIf fix) = E , then what is the value of f[f(cos 28 )] ?

45, Let set A has 3 elements and set B has 4 elements. What are the number of
injections that can be defined from A to B?

46. If f> R — R, such that f(x) = | x|, then what is the nature of fin terms of one-one

and onto?

47. What is the domain of sin™2 [lﬂg3 (;f)] ?

48. What is the domain of f (x) = log |log x| ?

x+1
|x+2] °

. What is the range of the function f (x) =
. What is the range of f(x) = cos x — sin x?
I f: (- 00,0] —{0,00) such that f(x) = x? , then find {1 (x) .
If f: [0,0) =(- ©,0] such that f(x) = x? , then findf =1 (x) .

If f: A=[4,w) such that f(x) = x? is onto, then what can be the largest set A?

 If f: A—[4,0) such that f(x) = x? is one-one, then what can be the largest set A?

.If n (A) =5, then how many bijections can be defined from the set A to A?




ANSWERS

ANSWER

ANSWER

Reflexive, Symmetric
but Not Transitive.

Reflexive, Symnetric,
Transitive / Equivalence
relation

Domain = {2, 4} and
Range = {1, 4, 6, 8}

Not reflexive, not symmetric,
Transitive

1,6), 2,4, 3 9)

One-one, not onto

Not reflexive,
Symmetric, Transitive

Not one-one, Not onto /
Many-one, into

2

One-one, onto

z

zﬂ'

One-one, not onto

Reflexive, Symmetric,
Transitive

xr—5

3

Not reflexive,
Symmetric, Not
transitive

32 -2

Reflexive, Not
symmetric, Transitive

x'-2

Reflexive, Symmetric,
Not transitive

-3, 3]

Reflexive, Symmetric,
Not transitive

[1/2, 1/2]

Not reflexive, not
symmetric, Transitive

[-1, 1]-{0}

64

(0, w)

Reflexive, not
symmetric, Transitive

11,3

Not reflexive, not
symmetric, Transitive

1,1}

Reflexive, Not

symmetric, not
transitive

One-one, onto

Domain = {2, 3, 4, 5}

Not one-one, onto

Not reflexive,
Symmetric, Transitive

(—m 1]U(4 w)




{%, 1] [1, 9]

R-{1,2) (0,1)U (1, »)

One-one, not onto i-1, 1}

Not one-one, not onto / [—VZ.v2]
MHHF—DI].Ei into thint:—/a® + b* < asinx + beos x < Va® + b7)

One-one, not onto —/x

[-1, 1] V—x

[0, ] (~o,-2]U[2,m)
cos 28 (—o,-2] or[2,m)
24 120

Not one-one, not onto




CHAPTER 2

INVERSE TRIGONOMETRIC
FUNCTIONS

POINTS TO REMEMBER:

1. (Dsinx =f&x=5in0.
(ii)cos™x =B x=cosH.

(i)tan 'x =f¢<>x=tan B .

2. Domain & Range:

Functions Domain

(Principle Values)

1, 1]

(1, 1]

R

R

cosec 1x

5. [i}Si]l_l [Smx)thﬁ‘_ £K£;

(icos L (cosx)=x,f 0<x=<m




(iii) tan~! (tan x) = x, if —; <X < E
4. () sim™!'x= cosec™! G) —1<x<1
(ii) cos 1 x =sec™? G) —1=x<1
(iii) tan~1x =cot ™1 e) x>0
S @sint(x)=-sinlx,-1=x<1
(iecos 1 (-x)=m -cosx, -1<x<1
(iii) tan ! ((x)=—-tan " x,x € R
(ivycot 1 (-x)=m —cot™1x, xER
(V) cosec™ (-x)=- cosecIx, [x| = 1
(vi) secl (-x)=m - sec1x, x| =1

6. (i)sin x + ms"x% —1<x<1

(i) tan1x+ cot 1x = ; ,XER

(iii) sec 1x + cusec‘1x=111, x| =1
. - —1. _ -1 [ X+4¥
7. () tan 'x + tan~ 'y = tan (1_w),whenx;=ﬂ,}r}ﬂandxy‘i1

. -1 1y, — -1 [ X+¥
(i) tan™ "X + tan "y=m + tan (1_x?),,whenxl‘ﬂ,}*l‘ﬂ,x}r}1

(iii) tan™ ! x — tan" ly = tan ™! %) , when x>0, y >0 and xy > -1

8. (i) sin™1x + siu‘1y=siu_1(xﬁil—}r1 +_T,H..*1—:r.1),—1 <sx,y=1xl+yl<1

() sin~x - sin“ty=sin! (x/T—y? —yV1—%?),~1<xy<1x’+y’ <1

12




(iii) cos™1x + cos "y = cos™?! (x}r— J1-yiV1 —xl),—l <Sxy<1,x+y=0

1

(iv) cos Ix — cos 1y = ms_l(xjf +J1—-ylv1— xl),—l <Xy<1,x<y

I_

9. (i) sin 1x = siu_l[zxw 1-x?),—=<x

a2 o
VI VI
(i) 2cos Ix=cos1 2x*-1),0<x <1

(iii) 2tan 'x = tan™! ( b

1_xz),—1=:x=: 1

2tan lx ==

10. (i) 3sin" ! x=
(ii) 3cos 1x = cos™ 1 (4x* — 3x), % <x<

o3
(iif) 3tan~1x = tan~1 {::3) s

11. (i) For 0 <x <1, we have

sin" x=cos HW1—xZ=tan? ( ,:
¥ -
(ii) For0<x <1, we have

CO0S

(iii) For x = 0, we have

tan lx=sec! 1+ x2= 5in‘1(

: i a .
(iv) sin 1( )=cus 1( ,
'-,.'I al+hl o alipl




QUESTIONS:

1. Find the principal value of cos™ (— %)

2. Find the principal value of cot™1(—/3).

.
3. Find the principal value of sin™1 (— "1—3)

4. Find the principal value of cot™ (- 1).

5. Find the value of sin (cos™! (;)}.

6. Find the value of cns{siu‘l % + cos™1 %)

7. Find the value of cos [tns‘l (— i—i) + E]

8. Find the value of tan™! [tan (%HJ].
9. Find the value of sin[zsiu_l E)]

10. Find the value of cos :Etnu_l G)]

11. Find the value of tan|:sin—2 ( = ) - %ws‘l (1_11)].

|2 1+ 1+x2

12. Find the value of tan~? (1‘“”).

sinx

13. Find the value of ms_l( 1+?“).

2

_1 {1 A i
14. Convert cosec 1( :; ) in terms of tan 1x.

15. Iftan 1 x =E — tan™1 G) _then what is the value of x ?

16. What is the range of tan™1x?




1

. What is the domain of cos™" x?

1

. What is the domain of sec™ x7

1

. What is the range of cosec™ "x?

. What is the value of sin™1 (siu 13—“) 2

. What is the value sin~*{cos (sin"'x)} + cos™1{sin (cos 1x)}?

If cos™1 (%) = 0, then what is the value of cosec 1(V/5) ?

. Find the value of tan™1v3 —sec™! (- 2).

- n|" — sin-1 _1]
.Flm:lt,hne'.rz?ulunta[Jlf.';m[3 sin ( 1).

. _gf XY _1 1—::3) _1( 1x )_E , o
. S1n (1+x1) 4cos (1+x1 + Ztan ] e then what is the value of x 7

. What is the value of tan™ 1 (1/2) + tan™ (1/3)?

1 4

Ifsin 11— sin o= sin~1x then what is the value of x?

28. If tan~12 and tan™13 are two angles of a triangle, then what is the measure of

third angle of the triangle?

29. If sin{siu‘1 ; + cus‘l:r) = 1, then find the value of x.
30. If 4 sin~ 1x + cos™lx = x, then find the value of x.

31. What is the value of siu‘lg - Etnu‘lg ?

32. What is the value of tan™12 + tan~13?

1

33. If sin 'x + cot™? = ; , then what is the positive value of x?
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34. If sin~1 (:::1) —cos 1 (L:I) = tﬂn_l(:i ) . then what is the value of x?

35. If sin ix —cos 1x= E _then what is the value of x?

36. Find the value of tan (cos 1x).

f
v 1-x?

37. Find the value ofsin”*v1 — x2 + cot™!

38. What is the value of cos™1 (ms%ﬁ) ?

39. What is the value of tan 13 - cot™! (—/3)

40, If tan™ ! 2x + tau‘lﬁ-:-::E , then what are the possible values of x?




ANSWERS

Q. NO.

ANSWER
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CHAPTER 3

MATRICES

POINTS TO REMEMBER:

Matrix: A matrix is an ordered rectangular array of numbers or functions. The

numbers or functions are called the elements or the entries of the matrix.

The elements in i® row and j* column of a matrix is denoted by ;.

In general, an m x n matrix has the following rectangular array:

A= [ﬂ'ij]“‘nz

Iﬂu B ¢ 5T

Ay 7 Oy

A= [ﬂ"ij]m:-;n ' 1=1i< m, 15] < 11, i: ] EN

A matrix having m rows and n columns is called a matrix of order m X n or simply

Im X n matrix (read as m by n matrix).

A matrix having m rows and n columns is called a matrix of order m x n (read as m

by n).

2. Diagonal elements of a square matrix: The elements a;; for which i= j are called

the diagonal element of the matrix.

3. Comparable matrices: Two matrices A and B are said to be comparable if they

are of the same order.

4. Operations on matrices:

(I) Addition and subtraction of matrices: The suin or difference of two matrices is

defined only when they are of same order.




ITA= [uij]mxn and B = ['hij]m:-::u then A+B= [uij + bij]ﬂl}{]l and

A —B=[ay;— bijlmxn
(II) Scalar multiplication: Let A= [u,—_j]mx n And K be any number, then
kA =[ku|'j]m:n;n

(IIT) Multiplication of matrices: For two matrices A and B, the product AB exist
only when number of columns in A = number of rows in B. Otherwise AB does not
exist.

Let A= @]y xn aNd B= [bjp ], «p then C=AB= [cj ] x p Wherec;, = 35—, a;;b;,
If AB and BA are both defined, then it is not necessary that AB = BA

S. Transpose of a Matrix:

The Matrix obtained by interchanging the rows and columns of a matrix A is called

the transpose of A, written as AT or A",
For any two matrices A and B of suitable orders, we have

(D (AN'=A (ii) (kA)' = kA’ (where Kk is any constant)
(liD(A+B)Y=A"+B' (v)(AB)'=B'A"’

6. Types of matrices:

(I) Diagonal matrix: A square Matrix A= [a,—;]m »qn I Which every non diagonal

elements is O is called a diagonal matrix.

0

= dlﬂg [ﬂ-ljl_.r 33,33, .- ﬂﬂﬂ]
ﬂ"ﬂ.‘“

(IT) Scalar Matrix: A diagonal Matrix in which all diagonal elements are same is

called a scalar matrix.




(ITI) Unit or Identity Matrix: A scalar Matrix with each diagonal element 1, is called

a unit Matrix.

We denote a unit matrix of order n by I, or L

(V) Triangular Matrix: The matrix A= [a;;],, , is called:

(D an upper triangular matrix if a;; = 0 when i = j.

(i) a lower triangular matrix if a;; =0 when i <j.
(V) Symmetric matrix: A square matrix ‘A’ is said to be symmetric if (A)'=A
(VI) Skew-symmetric Matrix: A square matrix ‘A’ is said to be skew-symmmetric if
(A)'=—-A
For any square matrix A, we have

e A+ A'is always symmetric.

® A — A'is always skew - symmetric.




QUESTIONS:

. Find the order of the mal:rixE 3 ”:}E ;

3 0
. Find the total number of elements in the matrix| 1 a:J
-5
1 0 -1 0 .
.HA+B—[1 || anaa B—[1 _ll,ﬂlenfmdﬁ.
-5 ﬂ]

. Find the additive mverse of the matrix Y= [i 3

-2 2
. IfA=|—1 3|, thenfind 3A.
-5 1

. If [2x 4] [_;] = 0, then find the value of x.

HK=E _i _;] then find (X')'.

Find A, ifA=[i ‘: .
Find matrix Z where Z = ﬁ i] [; _";: ;

2 3
and B=|4 5|, then find AB.
2 1

1 -2 3
—4 2 5

[cosa —SIno
sina COSd

and A+ A'=1 then find the value of o.

SINa CcoSc

IfA =[ :
— OS5 ST

], then find the value of A'A.
2 4] .1 2 . ; ,
i § ¢ [1“ 4] —k[s 2],ﬂrnua-n find the value of k. (k is a scalar)

A= [: ;] is the sum of symmetric matrix P and skew-symmetric matrix
Q, then find the value of Q).

.For a 3x3 matrix A = [ﬂ,,-j-]3 «x 3 Whose elements are given by a;; = ? , finda, 5.

. For a 2x2 matrix B = [b;j |3 « s whose elements are given by b;; =;;_ ,find by,.




17.If A =[§ _:], B- [g i and C = [; g] then find the value of @y, of the

matrix A + B — 2C.
1 2

18105 4 _-;:il]J“A:[—gz _21 g

19. Find the number of all possible matrices of order 3x3 with each entry O or 1.
-3 6 9 .

20 If X = 15 30 36 ﬂ.ﬂdix=BWhE1EB=[blj]gxg,ﬂl'ﬂnfﬂ]dhzl
—42 45 72

and matrix A = [a;;]; x 3, then finda,3.

sin@ —cos@
cos@d sing

cos@ sin@

sinG 'cos0 ] , then find matrix P.

21. If P=cos0 [_ + sin@d [

22.If x E +y [_1] =[ 15“], then find the value of x and y.

FEC T 3 4
23. Q"= and P=|—1 2|, thenfind P — Q.
. 1 2 3 b i

0 1 1
24.IfX=|1 0 1|, thenfind X -X.
1 1 0

25.IfA=BxI, whereB=|15 6 1 0 1 OfandA=[a;]sxs,

3 11 1 1 00
1-|
12 13 9 0 0 1

thenfind a;3 + a.s

25.1!‘1{+Y=[§ ";] andx—&'=[g _then find the value of Y.

27.Fndx+ y, ifA= is a scalar matrix.

G
9
2y —7 0]
0
7.

X
28. Findx x y,if A= 0 | isa diagonal matrix.
4

0 a -3
29. If the matrix A=| 2 0 —1‘ is a skew-symmetric matrix, then
b 1 0

find the values of @ and b.
30. Let A and B be the matrices of order 3 X 2 and 2 X 4 respectively.
Find the order of matrix (A B) .




. Find the number of all possible matrices of order 2 x 2 with each entry 1, 2 or
3

If Ei;] =E ;] [_;],thmfmdthevaluenf.rxy.

2 0 0
If a matrix, A=| 0 2 ﬂ‘, then find the value of A3.
0 0 2

If amatrix A=[1 2 3], thenfind AAT.
If A = diag [2, 3, -1], B= diag [1, 3, 4], then find A?B.
.If A and B are two matrices such that AB = B and BA = A, then find A2+ B2,

x 1

.II'A=[1 5

and A? is the identity matrix, then find the value of x.

0 -1 3x
Jf thematrix A=| 1 y —5‘ is a skew symmetric, then find the value
—6 5 0

of 6x+ y.
.If A is a square matrix such that A2 = A, then find the value of (I+ A)% — 7A.
.Im.:[; 2],B=['; g and A = B2, then find the value of x.

18 0
36 6

a 0

.1m=[ 2b 36

and kKA =[ ], then find the value of a and b.

-1 2 3x
IfthematrixA=| 2y 4 —1‘ is symnetric, then find the value of

6 -1 0

—4 ; T
1 _J,thenfmdﬂ—ﬁ :

. If a matrix A is both symmetric and skew-symmetric, then find the matrix A.

3 .

ITA=[2 -3 4],B=(2|,X=[1 2 3]andY =|3|, thenfind AB + XY.
2 4

6 8 5

If thematrix A=| 4 2 3| isthe sum of a symumetric matrix B and a

9 7 1

skew-symmetric matrix C, then what is the value of b3?




47.IT A =[} }] then what is the value of A1992

6 8 5](2
48. What is the order of the resultant matrix [2 -3 4]| 4 2 3‘ 3‘ ?
9 7 1114

49. If A =[;l] ﬂ, then what is the value of A" , where ne N?

50. If A =[3} i] i ik 55 thie valoe o A2




ANSWERS

Q. NO.

ANSWER

18

19

20
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22




Diag [4, 27, -4]

A+B

0

12

|

1

a= 108, b = 108




Chapter 4

DETERMINANTS

POINTS TO REMEMBER:

Determinant:

To every square matrix A =[t’1!-_j] of order n, we can associate a number (real or

comp lex) called determinant of the square matrix A, where a;; = i row, j“‘ column

element of A.

Definition of determinants in terms of function:

If M is the set of square matrices, K is the set of numbers (real or complex) and
f: M — K is defined by f (A) =k, where A € M and k € K, then f(A) is called the
determinant of A. It is also denoted by | A| or det A or A.

_[a b oy i . _|la b
II'A—[E d] then determinant of A is written as |A| = ‘c d‘—det (A)

Eemarks:

(1) For matrix A, | A| is read as determinant of A and not modulus of A.

(ii) Only square matrices have determinants.

Froperties of Determinants:

Property 1: The value of the determinant remains unchanged if its rows and

columns are interchanged.

FProperty 2: If any two rows (or columns) of a determinant are interchanged, then

sign of determinant changes.




Property 3: If any two rows (or columns) of a determinant are identical (all

corresponding elements are same), then value of determinant is zero.

Property 4: If each element of a row (or a column) of a determinant is multiplied by

a constant K, then its value gets multiplied by k.

Property 5: If some or all elements of a row or column of a determinant are
expressed as sum of two (or more) terms, then the determinant can be expressed as

sum of two (or more) determinants.

Froperty 6: If each element of a row or column is added with the multiple of another

row or element, then the determinant of the matrix remains unchanged.

Key points to remember about determinants:

(1) Let A = [ay] of order n, then [kA|= k" |A]

(2) If A and B are square matrix of the same order, then |AB|= |A| |B|.

(3) Let A = [a;;] is a diagonal matrix (lower triangular matrix or upper
triangular matrix or scalar matrix) of order n (n = 2), then

|A.| =flqq X Az X Qzz X ... X Uyy,

Area of a Triangle:

Area of a triangle whose vertices are (x4, ¥4, (X3, ¥2) and (x3, y3) is given by the

: 1 :
expression - [x3 (Y2 —¥3 )+ X (¥3 —¥1) T X3 (Y1 — Y2 )| square units.

Now this expression can be written in the form of a determinant as

X3 y1 1

1
E:EII }'1 1

X3 }'3 1
KEemarks:

(i) Since area is a positive quantity, we always take the absolute value of the

determinant.




(ii)  If area is given, use both positive and negative values of the determinant for
calculation.

(iii) The area of the triangle forrmed by three collmear points is zero and vice

VEI'SA.

Minors and Co-factors

Definition: Minor of an element a;; of a determinant is the determinant obtained by

deleting its i™* row and j™ column in which element a;; lies. Minor of an element a;;

is denoted by M

Eemark: Minor of an element of a determinant of order n (n = 2) is a determinant of

ordern — 1.

Definition: Co-factor of an element as, denoted by Aj is defined by Ag = (—1)™ M;;

where Myis minor of a;;.

Note: If elements of a row (or column) are multiplied with cofactors of any other

row (or column), then their sum is zero.
For example, A = ayy Agy + @y Ayy +@y3 4;35=0.

Adjoint of a matrix:

The adjoint of a square matrix A = [ag]wn is defined as the transpose of the matrix
[As] men, Where Ay is the cofactor of the element ag . Adjoint of the matrix A is
denoted by adj A.

T
yy @33 (3 Ayy Ayy Ags

Let [@y3 @3 ‘113‘ then adjA = |Ay1 Azz  Aas
3y Q33 033 Azq Aszy Ass

Theorem 1:

If A be any given square matrix of order n, then A (adj A)=(adjA)A=|A |],

where [ is the identity matrix of order n.




Definition: A square matrix A is said to be singular, if |A|=0.
A square matrix A is said to be non-singular, if [A| £ 0

Theorem 2: If A and B are non-singular matrices of the same order, then AB and

BA are also non-singular matrices of the same order.

Theorem 3: The determinant of the product of matrices is equal to product of their
respective determinants, ie. |AB| = |A| |B|, where A and B are square matrices of the

same order.

Theorem 4: A square matrix A is invertible if and only if A is a non-singular matrix.

adj A

A=
lA]

where |A| # 0.

Some important points to remember related to adjoint and inverse of a Matrix.

(1) Let A be a square matrix of order n, then |adj A| =|4|" 1.
(2) If A and B are square matrices of same order, then
adj (AB) = (adj B) x (adj A).
(3) If A is an invertible square matrix, then adj (AT) = (adj A)L.
(4) Let A be a square matrix of order n, then adj(adj A) = |A™?A.

1|=1

Al

(5) Let A be a non-singular square matrix, then |4~

(ﬁ} H A ﬂnd B are Ill:]ll—sill lal‘ square I't’l?llll'iEES l']f same DI‘dEI‘, ﬂlﬁ'ﬂ
gu' q
{qB -1 (B:I_ll:q_jl_l

(7) If A is an invertible square matrix, then AT is also invertible and

1

(AN "= (AT

(8) If A is an invertible square matrix, then A A ™1 = A 1A =Tand (4™1) " 1=A.




Solution of system of linear equations using inverse of a matrix:

Consider the system of equations
a;x + hl}' +cqZ = dl
ax + by +cz=d,
azx + hg}' + C3Z = dg
ay by ¢ X dy
LetA=|a; b; c; ,K=ly‘ and B =|d,
(1 £ bg Cs3 Z t'ig

Then, the system of equations can be written as, AX =B, i.e.

a, by c 1‘ }": [dzl
g bg C3 ¥ dg

Case I: If A is a non-singular matrix, then its inverse exists.
X=AlB

This matrix equation provides unique solution for the given system of equations as
inverse of a matrix is unique. This method of solving system of equations is known

as Matrix Method.

Case II: If A is a singular matrix, then | A| = 0. In this case, we calculate (adj A) B.

If (adj A) B# O, (O being zero matrix), then solution does not exist and the system

of equations is called inconsistent.

If (adj A) B= O, then system may be either consistent or inconsistent accordingly

the system have either infinitely many solutions or no solution.




QUESTIONS:

: Evaluate‘_z :;‘

5

3 x| | -3 1

. Find the values of x for which‘_x 2| = 4 2

1 0 1
L IHX=13 -1 —El,thenl'ind |X|.
0 1 0

. Find the sum of minors M;, and M3, of the matrix

1
Subtract cofactor €45 from C3,; of the matrix |3
0

A= [_2: ﬂ is a singular matrix, then find x.

sin10° —cos10°

| Eva]uate‘ sin 80° cos 80° |

. If Cy; is the cofactor of the element a;; of the matrix A =

then find the value of a4;C5;.
. If A= [a;j]2<2 , then find A(adjA).
If A is a square matrix of order 2 and |A| =- 5, then find |adjA|.
.If A is a square matrix of order 3 and |AT|= - 3, then find |[AAT|.
.If A is a square matrix of order 3 and |A| =8, then find |adjA|.

13 5 . |
.HA—[4 ?], then find A (adjA).

. Find the adjoint of the matrix[_; :]

1 0 0
IfX=|3 2 u}. then find |X|.
1 0 5

cosx —Sinx

A= z[sin.r COSX

]. then find [A7)).




. The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is 9 square units.
Find the value of k.

. For what value of k, inverse does not exist for matri}i[}i zl

. For a non- singular matrix A =[; i], find |A7Y.

. Given that A is a non-singular matrix of order 3 such that A>= 24, then find
|2A].

r 4 x
1 ﬂ‘ is a singular matrix.
1 -1

Findx, f X=

_For matrix A =| 5], find | (adjA)T|.

1 0 0 1
Ir jo 1 0 \ l 1],&henfit1dx+ y+2z
0 0 1 L 0

e ‘;],x= [" [11] and AX=B, then find n.

5 0 0
.If A is a square matrix such that A (adjA)=|0 5 ﬂ], then find the value of
0 0 5

adjAl.

[ COSX SInx

. ITA= 2
. —SInx  cosx

] and A (adjA) = [ ‘:; g] then find the value of k.

a 0 0
IfTA=|0 a aﬂJ, then find the value of |adjA|.
0 0

1 -1 1
=|1T =2 —2‘ and square matrix B satisfy AB = 8], then find the
Z 1 3

value of |B|.

JO0<x<mand matrix A = 45"3”: s;:x is singular, then find the value of

X.
. Let A and B be 3 * 3 matrices with |A| =3 and |B| = 4, then find the value of
|I2AB|.




If A is a square matrix such that A? =1, then find the value of
(A-D3+ (A+1)° —7A.

2 0 0
FindA tiftA=|0 3 ol
0 0 4

a x ‘ 4
ITAS [y o M4 xy =1, then find |AAT)

0 x vy
. Evaluate the determinant | —xXx 0 =zl
-y —z 0

. If A is a square matrix of order 3 and A.(adjA) = 10L, then find the value of
| adjA|.
. If a matrix A is such that 443 + 2A? + 7A + I = O, then what is the value of
A2
. For non-singular matrices A, B and C of same order, find the value of
(AB1¢) 1,

2 1].
7 4
If A is singular matrix, then find the value of A.(adjA).

.If a square matrix A is such that AAT =T1= ATA then what is the value of |A|.

. Find the multiplicative inverse of the matrix [

.If A # 0 and B # 0 are nxn matrices such that AB = O, then what can you say
about |A| and |B|?

1 w W
. If w is the cube root of unity, then find the value of | w w? 1 |

w 1 )
1

5
. Find the value of the determinant | log.e 5 VE].
log,,10 5 e

1 2 3 7 20 29
If|A|=|2 5 7 |and|B|=|2 5 7 |, then what is the relationship

3 9 13 3 9 13
between |[A| and B|?
. If A and B are square matrices of order 3 such that |A| =—1 and |B| =3, then
what is the value of [3AB|?




46. What is the value of

47. If D = diag[di, dz, d3], then what is the value of OYH?

x+1 x4+2 x+a
48. If a, b, ¢ are in AP, then what is the valueof |¥x+ 2 x4+ 3 x+b|?

x+3 x+4 x+¢c
49. What is the value of k for which system equations

5x + 3y =3 and 3x + ky = 8 has no solution?

|
_ 5], then what is the value of adjA?
3 3

Sﬂ.Il‘|A|=3:mdﬂ_1=l




ANSWERS

Q. NO.

18

19




+ 1

Fither |A| =D or |B|=0.




CHAPTER S

CONTINUITY AND
DIFFERENTIABILITY

We say lim f(x)is the expected value of f at x = ¢ given the values of f near x to the
i—C

left of c. This value is called the left hand limit of f at c.

We say lim f (x)is the expected value of f at x = ¢ given the values of f near x to the
X—=C

right of ¢. This value is called the right hand limit of f(X) at ¢.

ITf the right and left hand limits coincide, we call that common value as the limit of

f(x) at x = ¢ and denote it by lim f(x).

F S 4

Continuity:

Suppose f is a real function on a subset of the real numbers and let ¢ be a point in

the domain of f. Then f is continuous at ¢ if lim f(x) = {(c).
X—c

More elaborately, if the left hand limit, right hand limit and value of the function at

X = ¢ exist and are equal to each other, then f is said to be continuous at x = c.

A real function f is said to be continuous, if it is continuous at every point in the

domain of f.

Differentiability:

Suppose [ is a real function and ‘a’ is a point in its domain. The derivative of f at ‘a’

is defined by




H‘”Hﬁ:_ﬂ” , provided this limit exists. Derivative of f (x) at ‘a’ is denoted by f' (a)

The derivative of f at ‘x’ is defined by f'(x) = !ljn&f—””;_ﬂ”

, provided this limit
eXists.

The process of finding derivative of a function is called differentiation.

Theorem: If a function [ is differentiable at a point ‘c’, then it is also continuous at

that point.

Corollary: Every differentiable function is continuous whereas a continuous

function may or may not be differentiable.

Basic rles for differentiation:

T g(@) =5 @ £ 9x)
e el e
= Fx).g(x)=fx) - g(x) +9(x) 5 fx)

d d d
= F(gC)] =7 [fD)] x 7o where y = g(x)

d (fuj) gL f-f() 129 ()

gx)+=0

dx \g(x) (glx))?

Basic formulae for differentiation:

d . n-1
a{x")—nx
d 1
E{lngex]—;
d 1 :
E{“gax]_xhga
d X
E{E‘x]—f

d sy
E{ﬂ‘)—n oga
.
E{sun-:]zcusx

d (cosx) = —sInx
ix




d 2
a{tﬂ]ﬂt] = sec X
d 2
= (cotx) = — cosecx
d

< (secx) = secx tanx

d
. . (tosecx) = —cosecx cotx

5 1
1 i
} «.-'1—::3:

d 1
.—cu5_1x=——;=,—1*ix‘i1
= ( e

d e I |
.3, (sec X) = = x| =1

|x|v'x

. %{tnsec_lx] = — x| =1

|x|vx2-1

d cogie R
.E[tﬂll x}—lﬂz,xER

d g
.E[cut X)= W

QUESTIONS:

Determine the value of the constant ‘k’ so that the function is continuous at
x=23.

_(kx+7ifx =3
f[I'}_{x—Eifx}E

Find the value of 'p' for which function is continuous at x = 2.
3 a
_jpxifx 2
f(x) {4 if x> 2
Determine the value of the constant ‘a' so that the function is continuous at
x=0.
sinax
f)={—a ifx+0
1 ifx=0




Determine the value of the constant ‘k’ so that the function is continuous at
x=0.

(1— cos 2kx)cosx

f(x) = ™) ifx =0
1 ifx=0

Find the set of points at which the function f(x) = tanx is discontinuous.
Find the value of ‘b’ for which the function is continuous at every point of its

domain.

x+4 ifo=x =1
r=f et o
4x* +3bx ifl<x<2

If the function f(x) is continuous at x = 0, then find the value of k.
sinx 5 e
fx)=1% cos“x when x
k whenx =10

If the function f(x) is continuous at x = 0, then find the value of k.
sin"1lx ,
f(x]=[ » ifx+0
k ifx=20
Determine the value of constant 'k’ so that the function f(x) is continuous at

x=0.

|«

kx
f{x]z{_ whenx <0
3 whenx =0

. Determine the value of constant 'k’ so that the function f(x) is continuous at
x=2.
x +3x—10
flx) = = when x #+ 2
k whenx = 2

. If for the function f(x) = Ax* - 4x + 4 and { '(2) = 36, then find the value of 4.
. Write the value of the derivative of I(X) = [x-1|+|x-3| atx=2.5

Iff(x) = 2Vx% 1 9, then find the value of lim /&™)

—4 A4

. Find the derivative of x with respect to Vx .

2
If x = at® and y = 2at, thenfiud% att=1.




.. d

. Find - (log x)
. el

. Find E(i‘ﬂgmx}

_ood
.Fde(I]

Find i{tnu_l | 1“’“”}
dx 1-cosx
Find L (279
' dx

_ =1 . o dy
.If y =sec (tan” " x), then flﬂddr.

2

_m 1 . dvy
Iy ; cnrx,menfmdd—rz.
dz_]r

. If y = sin3x cos5x, then find i

Find = (sin™% x + cos™1x).

Ify=sin"'x +sin"'v1— x?  then I‘ind%r.

2 3

= B R o Y
.It'}*—1+x—|—1—|-3!—|— ,thenfmddr.

. Ly

o then I‘mda.
* 4+ .. then find%Y
4 ’ dx’

. g
; FlﬂdE cos x °, where x = x degree.

Ify= tan~! (Z20) then find®,

Sl Xx—COSX x
. Jod —1;:4 .3
.Find._—[cos™ " (4x” — 3x)] .

R e |
. Evaluate lim~—.

x—1 ¥—1

(a2 (o o2
A v 3xf—1—Ex=-1
. Evaluate lim
= 4x+3

. 5%-1
. Evaluatelim :
—0 X

I | 1
Evaliate lim 2"
x—0

. Evaluatelim (1 + ;)j

X—o0




. Find the derivative of f(x) =|x P at x = —1.
. Find the points of continuity of f(x)= | x -1| +| x +1|.
I f(x) = e*g(x), g(0)=3 and g’ (0) = 1, then find I (0).

Iff©)=9 &' (9) =1, then find lim &3

1—=9 Jx—3

. If f(x) = [x], then find the points of continuity.

If f(x) = | x - 2|, then find the points of differentiability.

I f(x) = |sin x |, then find the points of differentiability.

. If f(x) = sin| x |, then find the points of differentiability.

. If f(x) = cos x, then find the points of differentiability.

If f(x) = |log x |, then find the points of non-differentiability.
If f(x) = |log| x ||, then find the points of non-differentiability.
3

. Find the derivative of cos’x with respect to sin® x.

. Find the points where f(x) = | x | + | x -1| is continuous, but not differentiable.

Ify =J5inx+ Jsinx ++/sinx + oo, thenfiudg.




ANSWERS

Q. NO.

19

20

21

3
(1-x2)z

{(2n+ 1];:1: € 7)

2 sin 2x —32 sin 8x

0

1
2
1
2z

-3

-

x(log.10)

x*(1+ log x)




R—-1Z

R-— {2}

R—{nmnell




CHAPTER 6

APPLICATION OF DERIVATIVES

Points to remember:

Rate of change: Whenever one quantity y varies with respect to another quantity x,

satisfying some rule y = f(x), then Z—i (or f'(x)) represents the rate of change of y

2 dy :
with respect tox and f '(x,) or i at x = x,, represents the rate of change of y with

respect to x at x = x,.

Increasing and decreasing functions:

LetI be an interval in the domain of a real valued function f. Then f is said to be

Increasingon I, if xy <x; nI=f(xy)< f(xy)forallx, ,x; EL
Strictly increasingon I, if xy <x, mnI=1(xy) < f(x,)forallx, , x; €L
Decreasingon I, if x; <x, mI=1(x,) = f(x;) forallx,, x; € L.
Strictly decreasingon I, if x; <x;, m I = f(x;) = f(x,) for all x;, x, € L.

Constant on I, if f(x) = c for all x € I, where ¢ is a constant.

Derivative test:

Let f be continuous on [a, b] and differentiable on (a,b), then
(a) I is increasing in [a,b], if f '( x) = 0 for each x € (a, b)
(b) I is decreasing in [a,b], if f '(x) < Ofor each x € (a, b)

(c) f is a constant function in [a,b] if f '( x) =0 for each x € (a, b)

Maxima and Minima:

Letf be a function defined on an interval I. Then

(a) I is said to have a maximum value in I, if there exists a point ¢ in I such that
f(c) = f(x), for all x € 1. The value f(c) is called the maximum value of f in I and the

point c is called a point of maxirum value of f in I.




(b) f is said to have a minimum value in I, if there exists a point ¢ in I such that
f(c)=Tf(x) for all x € I. The value f (c), in this case, is called the minimum value of

in I and the point c, in this case, is called a point of minimum value of f in I.

(c) I is said to have an extreme value in I if there exists a point ¢ in I such that f (c) is
either a maximum value or a minimum value of f in I. The value f (c), in this case, is

called an extreme value of f in I and the point c is called an extreme point.

By a monotonic function f in an interval I, we mean that f is either increasing in I or

decreasing in I.

Every continuous function on a closed interval has a maximum and a minimum

vahue.

Theorem: Let f be a function defined on an open interval I. If { has a local maxima
or a local minima at x = ¢, then either f '(c) = 0 or f is not differentiable at ¢ , where

cEL

Critical points: A point ¢ in the domain of a function f at which either f '(c)=0or

is not differentiable is called a critical point of f.

Theorem (First Derivative Test): Let f be a function defined on an open interval 1.

Let f be continuous at a critical point ¢ in I, then

(D If f '(x) changes sign from positive to negative as x increases through c,

ie.if f'(x)~=0 at every point sufficiently close to and to the left of ¢, and
f '(x) =0 at every point sufficiently close to and to the right of ¢, then c is
a point of local maxima.

If f '(x) changes sign from negative to positive as X increases through c,
ie. if f'(x)< 0 atevery point sufficiently close to and to the left of ¢, and
I '(x) =0 at every point sufficiently close to and to the right of c, then c is
a point of local minima.

If f '(x) does not change sign as X increases through c, then ¢ is neither a
point of local maxima nor a point of local minima. In fact, such a point is

called point of inflexion.




If ¢ is a point of local maxima of f, then f(c) is a local maximmum value of f.

similarly, if c is a point of local minima of f, then f(c) is a local minimum value of {.

Theorem (Second Derivative Test): Letf be a function defined on an interval I

and c €L Letf be twice differentiable at c, then

(i) X = cis a point of local maxima, if f '(¢c)=0andf "(c) < 0.
The value f (¢) is local maximum value of f.
(ii) X =cis a point of local minima, f f " (¢)=0and f "(c) = 0.
In this case, I (c) is local minimum value of 1.
The test fails, if f '(c)=0andf "(c) =0.
In this case, we go back to the first derivative test and find whether cis a

point of local maxima, local minima or a point of inflexion.

Theorem: Letf be a continuous function on an interval I = [a, b]. Then f has the
absolute maximum value and f attains it at least once in I. Also, f has the absolute

minimum value and attains it at least once in L.

Theorem: Letf be a differentiable function on a closed interval I and let ¢ be any

interior point of I. Then

(i) f '(¢)=0, if { attains its absolute maximum value at c.

(ii) f '(¢)=0, if { attains its absolute minimum value at c.
QUESTIONS:

Find the intervals in which function f(x) = 2x3 — 15x*>+ 36x +1 is increasing.
Find the intervals in which function f(x) = x° + 3x’ +6 is increasing.

Find the intervals in which function f(x) = x* is decreasing,

Find the minimum value of (x> + Ii—u}.

If x >0 and x + y = 18, then find the maximum value of xy.
Find the least value of {(x) = e*+ e™

Find the maximmum area of rectangle of perimeter 160 cm.

R 2 & v kWb

The sum of two positive number is 60. If the sum of their squares is

minimum, then find the numbers.




If f(x) = x* e, then find the intervals in which function is increasing,

. Find the minimum value of f(x) = [x+2|.

. Find the point of maxima of {(x) = cosx.

. Find the extreme point(s) of f(x) = tanx.

. Find the intervals in which the function f(x) = x}—6x>*+ 9x +2 is
monotonically decreasing,

. Find the intervals in which f(x) = sinx — cosx is decreasing, where 0 < x < 2m.
. If the function f(x) = x> — ax + 5 is strictly increasing on (1, 2), then find the
interval in which 'a’ lies.

. If x is real, then find the minimmum value of f(x) =x*— 8x +17.

. Find the intervals in which f(x) = [x(x—3)]* increases for all value of x.

. For what value(s) of x the function f(x) = cosecx has a maxima in the interval
(-m, 0)7?

. Find the intervals in which f(x) = x| — |[x—1]| is monotonically increasing.

. Find the minimnum value of the function f(x) = sin 3x.

. Find the maximmum value of the function f(x)= — [x—1| -3V x e R.

. Find the minitmum value of the function (x—a) (x—b).

. Find the maximum value of f(x) = tﬂfr.

. Find the minimmum value of f(x) = sinx + cosx.

. If the function f(x) = a*is strictly increasing, then find the interval in which
‘a’ lies.

. In which nterval the function f(x) = tanx —x is a decreasing function?

. In which interval the function f(x) = |x| is strictly decreasmg?

. Find the interval in which f(x) = x — sinx is increasing.

. Find the values of 'a’ for which f(x) = x* — ax is an mcreasing function on R.

. Find the value(s) of 'b' for which the function f(x) =sinx —-bx+ cisa
decreasing function on R.

. At what points, the slope of the curve y = x*+ 3x>+ 9x - 27 is maximum.

. Find the value of 'a' for which the function f(x) = x*- 62x*+ ax +3 attains its
maximum vahie at x =1 in the interval [0, 3].

. What is the least value of function f(x)=x*+x+17?




. If x lies in the interval [0, 1], then find the least value of the function
fx)=x*+x+4.

. Find the maxitnum value of sinxcosx.

. What is the rate of change of the circumference of a circle with respect to
radius r when r=4m?

. The total revenue (in rupees) received from the sale of x units of a product is
given by R(x) = 4x*+ 26x +1. Find the marginal revenue when as x = 10,

. The sides of an equilateral triangle are increasing at the rate of 4 cm per
second. Find the rate at which the area is increasing when side is S cm.

. The total cost function for production of articles is given by
C(x) = 100 + 300x — 3x". Find the value of ‘x’ for which the total cost is
decreasing,

. Find the absolute maximum value of y=x-3x+2in0<x <2,

. Find the point(s) on the curve y = 3x*+ 1, at which y-coordinate is changing
six times as fast as x-coordinate.

. The rate of change of y with respect to x is 3. Find the equation of line when
x=0y=2

. The distance covered by a particle (in metres) in t seconds is given by
x =5+ 7t - 2t%>. What will be its velocity after 1 second?

. Find the least value of the function f(x) = 2cosx + x in [0, w/2].

. Find the rate of change of volume of sphere with respect to radius when

r=10 cm.

. Find the value of x for which f(x) = :T:x is an increasing function.

47. Find the Maximum value of f(x) = - x* + 2x.
48. Find an angle 8, which increases twice as fast as its cosine where 0 < 8 < 2m.
49. If the function f(x) = x— 12x* + kx - 8 attains its maximum value at x=1 in
the interval [0, 3], then find the value of k.
. Find the value of 'a’ so that the sum of the squares of the roots of the

equation x* — (a—3) X — a + 1= 0 assumes the least value.




ANSWERS

ANSWER

Q. NO.

(2, 2) U (3, »)

26

R

27

©,2)

28

i

20

81

30

2

31

32

33

34

35

x=2nn,¥Vn e 1

36

2 m sec

@

37

< 106

(1, 3)

38

1043 cm?/sec

3r Tm
{TJT}

30

x> 50

(-2, 1)

40

4

1

41

0. U G, )

42

43

44

45

46

47

48

40

S0




CHAPTER 7

INTEGRALS

POINTS TO REMEMBER:

gntl
T — - —
l.f.r .f.f.:f—u+1+«‘j'l[ﬂ;E 1)

Z,J‘;d.rz log|x| +C

3. [efdx=e"+ C

4.j'c1"’dx=h:“—|-ﬂ'

S. [sinxdx =—cosx+C

6. [cosxdx = sinx+ C

7. [sec’txdx = tanx + C

8. [cosectxdx = —cotx + C

9. [secxtanxdx = secx + C

lﬂ._f cosec xcotxdx = —cosecx + C

11.[ tanxdx = log| secx| + € = —log| cosx| + C

12.[ cotxdx = log| sinx| + C = —log| cosecx| + C
o X
13.[ sec xdx = log|secx + tanx| + C = logtan (E+ f) +C
14.[ cosec xdx = log|cosec x — cotx| + C = log]| tﬂllgl +C
1 1
15.) mmdx =5

16.[ -~ dx

i, T




17.f dx=~tan"* >+ ¢

a4yl

1

val—xl

18. [ dx=sin"1Z+C
w

lﬂ.f?ﬁd.r = log|x + Vxl —al| + C

20. j'%,ﬁdx = log|x+vVx+al|+ C

z
21. [Va® — xtdx = ;1}{11 — x4 “Tsin_l §+ C
z
22. [Val —aldx = gw'x! —al —%lﬂg|x+ vl —al| +C

]
23. [Va® + xtdx = ;w'al + at +%lug|:c+ val + x| + C

du

24. Integration by parts: [ w.vdx = u. [ vdx — I{E ftfd:t‘} dx+C

25. [ e*{f(x) + f'(x)}dx = e*f(x) + C

ax

26. [ e™ sin(bx + ¢) dx = ﬁ[n. sin(bx+ ¢) — b.cos(bx+¢) ]+ C

2T.~I—p.si11:+q.usr d

: x=Ax+ B.log|a.sinx + b.cosx| + C where,
asnx+b.oosx

_ap+bq , ., ag-bp
A al+bl el al+bl

28. [ ™, sin(nx) dx = ——7[m.sin(nx) —n.cos(nx)] + C

mx

29. [ e™*. cos(nx) dx = . [m.sin{nx) + n.cos(nx)] + C

L

' E—"
30. Iﬁzcm3x+bzsiﬂzrdx " ab tan (ﬁtaux) +C

32. jffl[.r)dx = [F(x)]3 =F(b) — F(a), where Fx) =/ f (x)dx
33. [} fdx =[] f(e)dt

34. [P f(dx=— [ f(x)dx




35. [ fodx = [ fx)dx+ [°f(x)dx

36. Jy f(x)dx = [ f (a — x)dx

37. [0 f)dx = [ fla+ b~ x)dx

38. [° f(x)dx = [[[f(x) + f(—x)]dx

39. [1" f)dx = [J[f(x) + f(2a — x)]dx

40. If £(x) is a periodic function with period ‘T’ then [} f(x)dx =n [, f(x)dx

41. Walli's Formula: -

; (n—1)(n—3)n—5)..1 E Fadsanen

w
T
0

m-1)(n—-3)n—5..2 .
? -2l L fnisad

42, Jf | f(x)|dx, limit of this integral will split at all those points for which f(x)=0

and a< f(xX)< b

43. [Tlog| sinx | dx = [Tlog| cosx| dx = —;lugz

b fix) 1
H. J.rr fixy+fia+b—x) dx = 1 (b— EI]

45-J.bz - g dx =——

a alcosiy+blsin 2ab

asin x+b.cosx
dx

x m
46. [2 =, (a+b)

SNI+eosy

T
47 JT atan x+b.cotx
0 mnax+coty

dx="(a+b)

acmsecy+bsecx
dx

ok "
48. [2 = (a+b)4s.

COSECY+Secy
ila

f:siuﬂx.cushxdx :{m rif a—bis odd
0 :ifa—biseven




QUESTIONS:

: F]Ild_l"t * 452 dx

gy £
. Find [Ty,

cCofec ¥

: Fmd_[ r.i.r

 Find J- (r—l]qr—lngrj i

x

. Find [ cot 2x.log sin 2x dx

. Find [ log3xdx

. Find [ cosec x .log|cosec x — cotx| dx
. Find [ eS"'* sin x cos x dx

f‘+1

1-cotx d

.Fmdj

1+coty

.Find [Vax + bdx

.Find | ;—Id,r

1
+x

.Find |

1-cosx

.Find [ cidlubult,

CoOsX

.Find [ cos’nx dx
.Find [ sin3x.sin2xdx
SNy

.Find |

gnx+a)
.Find [(4sin®x — 3 sin x)dx
.Find [ 4cos*(2x+ 1) — 3 cos(2Zx + 1) dx

: f(x)
. Find J‘mdl'

.Fmd_l‘“ )




: coty
- Find Ihg sin x

gl -1 JE

.Find [ ——=dx

Vit a

.Find [ x sin®x*. cosx® dx

1
(sinx+cosx)?

.Find [

 Find J- SN Y—Cos X

Snx+eosx

.Find [1+ sin2xdx

sinx

.Find [

(1+:nsqu1+ms:’j

.Find [ —

1xltdn+4

. 1

.Find [ e* [taﬂ_lx + ] dx

xl+1
=3

= —133d'r

.Find [ e*.
.Find [ e* secx (1 + tan x) dx
Find [ tan (205)
sin 4x

1—:::5-1-:)

37. Find [ cot ™ (

J- £in 'Er+£.'ns 'E':

38. Find

sin®y coslx

.Find [ tan™ ( 1_“511) dx

1+ces2y

SecY

.Find | ——
"r secy—tanxy
1

gnx+a).ces(x+b)

.Find |

Find [ ——=X__dx

w.'siﬂzx—siﬂzn'

.Find [ a*e*dx

3_.

. Find J' (1} dx




1
Find [ 1EY gy

X

3
Find [T dx

0 148

- S
Find [} x.V1+ x%dx

Eﬂ X

.Find [¥——dx

EHSII

COSX
1+sindx

.Find [

. Let [X] denote the greatest integer function less than or equal to x, then find

1
I, [x]dx.
. Let [X] denote the greatest integer function less than or equal to x, then find

f: x[x]dx.

A ()
. Find J.n For+ )

. b f(x)
- Find J.n Flx)+fla+b—x)

Find [

gHME | W5 Y

COST

dx

— COosY+siny

%
.Find [;*
]

.Find ffﬁﬂcﬂﬁx dx
. Find J‘_ﬂﬂ.rv'rul — xldx
.Find [%|sinx|dx

T

1

SEinxcosy

.Find [
L3

. Find _l':.r.exzdx

blegx

.Find [ dx

a x

Find [, x.(1-x)%dx

Find [, ——dx

1
NETE




.Find [fcotx dx
4

.Find f:n| cosx|dx
.Find f:ﬁ| sinx |dx
.Find J‘;T{msx + |cosx|}dx
Find [ |2x— 1|dx

Find [ |2x + 1]dx




ANSWERS
Q. No. Answer

17 sinx sinS5x

i) —~ +C
5 +5x+C 3 T

(x— 1)3+E xcosa —sina.log| sin(x + a) |
3 +C

log|sinx|+ C cos 3x
3

(x —logx)? sin3(2x+ 1)

+C
2 +C 6

(logsin2 x)? iz log|log f(x)| + C
4

xlog3x —x+C walf':x:' +C

(loglcosec s — wtal)” log|logsinx| + C
2

Esiu:.:: EEEHII-_I'\,."_I

*-L
Z

3 i _—1 x
x lo e.sin 271+ C
— —x+ 2tan" x 2 { )

3

+C

+C

—log|sinx + cosx |+ C

3
20ax+ b)2
3a

Zlog|l+ x| +C

+C

log | |+ C

sinx +cosx

sin" x4+ 41— a2 sinx —cosx+C
+ C

2+ cosx

X
—cnti+ﬂ' log |

— |+ C
1+1:u5:.|:|

Isimy— Io@|secy + mmy | tﬂ:n_i(..'c+ 1)

+C
+c 2

.1:+5i112m|:+ﬂ 1 x4+ 1 -
2 4n “g|x+2|




e tan x+ C

I
i

E_.I.'

—
(a1}

e*secx +C

wa| = | B &

=~y
I
=

A
—+C

= e A k=] H|

secx+tanx+ C

1 sinx + a)

cos(a — b) log| cos(x + b) | +C

cos Yseca.cosx)+ C

a‘e”

—+C
1+loga

1

logab ]ug(g)

2

1

11

Z

log 2
Z

a(Zlog2 — 1)

Z







CHAPTER 8

APPLICATION OF INTEGRALS

POINTS TO REMEMBER:

Area bounded by the curve y = f(x), x-axis

and the ordinates x = a and x = b is given by

A=[lyde=[f(x)dx

Area bounded by the curve x = g(y), y-axis

and the ordinates y = ¢ and y = d is given by

i i
A= xdy=[ g(y) dy

Remarks: If the integral while calculating the area is negative, then we take its

absolute value.

Shortcut to find area of some particular curves:

2

. Area between y = 4ax andy = mx is S(. units.

3m?

z
. Area between y2 = 4ax andy = mx + ¢ is :—:sq.uuits.

: . i . B .3 3 -
. Areabetween x® = 4by andy = mx is — b*m”sq.units.

. Area between x? = 4by andy = mx + ¢ is 72 b¥m?3sq. units.




Area between y! = 4ax and x? = 4by is 1;311 Sq.units.

. . Ba? ;
Area between y! = 4ax and its latus rectum is 3i Sq.units.

x? ¥ .
Area of ellipse = + T 1 is wab sq.units.

Where a, b, m and ¢ are non-zero constants.

QUESTIONS:

Find area of the region bounded byy — x =0 and x% = Zy.

Find area of the region bounded by the parabola }rl = 8x and its latus
rectum.

Find area of the region bounded by y = |x|, ¥ = 1 and y-axis.

Find area of the region bounded by the parabola _}rl = x, y = 3 and y-axis.
Find area of the region bounded byy = |x— 1|, x = 1,x = 2 and x-axis.

Find area enclosed by the curve y = cosx, between x = 0 and x = 111

z z
Find area of the region bounded by the ellipse % + i'—s =1

Find area of the region bounded by the curve x2 + y* = 4.
Find area bounded by the curve y = cosx, y = sinx and x-axis between

w
x=ﬂandx=i

. Find area of the region bounded between yl =4x and x* = 4y.
. Find area of the region bounded },1 = 4x and x* = 8y.
. Find area of the region bounded y = Vx and x = Vf_}r

. Find area of the region bounded yl = 4x andy = 3x.

. Find area of the region bounded by x> = 8y andy = |x|.

. Find area of the region bounded by }rl =Zx andx = 2.

. Find area of the region bounded by y = 2Zx — x* and x-axis.

. Find area of the region bounded byy =4 — x!, x-axis and the lines
x=0andx=2.

. Find area of the region bounded by y = x? andy = |x|.




. Find area of the region bounded by y* = 2y — x and y-axis.

. Find area bounded by the curve x = 2cost, y = sint and x-axis in the first
quadrant.

. If the area hounded by ¥ = ax? & x = ay?,a > 01is 1, then find the value of a.
. Find area of the region bounded by y = sinx and x-axis between x =0 and
X=2m.

. Find area of the region bounded by y*> = x , x = 1, x = 4 and x-axis.

. Find area of the region bounded by the lines=0,y=0and x =y + 2.

. Find area of the region bounded by the curvey = x¥ , x=1,x = 2 and

X -axis.

. Find area of the region bounded between y2 = 4x and x = 3.

. Find area of the region bounded by the circle x2 + y? = 4 and the lines
x=0& x =12

. Find area lying between yl = 4x and y = 2Zx,
. Find area of the ellipse 4x* + 9y’ = 36.

. Find area of the region in first quadrant bounded by the curve y = 4xt,
x=0, y=1andy=4.

. Find area of the region represented by {(x, ¥): x? < y < |x|}.

. Find area of the region represented by {(x, ¥): x? + y! < 4;x + y = 2}.
. Find area of the region bounded by the lines | x| + |y| = 1.

. Find area of the region bounded by the curve y = x | x|, x-axis and the
lines x =—1andx=1

. Find area of the region bounded by y = |x— 2|,x = 1,x = 3 and x-axis.




ANSWERS
Answer Q. No.

z . 2
; Square units square units

2 2 w :
square units ; Square units

square units E
3

0 sguare units 4 square units

1 : 14 ’
; Square units - Square units

1 square unit 1 square units

. 15 .
30m square units - Square units

4m square units 83 sguare units

(2 —2Z ) square units 27 square units

16 : 1 5
< Square units 3 Square units

=]
b

square units Om square units

square units square units

square units square units

square units (m—2) square units

square unit 2 square units

. 2 :
square units ; Square units

square units 1 square unit

wiw w5 wiw b w| R B wikl w|

square units




CHAPTER 9

DIFFERENTIAL EQUATIONS

POINTS TO REMEMBER:

Differential equation:

An equation involving derivative (derivatives) of the dependent variable
with respect to independent variable (variables) is called a differential
equation.

A differential equation involving derivatives of the dependent variable with
respect to only one independent variable is called an ordinary differential
equation, e.g.,

ty  (dy

I v Gy Beband ST (Y gope
d_t'-l_ﬁy_ Ze" and =3 d:) + y = cosx

Order and degree of differential equation:

Order of a differential equation is defined as the order of the highest ordered
derivative of the dependent variable with respect to the ndependent variable
involved in the given differential equation.

The integral power of the highest ordered derivative nvolved in a
differential equation when expressed as a polynomial in dependent variable
and its derivatives is called the degree of the differential equation.

Forming a differential equation:

Method- Suppose an equation f(x, v, ¢4,¢;, €3 ... ¢,) = 0 contains n arbitrary
constants or parameters is being given. It represents a family of curves and
its differential equation will be formed as given below:

Stepl: Differentiate the given equation n times to get n more equations.

Step 2: Using all these equations, eliminate the constants to get the required
D.E.

Note: If an equation contains n arbitrary constants then order of its D.E. isn

but you cannot say anything about its degree.




4. Solution of a Differential equation:

@
(ii)

A function of the type f(x,y) satisfying the D E. is called its solution.
General solution: If the solution of a D.E. of order n contains n
arbitrary constants, then the solution is called the general solution or
complete integral

Particular solution: A solution obtained by giving particular values to
arbitrary constants in the general solution, is called a particular

solution or particular integral

S. Types of Differential equation:

@

Differential equations in which variables can be separable.

A first order-first degree differential equation is of the form

dy
2= F(xy)

If F (x, y) can be expressed as a product f (x) g(y), where, f(x) is a
function of x and g(y)is a function of y, then the differential equation

is said to be of variable separable type.

dy

The differential equation =

F(x,vy) ,then has the fm'rnj—: = flx)g(y)

Homogeneous differential equations

A function F(x, y) is said to be homogeneous function of degree n if
F(G.x, & y)=A"F(x, y) for any non-zZero constant i.

or

A function F (X, y) is a homogeneous function of degree n if

Fxy-= x‘g{i) nr}r‘g{j—r].

Linear differential equations

A differential equation of the form :—i + Py = @ where, P and Q are
constants or functions of x only, is known as a first order linear
differential equation.

The function g(x) = el PA¥ jg called Integrating Factor (I.F.) of the

given differential equation.




QUESTIONS:

Find the order and degree of each of the following differential equations:

dly dy d 3y
L () i) e= )"

ytyr+ (e =

How many arbitrary constants are there in the general solution of a
differential equation of degree 2 and order 37

Find the differential equations whose general solution is

tan"lx + tan"ly = c.

Find the general solution of the differential equations:

dy  tany

dx  tanx

dy .
.5 T ylogycotx =0

dy 1—;||rI .
'E—I_ ||1—:3 =0
X1+ yldx +yV1+ xtdy =10

(at —yat)dy + (yE+xydx =0
dy  x+y+1

dx a+y-1

1"r‘!—""—.:t:1+.1:_'}r—|-}'1

. X e

: xg =y (logy — logx+ 1)

aldy+y(x+y)dx=0




dy 5
.5 Ty tanx = secx
. Find the integrating factor of (1 + xX)dy + 2xy dx = cotx dx (x # 0)
. Find the integrating factor of (1 + y*)dx = (tan™ly — x)dy

. Find the integrating factor nl'xa‘.ﬂgx:—i: +y=2logx

2 o B
. What is the degree of the differential equation {:r—':r b=k(1+( :—ijl 1E?

. Find the sum of the order and degree of the differential equation
A e <
dx [{ dx ] +x=0
: - - 2y dy _
. What is the integrating factor of (x +3y")—-=y, y>0?

ydx—xdy

. Find the general solution of the differential equation 5 0.

. Find the general solution of the differential equationlog (%) = ax + by.

. Find the general solution of the differential equation cos(x + y) (:—i) =1

. Find the general solution of the differential equation % =xy+x+y+1




ANSWERS
Q. No.

Degree 2 and order 3 _) = log|x| + ¢

Degree not defined and
order 2

g
og|—| = cx
H}'

Degree not defined and y+ 2x = c’xy
order 2

Degree not defined and . SINX — COSX
order 1 y= 2 e

X

Degree not defined and y = Sinx + c cosx
order 4

Degree 1 and order 2 1+ x?

Degree not defined and etan™'y
order 3

3 23 logx

d
(1+x3j£+(l+fj=ﬂ

sinx siny = ¢

sinx log|y| = ¢

sin"lx + sin"ly =¢

J+xB)+ (1 +yh)=c

e —|-{_'
T =t—;2.
-f__ & X
log|j] = 1+ +c y=tan(2X) + c

—y) +loglx + y| = 1
(x=y)tlogix+ = Iﬂg|y+l|=i.rz+x+c




CHAPTER 10

VECTOR ALGEBRA

POINTS TO REMEMBER:

1. Scalars: Real numbers are called scalar.

2. Vectors:
(i) A directed line segment AB is called a vector.
(ii) A vector AB has magnitude and direction.

(iii) Its length or magnitude is denoted by |TH‘| and its direction is from A to
B.

(iMIfa=ai+bj+c E,then in short we denote it by (a, b, ¢). Thus we say
that the components of & along x-axis, y-axis and z-axis are a, b and ¢
respectively.

— a - o . L ok ——————
Wa=ai+bj+ck ,thenmagnitude of @ = |a| = val + b? + 2

(vi) Collinear vectors: Vectors along the same straight line are called

collinear vectors.

- — . - _
e gand b are collinear <> a=a b for some .

— =

¢ The necessary condition for a and b to be collinear is @ b = 0

(vii) Position vector of a point: Let O be the origin and P(x, v, z) be a point
then

OP=xi+yj+z k is called the position vector of P.

(x) The unit vector of OP denoted by OP = I

(xi) Consider the position vector OP (r)of a point P(x, y, z). The angles a, B, v
made by the vector with the positive directions of x, y and z-axes respectively,

are called its direction angles. The cosine values of these angles, ie., cosa,




cosp and cos v are called direction cosines of the vector, and usually denoted

by L m and n respectively.

The numbers Ir, mr and nr, proportional to the direction cosines are called

as direction ratios of vector, and denoted as a, b and c respectively.

If OP=xi+yj+zk ,then direction ratios of OP arex, y and z and

¥ Z

—
direction cosines of the vector OP are — i Fer

Section formula:

(1) Let A and B be two points with position vectors a and b respectively
and let P be a point which divides AB is in the ratio m:n (internally) ,
mb+ nd

then position vector of P =
m+n

Let A and B be two points with position vectors @ and b respectively

and let P be a point which divides AB is in the ratio m:n (externally) ,

- mb-nd
then position vector of P = ———
m—-n

Position vector of mid-point of AB=1 (a + b)
Let the position vector of vertices of a triangle ABC be a E and ¢

respectively, then position vector of centroid =:T (a+ b+ c)

Points A, B and C will be collinear «—AB = tAC for some scalar t.

Points A, B, C and D be coplanar <> AB, AC, AD are coplanar.

]Iﬁzﬂ1i+ﬂ1j+ﬂ3E|H=b1i+b1j+b3 Eﬂ]].d
|'—'11 a; ds

E."=c1i+c1j+c3i€wﬂlbecnplanar es|by by bszl=0
Cq4 €3 C3gl

Scalar multiple of a vector: Let @ be a given vector and A is a scalar. Then
the product of the vector a by the scalar A, denoted as Aa is called
multiplication of vector by the scalar i .




S. Scalar or dot product of vectors:

The scalar product of two nonzero vectors @ and b denoted bya . E, is

defined as

=

d.b= |E|' ; |E§ cos @ where @ is the angle between a@ and band0<@=<m.

Observations:

=t
a.b

la] {b]

(i) cos @ =

(i)  @and b are perpendicular, if and only if @. b = 0.
.b=b.d

(v) d.d=d|

v) @isacute <d.b >0

o = db
Length of projection of @ on b =E,I—

iy

Hﬁ=ﬂ1i+ﬂ1j+ﬂ3k and E=b1i+hzj+h3.i?

then E : b = ﬂ1b1+ ﬂlh 1+ ﬂ',ghg

Vector or cross product of vectors:
The vector product of two non-zero vectors a and b , denoted by @ > b and
defined as @ x b =|a| . | b| sin6fi, where @ is the angle between @ and b and
0 < @ <n where i is the unit vector perpendicular to @ and b.
Observations:

ld x b|

¢ e
la] | b|

Two non-zero vectors @ and b are parallel, if and only if @ x b=o0.

=4

d xb=-(b X a)
Hﬁ':uli—I—u;j—I-ugEandﬁ=bli+sz+b3ﬁ
g |E j k|
then a xb=la; a; aj
\by by I13|




=3

If @ and b are two adjacent sides of a triangle then its area= ~la x E|

square units i.e. Area of triangle ABC ts% |E X R| square units.

If @ and b are two adjacent sides of a parallelogram then its area is

la X E| square units.

If ¢ and d are the diagonals of a parallelogram then its area = % I€ x t_ﬂ
square units.

If @ and b are two adjacent sides of a parallelogram then the length of its

diagonals are [a + E| units and |[a@ — E| units.

QUESTIONS:

Find the magnitude of the vector 61 — 2 j+ 3 k.

Find a vector whose initial and terminal points are (2, 5, 0) and (-3, 7, 4)

respectively.

Find the projection of the vectora=21— j+ k along the vector
b=i+2j+2k.

Find the projection of the vector i + j+ k along vector J.

If@=2i+ j+2kandb=5i— 3 j+ k, then find the projection of b on @.

If the projectionof a=1—2j + 3 konb=2i+ LIE is zero, then find the

value of .

If d.b =$|H| | |, then find the angle between @ and b.

En]

Find the angle between vectorsi — jand j— k.
Find a vector in the direction of the vector1 —2j + 2 k and magnitude 3
units.

10. If @ = (1,-1) andE = (—2Z, m) are collinear vectors, then find the value of m.
11. If @] = 4 and -3 < k < 2, then find the range of [k a |.




. Find the value of 4 , for which the vectors3i— 6j+ k and

2i—4j+ Ak are parallel.

. If the sides AB and AD of a parallelogramn ABCD are represented by the
vectors 2i+4j—5kand i+ 2j+ 3k, thenfind a unit vector
almgﬁ.

. If three points A, B and C with position vectorsi + x j + 3 E,
3i+4j+7kand yi—2j— 5krespectively are collinear, then find the
value of (x , ¥).

_Find the value of A for which the vectors 2i + 1 j + k and

i+2543 k are perpendicular to each other.

. Find the position vector of the point which divides the line segment joining
the points with position vectors 2a - 3 b and @ + b in the ratio 3:1
(internally).

IfA,B, C,D and E are five coplanar points , then find the value of

DA+DB+DC+AE + BE+CE .

. Find the value of @.1)% + (@.j)?+ @. k)™

. If |a] = 3 and |E| = 4, then find the value of A for whichd@+4 b and
a-ib are perpendicular.

If@.i)=d.(i+ j)=d.(i+ j+ k)=1, then find the value of @.

. If @ is the angle between two vectors @ and b then find the range of 6 when
d@.bzo.

. If the points A, B and C with position vectors 2i — j+ k,i- 37—5 k and

ail—3]+ k respectively are the vertices of a right angle triangle with
£ C=mn/2, then find the value of «a.

. Find the angle between two vectors a and b with magnitude V3 and 4
respectively and @ . b = 2+/3.

Ifa, b and V3 - b are unit vectors , then find the angle between a and b.
. If OACB is a parallelogram with OC=1d and AB = E then find the value of

e

0A.




. If the angle between the vectors i + kand i+ J+4 k is 7/3, then find the
value of 4.
. If ABCD is a rhombus whose diagonals intersect at E, then find the value of

EA+EB+EC+ED.

If @,b and ¢ are unit vectors such that a + b + ¢ =0 then find the value
of @a.b + b.€+2.4.
, b and ¢ are vectors satisfying the condition@+b +¢=0.If |a| = 3,
|b| =4 and |¢[ = 2, then find the value of @. b + b .2 +¢.4d.
. Find the area of a parallelogram whose adjacent sides are determined by the
vectorsd=i— j+3kandb=2i—-T7j+k.
IfAB xAC=21i-— 4j+ 4E,then find the area of triangle ABC.
. Find the area of a triangle formed by the vertices O, A and B where
OA=i+2j+3kand0B=—-3i—-2j+k.
.If A, B and C are the vertices of a triangle with position vectors a , b and ¢

respectively and G is the centroid of triangle ABC ,then find the value of

GA+ GB + GC.

If0A=i+3j—2kand 0B =3 i— j+ 2k, then find the vector which
bisect ~AOB.

. Find the value of 7 whose magnitude is vZ units and which makes angle of
/4 and n/2 with y-axis and z-axis respectively.

. Find the unit vector perpendicular to the vectors i — jand i+ jJ.

. Find area (in square units) of the triangle having vertices with position
vectorsi — 2j + e L H B o kand4i—7 J+ 7k respectively.

. @, b are two unit vectors and & is the angle between them. If @ + b isa
unit vector, then find the value of &.

If[a+b| =|d— b|,then find the angle between @ and b.

. Find the number of unit vectors perpendicular to the vectors @ = 2i + jand

j+k.

b=
Ifd.d=|d xb [>+|d.b[*=144 and |d|= 4, then find the value of | b|.




.If |d|=10, | b|=2 and @ . b = 12 , then find the value of [a * b|.
Ifd=i+ j+k,d.b=1andd x b= j— k, then find the value of b.
. If the position vector of a point A is a +2 b and P with position vector

a divides a line segment AB in the ratio 2:3, then find the position vector of
the point B.

_If |d|=|b|=1 and |a = b|=1 , then find the angle between @ and b.

I |d|=3, |b|=4 and |a * b|= 10, then find the value of |a . b|2.

If |a % bj=4 and| @ . b| = 2, then find the value of |a | b |2.

If the vectors 1 — 2x j+ 3y k and i + 2x J— Eyff are perpendicular, then
find the locus of the point (X, y).

_If @ and b are unit vectors inclined at an angle o, then find the value of
|a-b).

dla+b|=|d| +|b| ,then find the
value of p.




ANSWERS

Answer

Q. No.

7 units

21

—8i+2j+4k

22

23

24

25

26

27

28

152 square units

3 square units

35 square units

1 - . e,
~@i+6j—2k)

2,-3)




44

20

An ellipse

2 sino/2

1




Chapter 11

THREE DIMENSIONAL GEOMETRY

POINTS TO REMEMBER

Direction cosines: If a directed line L. passing through the origin make angles o, p

and ¥ with x, y and z-axes, respectively called direction angles, then cosine of these
angles namely cos o, cos  and cos + are called direction cosines of the directed line

L.

Direction ratios: Any three numbers which are proportional to the direction cosines

of a line are called the direction ratios of the line. If 1. m and n are direction cosines
and a, b, ¢ are direction ratios of a line, then a =1, b=Am and ¢ = in, for any

nonzero i € R.

The direction ratios of the line segment joining P(x1, y1, 1) and Q(x2, yz2 , 22 ) may

be taken as: X2 —X1,Yy2—Y¥1,2Z2—Z10r X1 —X2,Y1—-Y2,Z1—122

EQUATION OF A LINE THROUGH A GIVEN POINT AND PARALLEL TO A
GIVEN VECTOR

Vector equation of a line:

Let a be the position vector of the given point A with respect to the origin O of the
rectangular coordinate system. Let [ be the line which passes through the point A

and is parallel to a given vector b . Let 7 be the position vector of an arbitrary point

P on the line, then the vector equation of the line is given by ¥ = @ + A b , Where &

is some real number.

Cartesian equation of a line:

Let the coordinates of the given point A be (x, , ¥; , Z;) and the direction ratios of

the line be a, b, ¢, then cartesian equation of the line is given by




XL _ YW _I-%
i b C

If I, m and n are the direction cosines of the line, then the equation of the line is

k! OO g O |
[ m n

EQUATION OF A LINE PASSINGTHROUGH TWO GIVEN POINTS

Vector equation of a line:

Letaandb be the position vectors of two points A (xy , ¥y, 24) and B (x; , y3 , 23)
respectively that are lying on a line. Let ¥ be the position vector of an arbitrary

point P(x, y, z) on the line then the vector equation of the line is given by

@+% (b-d)where is some real number.

x-X3 YY1 =3
1—x1 ¥Yz2—- V1 22—

Cartesian equation of the line:

ANGLE BETWEEN TWO LINES

Let I; and I; be two lines passing through the origin and with direction ratiosa,, b,,

cyand a, , b,; , ¢, respectively. The angle 6 between them is given by

iy + hlbz + €4Cy

Jt’lll + hlz + Ell Jﬂzl + hlz + E!.!'

Two lines with direction ratios ay , by , €;and ay , by |, c; respectively are

(i) perpendicular ie. if 8 =90° when aya; + byb; + c46,, = 0

()  parallelie. if 6=0, when “L=71-%

ax by 2

DISTANCE BETWEEN TWO SKEW LINES

Let [; and I; be two skew lines with equations ¥ = a; + A b_{ andr= a; + U E

(by xby).(az —ay)

units.
| by = by |

The required shortest distance is




DISTANCE BETWEEN PARALLEL LINES

QUESTIONS:

If a line makes angle of 90%, 135% and 45° with x, y and z axes respectively,
then find its direction cosines.

If a line has direction ratios 2, -3 and - 6 , then determine its direction
cosines.

Find the direction cosines of x, y and z axes.

Find the direction cosines of the line passing through the two points (3, 5,-4)
and (-1, 1, 2).

Find the vector equation of the line passing through the point (5, 2,-4) and
parallel to the vector 31+ 2 j— 8k .

Find the cartesian equation of the line passing through the point (1, 2, 3) and
parallel to the vector 31+ 2 j— 2k .

Find the cartesian equation of the line passing through the point with

+3 y-4 z+38
3 5 6

position vector 21 — j + 4k and parallel to the line given by =

X " g . et +4 z-6 . ;
The cartesian equation of a line is ~—— £ e . Find its vector form.

The vector equation of a lineis ¥ = (i+ 2 j— 4?3} + A(2i4+ 3 J— E}.
Find its cartesian form.

. Find the vector equation of the line that passes through the origin and
(5,-2,3).

. Find the cartesian equation of the line that passes through the origin and
-1,2,4).

. Find the vector equation of the line that passes through the points (3, -2, -5)
and (3, -2, 6).




. Find the cartesian equation of the line that passes through the points (2, -1, 3)
and (2, -4, 3).

. Find the angle between the lines 2x = 3y =-z and 6x = -y = -4z.

. If a line makes angles /3 and n/4 with the x-axis and y-axis respectively, then
find the acute angle made by the line with z-axis.

. If a line is equally inclined with the co-ordinate axes, then find its direction
cosines.

. Find the equation of x-axis.

. Find the coordinates of foot of the perpendicular drawn from the point
P(2,-3,4) on y-axis.

. Find the distance of the point P(a, b, ¢) from x-axis.

. Find length of the perpendicular drawn from the point (4, -7, 3) on y-axis.

. If the direction cosines of a line are <k, k, k= then find the value of k.

. If the direction angles of a line are a, b and ¢ respectively, then find the value
of sin’a+ sin’b+ sin’c.

. If the direction angles of a line are o, fand » respectively, then find the

value of Cos2a + cos2 f + cos2 v,

Z x-1 —& -E—3 -1 r—3 6—-Z £
. If the lines o };k = and % =31 =——are mutually perpendicular,

then find the value of k.

—X Ty—14 z-3
=2 = and =
3 1p 2 Ip 1

. Find the value of p so that the lines =

at right angles.
. The cartesian equation of a line are 6x-2 = 3y+1 = 2z-2. Find its direction

ratios.

. o . : . : -3 _ y+7 _z-1
. Find the direction ratios of the line perpendicular to the lines Il = ]_+3 =21

x+1 _ y+3 _z-5

and :
1 1 -1

. Find the equation of the line in vector form passing through the point

(-1, 3, 5) and parallel to the iim::; = ? =2

. O is the origin and P is a point at a distance of 7 units from the origin. If the
direction ratios of OF are < 3, -1, 6 =, then find the coordinates of F.




. Find the length of the perpendicular drawn from the point P (1, -1, 2) on the

x+1  y-1 z+l

line )
1 —3 4

. A point P lies on the line segment joining the points (-1, 3, 2) and (5, 0, 6).
If the x-coordinate of P is 2, then find its z- coordinate.

. Find the direction ratios and direction cosines of a line parallel to the given
line 6x—12=3y+9=2z -2,

. Find the angle between the lines
F=(@4i— P+ A(2i+ j—3k)and F=(i— j+2k)+ u(i—3 j+ 2k).

+4 y-3 z+l

- ines — - — — S e
. Find the angle between the lines rEdiw ot ..'Emur;l3 g g

. Find the ratio in which the line segment joining the points (-2, 4, 5) and
(3, 5, 4) is divided by the linex =0,

. Find the angle between a line with the direction ratios < 2,2, 1 > and a line
joining the points (3, 1, 4) and (7, 2, 12).

. Find the coordinates of foot of perpendicular drawn from the point (-2, 8, 7)
on XZ plane.

. If the points (3, 2, 2), (2, 3, 4) and (1, p-2, 6) are collinear , then find the value
of p.

39. If a line joining the points (2,-1, 1) and (3, 1, 5) is perpendicular to the line

joining the points (3, «, 7) and (1, 0, 4) , then find the value of w«.
4—x 3y-6 4-1z
¥}, ¥

=5 +4 6-2 __. ; ; :
i 3"3 - . Find the direction cosines of a

40. Find the direction cosines of the line

41. The equation of the line is :

line parallel to this line.

_—4 x—3 y-4 z-5

and = are coplanar, then find the

. -2 -3
If the lines =¥
1 1 —k k 1

value of k.
. O is the origin and P is a point at a distance of 3 units from the origin. If the
direction ratios of OF are <1, -2, -2>, then find the coordinates of P.

. - . x+3  y-1 z+3 x+1  y-4 -5
. Find the angle between the pair of lines - =g and G = =

. Find the angle between the pair of lines given by
F=(3i4+2j—4k)+A(i+ 2j+2k)and 7= (5i— 2 j) +u (3i+ 2 j + 6k).




46. If P is a point in a space such that OP is inclined to x-axis at 45° and y-axis at

60° then find its inclination with z-axis.
47. A(-1, p, 2), B(-2,0, -1), C(-5, 0, p) and D(-2, 3p, 3) are four points in space. If
lines AB and CD are parallel, then find the value of p.

48. Find the length of perpendicular from the (1, 2, 3) to the line 7 = 2 ==

49. Find the coordinates of foot of perpendicular drawn from the point (0, 0, 0)

-1 y-1 -3

1: X
to the line S - 1

20.If a directed line L. passing through the origin makes angles o, p and vy with x,

y and z-axes respectively. Find the value of sin® a + sin® p + sin? .




ANSWERS
Q. No.

21

22

1,0,0),0,1,0

and (0,0,1)
1 ] 3

—.‘Jl_ﬁ A -..I'ﬁl -..n'ﬁ 24
F=(5i+2j—4k
+ A(3i+ 2j—8k)

23

25

26

<4,5 7>

27

r=(—i+3j+5k)+ A
(2i + 3j)

(3!-_2:'5}

28

29

30 0 unit

4

1
.

Jor(l, 2, 3) and
1 3
l::ﬁ." it ' 1’ n"ﬁJ
/3

cns*é—j

(5

Kol
1.'? ; '-,"lgl '-,"3- <
y=0,2=0

+ <

{ﬂl _3 5 n]
v bt + ¢t units

5 units




60° or 1200

-6

2




CHAPTER 12

LINEAR PROGRAMMING

POINTS TO REMEMBER:

The term linear implies that all the mathematical relations used in the problem are
linear relations while the term programming refers to the method of determining a

particular programme or plan of action.

Linear Programming Problem is one that is concerned with finding the optimal
value (maximum or minimum value) of a linear function (called objective function)
of several variables (say x and y), subject to the conditions that the variables are

non-negative and satisfy a set of linear inequalities (called linear constraints).

Objective functions:- Linear function Z = ax + by where a and b are constraints

which has to be maximized or minimized is called a linear objective function.

Constraints:- The linear inequalities or in equations or restrictions on the variables

of a linear programming problem.

Optimization problem:- A problem which seeks to maximise or minimise a linear
function (say of two variables x and y) subject to certain constraints as determined

by a set of linear inequalities is called an optimization problem.
Feasible region:- It is defined as a set of points which satisfies all the constraints.

Feasible solutions: - Points within and on the boundary of the feasible region

represents feasible solutions of the constraints.

Optimal feasible solution:- Feasible solution which optimises the objective function

is called optimal feasible solution.

Convex set: Convex set is a set of points in a plane, on which the line segment

joining any two points in the set, comp letely lies in the set.




Convex polygon: A polygon is a convex polygon if the line segments joining any two

points inside it lies completely inside the polygon.

Theorem 1: Let R be the feasible region (convex polygon) for a linear programming

problem and let Z = ax + by be the objective function. When Z has an optimal value
(maximum or minimumy), where the variables x and y are subject to constraints
described by linear inequalities, this optimal value must occur at a corner point

(vertex) of the feasible region.

Theorem 2: Let R be the feasible region for a linear programming problem, and let

Z = ax + by be the objective function. I R is bounded, then the objective function Z
has both a maximum and a minimum value on R and each of these occurs at a

corner point (vertex) of R.

Remark: If R is unbounded, then a maxitnum or a minimum value of the objective

function may not exist. However, if it exists, it must occur at a corner point of R.

(By Theorem 1).

QUESTIONS:

If the objective function for an LPP is Z = 3x + 7y and the corner points of
the bounded feasible region are (0, 0), (5, 0), (2, 5) and (6, 1), then find the
points where value of Z is maxirnum.

In an LPP with the objective function Z = px + qy has same maximum value
on two corner points of the feasible region, then find the number of points at
which value of Z is maximum.

For an objective function Z = ax + by, a, b = 0, find the relationship between
a and b when maximum value of Z occurs at (10, 5) and (0, 15).

If the objective function for an LPP is Z = 2x + 3y and the corner points for
bounded feasible region are (7, 1), (5, 2), (2, 5) and (0, 8), find the points on

which we get minimum value of Z,




S. The feasible region for an LPP is shown in the figure with objective function

Z = 5x+7y. Find the point(s) at which Z is maximum.

N

The feasible region for an LPP is shown in the figure with objective function
Z = 5x + 4y. Find the point(s) at which Z is minimum.




. Find the maxitnum value of Z = 2x + Sy subject to constraints x +y < 5,
x,y=0.

. Find the maximum value of Z = 3x + Sy subject to constraints 3x —y = 0,
x<2and x,y=0.

. The feasible region for an LPP with objective function Z = 3x + Sy is shown
in the figure. Find the points at which Z is maximum.

\
X

. Z = Tx + y subject to the constraints 2x +y< 6,x -y = 0 and x, y = 0. Find the
point(s) at which minirnum value of Z occurs.

. The corner points of the feasible reason for an LPP are (0, 3), (3, 0), (6, 2),

(1, 2) and (0, 5). Let Z = 4x + 5y be the objective function. Find the point(s) at
which minimum value of Z occurs.

. The corner points of the feasible region determined by the system of linear
constraints are (1, 1), (0, 2), (3, 3) & (3, 0). Let Z = px + qy, p,q~0. Find the
condition on p and q such that the minimum value of Z occurs at (3, 0) &

(1, 1).

. The corner points of the feasible region determined by the system of linear

constraints are G, 7), (©,0), (5,0), 3,2) & (0,4). Let Z = px + qy, p, q > 0.

Find the condition on p and q so that the maximum value of Z occurs at (3, 2)

& (0, 4).




14. The feasible region for an LPP is shown in the figure. Let Z = 5x — 2y be the

objective function. Find the point at which we get minirnum value of Z.

| j'f%ﬁ R

. The corner points of the feasible region for an LPP are (0, 0), (0, 6), (2, 7),
(5, 3) and (6, 0). Let P=3x + 2y be the objective function. Find the points at
which we get maximum value of P.

. Find the point(s) at which we get maximum value of Z = 3x + 4y subject to
the constraints x +y <20, 2x -y=<40andx, y = 0.

. Let Z = 35x + 2y be the objective function. The corner points of the feasible

region are A % Ej, B {g, ?}, C {;, ;;- and D ?“ ;}. Find the point(s) at
which we get the maximum value of Z.

. Let Z =2x + 5y be the objective function. The corner points of the feasible
region are A (:- ?) B (5,3), C(3,4), D@,2) and E (2,4). Find the point(s) at
which we get the minimum value of Z.

. The corner points of the unbounded region for an LPP are shown in the

figure. Find the points where we get minimum vahie of the objective function

Z =4x + 6y.




20. For the objective function Z = 5x + 2y, the corner points of the bounded
feasible region are (15, 5), (20, 3), (16, 10), (18, 12) & (12, 12). Find the
minimum value of Z.

. How many of the following points satisfy the mequality 3x — 2y = 57?
0,0),(1, 1), -1, 1), 1, -1), (-1,-1), (-2, 1), (2, -1), (-1, 2), & (-2, 1).

. For the objective function LPFP, Z = 2x + Sy, the coordinates of the corner
points of the bounded feasible region are (0, 10), (2, 5), @2, 7), (16, 2) & (17, 5).
Find the minimum value of Z.

. The corner points of the feasible region determined by the system of linear
constraints are (0, 20), (0, 9), (0, 50), (15, 15) & (9, 20). Suppose Z =px + 3y
where p=0. If the maximum value of Z occurs at both the points (30, 30) and
(0, 30), then find the value of p.

Fill in the blanks:
. A solution of LPP which satisfies the non-negativity restrictions of the

problem is called its solution.

. The linear inequalities or equations or restrictions on the variables of a linear

programming problem are called

. If the value of objective function Z can be increased or decreased

indefinitely, such solution is called




27. The common region determined by all the constraints of an LPP is called the

region.

28. A common region determined by all the constraints is said to be an optimal

feasible solution, if it also optitnizes the

29. A set of points in a plane on which the line segment joining any two points in

the set, completely lies in the set. This type of set is called

30. The feasible region for an LPP is always a polygon.




ANSWERS

Q. No.

Answer

16

©, 20)

17

.3

18

(4.2)

At every point on the line
segment joining the points

(1.5, 3) and (3,2)

84

feasible

constraints

unbounded solution

feasible

objective function

convex set




CHAPTER 13

PROBABILITY

POINTS TO REMEMBER:

1. Random Experiment:-

If in each trial of an experiment conducted under identical conditions, the outcome
is not always the same, but may be any of the possible outcomes, then such an

experiment is called random experiment.
Examples:

Tossing a fair coin, rolling an unbiased die, drawing a card from well shuffled pack

of cards are all examples of random experiments.

2. Sample Space:-

The set of all possible outcomes in a random experiment is called a sample space.

Examp les:

(i) In tossing a fair coin, we have: §={H,T}

(ii) In a throw of a die, we have: §={1,2,3,4,5,6}

(iil) When two coins are tossed together, § = {HT,TH HH,TT}

(iv) When two dice are thrown together, §'= {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1),

2,2), 23,24, 23, 2,6),3,1), 32), 3.3), 34, 3.5, 3,6), 41), 42), &3), @9,
@,3), @4,6),(5,1),(3,2), 5,3), 54, (5,3, (5,6), (6,1), (6, 2), (6,3), (6,4, (6,3), (6,6)}

3. Event:- Any subset of sample space is called an event. It is denoted by E.

4. Simple Event:- Event with only one outcome is called a simple event.




5. Mutually Exclusive Events:-

A set of events is called mutually exclusive, if the happening of one event excludes

the happening of the other. Thus Ej; and Ez are mutually exclusive, if Ey N Ez=Q.
Example: In a throw of a die, we have §= {1,2,3,4,5,6}

Let E1 = event of getting a number less than 3 = {1, 2}.

And, Ez = event of getting a number greater than 4 ={5,6}. Clearly, E1n Ez= §.

6. Exhaustive Events: -

The events E1 E2 | ... Fp such that E; UE: ...  UEr=§ are called exhaustive

events.

7. Probability:-

In a random experiment, let S be the sample space and let £ ¢ S where E is an

EVent.

__ minnber of distinct elementsinE __ n(E)

PE)=

mumber of distinct elements in§  n(5)

8. Complementary Events: -

Let S be the sample space and Let E ¢ 5. Then, an event containing those outcomes
which are in § but not in E is called complementary event of E and is denoted by E*
EorE'

9. Addition Theorem:-

FEi1wEz)=PE1)+PE:2)-PE1nEz2)
Remarks, f EixnEz= ¢, then P(E1U Ez ) = P(E1) + P(Ez)

10. Independent Events: -

Two events are said to be independent, if the occurrence of one does not depends

upon the occurrence of other.

Example: Suppose two fair coins are tossed.




Let E; = event of getting a tail on first coin and Ez = event of getting a tail on second

coin.

Clearly, the occurrence of tail on second coin does not depend upon the occurrence

of tail on first coin.
S0, E1 and Ez are independent events.

11. Multiplication Theorem:-

If E1 and Ez are independent events, then P(E1n Ez )= FIEDxFP(Ez)

12. Conditional Probability:-

The probability of the occurrence of an event E1, when an event Ezhas already

occurred is called the conditional probability and is denoted by P(E1/Ez ).

PI:_E-]_I"IEI )
P(Ez)

PI:_E-]_ ﬁEz_:l

We have: (i) P(E1/Ez2)= P(E1)

(ii) P(E2 / E1)=

13. Theorem of Total Probability: Let events Ej1, Ea, , Exform partitions of the

sample space 5, where all the events have a non-zero probability of occurrence. For

any event A associated with 5, according to the total probability theorem,

P(A) = P(E;).P(A/E;) + P(E;).P(A/E;) + -+ P(Ey). P(A/Ey)

14. Bave’s Theorem:-

If E1, Ez,... .., Exforms a set of mutually exclusive and exhaustive events of a random

experiment and A is an event, then

P(E; ). P(A/E)
P(E;).P(A/E,) + P(E;).P(A/E;) + -+ P(Ey ). P(A/Eg)

P(E;/A) =

Specific case: forn=2,

P(E;).P(A/E4)
P(E,).P(A/E;) + P(E,).P(A/E;)

P(E;/A) =




15. Binomial Theorem of Probability:-

Suppose there are n independent trails of an experiment with p as the probability of
success and ¢ = (1-p) as the probability of failure. Then,

PX=r1)="Cep"q"",r=012....n

16. More Results:-

() P(E) = 1- P(E) PE-F)=PE)-PENF)

(ii) P($ ) = 0, P(S) = 1 and 0 < P(E) < 1.

17. BEinomial Distribution:-

Suppose n trials are made in an experiment. Let p = probability of getting a success

and ¢ = probability of getting a failure. Then, clearly p + ¢ =1.
(i) Binomial Distribution is (p + q)™.
(i) Mean=np
(iii) Variance = npq

(iv)  Standard Deviation = ,/npq




QUESTIONS:

1. A pair of dice is thrown simultaneously and the numbers appearing on them have

sum greater than or equal to 10, then what is the probability of getting a sum of 10?

2. A bag contains 4 white and 2 black balls. Another bag contains 3 white and 5
black balls. If one ball is drawn at random from each bag, then what is the
probability that both balls drawn are white?

3. A bag contains 5 white and 4 red balls. Another bag contains 4 white and 2 red
balls. If one ball is drawn at random from each bag, then what is the probability
that one ball is white and other is red?

4. If E and F are mutually exclusive events, then find P(E F) .

S.If E and F are mutually exclusive events with P(E) = 0.45 & P(F) = 0.35 , then find
P(E UF).

6. For any two events E and F such that P(E)=0.65 , P(F) =055 & P(En F)=03,
then find P(E - F).

7. The probabilities of occurrence of two events E and F are 0.25 & 0.50
respectively. The probability of their sitnultaneous occurrence is 0.14. What is the

probability that neither E occurs nor F occurs?

8. The probability that at least one of the events A and B occurs is0.6. If A and B

occur simultaneously with probability 0.2, then find P@A)+P(B) .

9. Let E and F be events such that P(E) = 1/3, P(F) = 1/4 and P(E ~F) = 1/5, then
find P(E / F).

10. Let E and F be events such that P(E) = 1/4, P(F) = 1/3 and P(E ~F) = 1/5, then
find P(F /E).

11. A die is rolled once. If the outcome is an odd number, then what is the

probability that it is prime?




12. If E and F are events such that P(E)=04 , P(F)=08 and P (F/E) =0.6 , then
find P(E/F).

13. A die is thrown twice and the sum of the numbers appearing is observed to be 7.

What is the conditional probability that the number 2 has appeared at least once?

14. In a class 40% of the students study mathematics, 25% study biology and 15%
study both. One student is selected at random, what is the probability that the

student studies mathematics, if it is known that he studies biology?

15. A couple has 2 children. What is the probability that both are boys, if it is known

that at least one of them is a boy?

16. Two numbers are selected at random from the integers 1 to 9. If the sum is even,

then what is the probability that both the numbers are odd?

17.If E and F are independent events such that P(E) = 0.65 , then find P(E /F).

18. If E and F are independent events with P(E) = 0.5 & P(F) = 0.25 ,then what is the

probability of sitnultaneous occurrence of both?

19. A can solve 90% of the problems given in a book while B can solve 70%. A
problem is selected at random from the book , then what is the probability that at

least one of them will solve it?

20. The probability of a problem being solved by two students independently are 1/3
and Y2 respectively. What is the probability that the problem is solved?

21. The probabilities of solving a problem by three students A, B and C are 1/2, 1/3
and 1/4 respectively. What is the probability that the problem is solved?

22. A speaks truth in 75% of the cases and B in 80% of the cases. In what

percentage of cases are they likely to contradict each other in stating the same fact?

23. If the probabilities that A and B will die within a year are p and q respectively,
then what is the probability that only one of thein will be alive at the end of the

year?




24. An unbiased die is tossed twice. What is the probability of getting 4, 5 or 6 on

the first toss and 1, 2. 3 or 4 on the second toss?

25. A husband and a wife appear in an interview for two vacancies in the same post.

The probability of husband’s selection is 1/7 and the probability of wife's selection is

1/5. What is the probability that only one of themn is selected?

26. If A and B are independent events such that P(A)=0.65, P(4u B)=0.65 and

P(B)=p, then what is the value of p ?

27. A bag contains 3 red and 5 black balls and a second bag contains 6 red and 4
black balls. A ball is drawn from each bag. What is the probability that one ball is

red and another one is black?

28. A coin is tossed 5 times. What is the probability that tail appears an odd number
of times?

29. A pair of dice is thrown 7 times. If getting a total of 7 is considered a success,

then what is the probability of getting atmost 6 successes?

30. A die is thrown twice and the sum of the numbers appearing is noted to be 6.

Find the conditional probability that the number 4 has appeared at least once.
31. Given that the events A and B are such that P(A)=1/2, P (A w B)=3/5 and
FP(B) = p. Find the value of p, if they are

(i) mutually exclusive

(ii) ndependent

32. 5 cards are drawn successively with replacement from a well-shuffled pack of 52

cards. Find the probability that only 3 cards are spades,

33. A coin is tossed twice. If the outcome is at most one tail, then what is the

probability that both head and tail have appeared?




34. The probability that a person A hits a target is 1/3 and that person B hits is 2/5.
What is the probability that the target will be hit if both A and B shoot at it?

35. In a school there are 1000 students, out of which 430 are girls. It is known that
out of 430, 10% of the girls study in class XTI. What is the probability that a student

chosen at random studies in class XTI, given that the chosen student is a girl?
36. A die thrown three tirnes. Events A and B are defined as
A: 4 on the third throw

B: 6 on the first and 5 on the second throw.

Find the probability of A given that B has already occurred.

37. Mother, father and son line up at random for a family picture. The events E and

F are defined as :- E : Son on one end & F : Father in middle

Find P (E/F).

38. An instructor has a question bank consisting of 300 easy True / False questions,
200 difficult True / False questions, S00 easy multiple choice questions and 400
difficult multiple choice questions. If a question is selected at random from the
question bank, what is the probability that it will be an easy question given that it is

a multiple choice question?

39. A Box of oranges is inspected by examining three randomly selected oranges
drawn without replacement. If all the three oranges are good, the box is approved
for sale, otherwise, it is rejected. What is the probability that a box contaming 15

oranges out of which 12 are good and 3 are bad ones will be approved for sale?

40. Three cards are drawn successively without replacement from a pack of 52 well

shuffled cards. What is the probability of getting two Kings and an ace?

41. Let X denote the number of hours you study during a randomly selected school
day. The probability that X can take the values x, has the following form, where k is

some unknown constant




0.1:ifx=10
kx :if x = 1or2
k(5—x):if x=30r4
0: otherwise

PX=x)=

Find the value of k.

42. A man is known to speak truth 3 out of 4 titnes. He throws a die and reports that
it is a six. What is the probability that it is actually a six?

43. Suppose a girl throws a die. If she gets a S or 6, she tosses a coin three times and
notes the number of heads. If she gets 1, 2, 3 or 4 she tosses a coin once and notes
whether a head or tail is obtained. If she obtained exactly one head, what is the

probability that she threw 1, 2, 3 or 4 with the die?

44. Find the mean of the Binomial distribution B (4, %}

45. If a leap year is selected at random, what is the chance that it will contain 53

Tuesdays?

46. Assume that each born child is equally likely to be a boy or a girl If a family has
two children, then find the conditional probability that both are girls, given that the
youngest is a girl.

47. P speaks truth in 70% of the cases and Q in 80% of the cases. In what percent of

cases are they likely to agree in stating the same fact?

48. A random variable X has following probability distribution:

X 0 1 2 3 4 5 6

PX) |O k 2k 2k 3k k> 2k
Find the value of k.

49. Two fair dice are tossed simultaneously. Find the conditional probability of

getting two sixes given that at least one six has occured?

30. If A and B are two mutually exclusive events, then what is the relation between
F (A) and P (B)?




ANSWERS

Q. No.

Answer

26

6/13

27

21/40

28

1/2

0

29

1— (1/6)7

4/5

30

2/5

7/20

31

(D1/10 (iD) 1/5

39/100

32

45/512

6/5

33

2/3

o G0 - v h| e | bR e

4/5

34

3/5

37/45

35

2/3

36

3/10

37

1

1/3

38

S5/9

3/5

39

44/91

1/3

40

6/(13x17x 25)

5/8

41

3/20

7/20

42

3/8

1/8

43

811

0.97 or 97%

44

4/3

2/3

45

2/7

3/4

46

1/2

35%

47

62%

PTq9—<pq

48

1/10

1/3

49

1/11

277

S50

P(A) < P(B) or P(B) < P(A)
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