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MESSAGE

The importance of adequate practice during examinations can never be
overemphasized. | am happy that support material for classes IX to Xll has been
developed by the Examination Branch of Directorate of Education. This material is
the result of immense hard work, co-ordination and cooperation of teachers and
group leaders of various schools. The purpose of the support material is to impart
ample practice to the students for preparation of examinations. It will enable the
students to think analytically & rationally, and test their own capabilities and level of

preparation.

The material is based on latest syllabus prepared by the NCERT and
adopted by the CBSE for the academic session 2020-21 and covers different levels
of difficulty. | expect that Heads of Schools and Teachers will enable and motivate
students to utilize this material during zero periods, extra classes and regular

classes best to their advantage.

| would like to compliment the team of Examination Branch for their diligent
efforts of which made it possible to accomplish this work in time. | also take this

opportunity to convey my best wishes to all the students for success in their

endeavours. @uﬁ"

(Manisha Saxena)
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BINAY BHUSHAN, 1As

HorHd oiad

Dear Students,

Directorate of Education is committed to providing qualitative and best education to all its
students. The Directorate is continuously engaged in the endeavor to make available the best study

material for uplifting the standard of its students and schools.

Every year, the expert faculty of Directorate reviews and updates Support Material. The
expert faculty of different subjects incorporates the changes in the material as per the latest
amendments made by CBSE to make its students familiar with new approaches and methods so that

students do well in the examination.

The book in your hand is the outcome of continuous and consistent efforts of senior
teachers of the Directorate. They have prepared and developed this material especially for you. A
huge amount of money and time has been spent on it in order to make you updated for annual

examination.

Last, but not the least, this is the perfect time for you to build the foundation of your future.
I have full faith in you and the capabilities of your teachers. Please make the fullest and best use of

this Support Material.

BIN SHAN
DIRECTOR (EDUCATION)
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Houdd Sid

I am very much pleased to forward the Support Material for classes
IX to XII. Every year, the Support Material of most of the subjects is
updated/revised as per the most recent changes made by CBSE. The team
of subject experts, officers of Exam Branch, members of Core Academic
Unit and teachers from various schools of Directorate has made it possible
to make available unsurpassed material to students.

Consistence use of Support Material by the students and teachers
will make the year long journey seamless and enjoyable. The main
purpose to provide the Support Material for the students of government
schools of Directorate is not only to help them to avoid purchasing of
expensive material available in the market but also to keep them updated
and well prepared for exam. The Support Material has always been a
ready to use material, which is matchless and most appropriate.

I would like to congratulate all the Team Members for their tireless,
unremitting and valuable contributions and wish all the best to teachers

and students.

(Dr. Saroj Bala Sain)
AddLDE (School/Exam)
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CONSTITUTION OF INDIA

Part IV A (Article 51 A)
Fundamental Duties

Fundamental Duties: [t shall be the duty of every citizen of India —

1.

10.

11.

to abide by the Constitution and respectits ideals and institutions, the
National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom;

touphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon
todoso;

to promote harmony and the spirit of common brotherhood amongst
all the people of India transcending religious, linguistic and regional
or sectional diversities; to renounce practices derogatory to the
dignity of women;

tovalue and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers and wild life, and to have compassion for living creatures.

to develop the scientific temper, humanism and the spirit of inquiry
andreform;

to safeguard public property and to adjure violence;

to strive towards excellence in all spheres of individual and collective
activity so that the nation constantly rises to higher levels of
endeavour and achievement.

who is a parent or guardian to provide opportunities for education to
his child or, as the case may be, ward between the age of six and
fourteen years.

-
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THE CONSTITUTION OF INDIA
PREAMBLE

WE, THE PEOPLE OF INDIA, having solemnly resolved
to constitute India into a (SOVEREIGN SOCIALIST
SECULAR DEMOCRATIC REPUBLIC) and to secure to
allits citizens:

JUSTICE, social, economicand political,

LIBERTY of thought, expression, belief, faith
and worship,

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of the
individual and the (unity an integrity of the
Nation);

WE DO HEREBY GIVE TO OURSELVES THIS
CONSTITUTION.




MATHEMATICS CLASS 12

SYLLABUS
Course Structure

Unit Topic Marks

l. Relations and Functions 08

1. Algebra 10

Il. Calculus 35

V. Vectors and 3-D Geometry 14

V. Linear Programming 05

VI. Probability 08

Total : 80

INTERNAL ASSESSMENT 20

[Class XII : Maths]






CHAPTER 1

RELATIONS AND FUNCTIONS

IMPORTANT POINTS TO REMEMBER

° Relation R from a set A to a set B is subset of A x B and Relation R in set
Ais a subset of A x A.

° If n(A)=r, n(B)=sfrom set A to set B then n (A x B) =rs and number of
relations =2"°

° @ is also a relation defined on set A, called the void (empty) relation.

° R =A x Ais called universal relation.

° Reflexive Relation: Relation R defined on set A is said to be reflexive if

(a,a) e RV aeA.

° Symmetric Relation : Relation R defined on set A is said to be symmetric
iff(a, b)) e R=>(b,a)e RV a,b, €A

° Transitive Relation : Relation R defined on set A is said to be transitive if
(a,b)eR, (b,c)eR=(a,c)eR V a,b,ceA

° Equivalence Relation: A relation defined on set A is said to be
equivalence relation if it is reflexive, symmetric and transitive.

° Equivalence class of an element: Let R be an equivalence relation of set
A, then equivalence class of a € Ais [a] = { be A: (b, a) € R}.

° One-One Function :f: A - B is said to be one-one if distinct elements in
A have distinct images in B. i.e. Vx4, X, €A such that x4 # X =f (x1) # f(x2).

OR
V X1, X2 € A such that f (x4) = f(xz)
=X1 = X2

One-one function is also called injective function.

[Class XII : Maths] 1



Onto function (surjective): A function f:A—B is said to be onto iff

Rf=Bi.e. ¥V b € B, there exists a € Asuch thatf(a) =b

Bijective Function : A function which is both injective and surjective is
called bijective function.

Composition of Two Functions : If f: A-B, g : B—C are two functions,
then composition of fand g denoted by gofis a function from A to C given

by, (gof) (x) = g (f(x)) vxe€ A

Clearly gofis defined if Range of fis a subset of domain of g. Similarly fog
can be defined.

Invertible Function: A function f:X—-Y is invertible iff it is bijective.

If f:X-=Y is bijective function, then function g : Y-=Xis said to be inverse of
fiff fog =1, and gof = I

when I, I are identity functions.

Inverse of fis denoted by f". [ f~1 does not mean ch ]

Let A and B are two nom empty set that n(4) = p and n(B) = q
Then

a) Number of functions from A to B =q”
P <
b) Number of one-one functions from A to B = { oo P =4
0 >
» P>q
4 (1) P p>
C) Number of onto function from Ato B {ZT:l( D4, . p=4q
o , pP<aq.
N . _(ph,p=gq
d) Number of bijective functions from A to B —{0 D *q.

[Class XII : Maths]



ONE MARK QUESTIONS

1. If A is the set of students of a school then write, which of following
relations are Universal, Empty or neither of the two.

Ri1={(a, b) :a, b are ages of students and |a — b| > 0}
R> ={(a, b) :a, b are weights of students, and |a — b| < 0}
R; ={(a, b) :a, b are students studying in same class}

2. Is the relation R in the set A ={1, 2, 3, 4, 5} defined as
R={(a, b) :b = a + 1} reflexive?

3. If R, is a relation in set N given by

R={a, b):a=b-3,b>5},

then does element (5, 7) € R?

4. Iff :{1,3} ={1,2,5}and g: {1, 2, 5} ={1, 2, 3, 4} be given by f={(1, 2),
(3,91 g={(1,3),(2,3). (5, 1)},
write g of.
5. Let g, f:R—R be defined by
_x+2

g(x) = = ,f (x) = 3x — 2. write fog (x)

6. If f.R — R defined by
£ = 2x—1
X =7

be an invertible function, write f ~'(x).

7. If f(x) = logx and g(x) = e*. Find fog and gof, x > 0.

[Class XII : Maths] 3



10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

If n(A) = n(B) = 3, then how many bijective functions from A to B can be

formed?
Is f:N — N given by f(x) = X, one-one? Give reason.
If f: R— A, given by

f(x) = X¥* — 2x + 2 is onto function, find set A.

If f:A — B is bijective function such that n (A) =10, then n (B) =?
If f: R — R defined by f (x) = ’%1 find (fof) (x)

R ={(a b) :a, b e N, a# b and a divides b}. Is R reflexive? Give
reason

Isf:R = R, given by f(x) = |x — 1] one-one? Give reason

f:R — B given by f(x) = sin x is onto function, then write set B.

1+x 2x
If f(x) = log (E) show thatf(

State the reason for the relation R in the set {1,2,3} given by R={(1,2),(2,1)}
not to be transitive.

If R={(x,y): x+2y = 8} is a relation on N, write the range of R.

Let A={0,1,2,3} and define a relation R on A as follows:
R={(0,0) (0,1) (0,3), (1,0), (1,1), (2,2), (3,0), (3,3)},Is R reflexive?

Symmetive? transitive?

Consider the set A= {1,2,3}. Write the smallest equivalence relation R on A.

[Class XII : Maths]



21.

22.
23.
24.

25.

26.

27.

If the relation R defined in N by aRb if 2a+3b=30.
Then the set R.

Let f: R—>R be defined by f(x)= \/ﬁ find (fofof)(x)

Let f(x) ={4-(x-7)}, find f(x).

Let A={1,2,3} and B= {4,5,6,7} and let f = {(1,4), (2,5), (3,6)} be a function from
Ato B. State whether f is one-one or not.

If A={1,2,3,4} and B={-1,3}, then what is the number of onto functions from A to B?
If A={-1,2,3} and B= {0,3,5} then what is the number of bijections from A to B?

If A= {-1,2,3} and B= {0,3,5,7} then what is the number of bijections from A to B?
TWO MARK QUESTIONS

Check the following functions for one-one and onto

@ f:RORfx)= 23

() f:R-Rf(x)=|x+1]|

©  f:R—{2} >R, f(x) =2
X—
(d) f:R—{-1, 1}, f(x) = sin’x.
If f, g : R = R be two functions defined by f(x) = |x| + x and g(x) = |x| — X,
find go f and fog.

If£:[1, 0) = [2, a) is defined by f(x) = x + +, find £(x)
X

Let A ={1, 2, 3,} and define R = {(a, b) : a — b =12 }. Show that R is
empty relation on Set A.

Let A ={1, 2, 3,} and define R = {(a, b): a + b > 0}. Show that R is a
universal relation on set A.

Let A = {a, b, c}. How may relation can be defined in the set? How may of
these are reflexive?

Letf: R = R be defined by f(x) = x* + 1, find the pre image of 17 and -3
Iff:R—> R,g:R — R, given by f (x) = [x], g (x) = |x|, then find fog (—%)

2
dgof | —=1.
and go ( 3)

[Class XII : Maths] 5



Let Q be the set of rational number and R be the relation on Q defined by R={(xy):

x,y €Q, x*+3y’=4xy} check whether R is reflexive, symmetric and transitive.

Let A={2,4,6,8} and R be the relation “is greater than” on the set A. Write R as
a set of order pairs. Is this relation

(i) reflexive? (ii) symmetic? (iif) equivalance relation?

Justify your answer.

Let N be the set of natural numbers and relation R on N be defined by R=(x,y):

x,y €N, x+4y=10} check whether R is reflexive, symmetric and transitive.

FOUR MARK QUESTIONS
Letf 'R - {_?} - R — {g}be a function given by f (x) = 3%t 4
Show that fis invertible with £~ (x) = 4in

Let R be the relationonset A={x:xe Z 0 < x <10} given by R = {(a,
b) : (a — b) is divisible by 4}. Show that R is an equivalence relation.

Also, write all elements related to 4.
. . 3x+4 7
Show that function f :A—-B defined as 7 (x) = mwhere A=R- {E} B

3
=R- {E}is invertible and hence find .

Show that the relation R defined by (a, b) R(c, d) < a+ d=b + c on the
set N x N is an equivalence relation.

1
Show that f:R,— R. defined by f (x) o is bijective, where R. is the set of

all non-zero positive real numbers.

Let A={1,2,3, ..., 12} and R be a relation in A x A defined by (a, b) R
(c, d)if ad = bcy (a, b), (c, d) € A x A. Prove that R is an equivalence
relation. Also obtain the equivalence class [(3, 4)].

[Class XII : Maths]



10.

1.

12.

13.

LetA={1,2,3.......... ,9} and R be the relation defined on A x A by (a,b) R (c,d) iff
a+d=b+c. Prove that R is on equivalence relation. Also find the equivalence
class [(2,5)].

Show that N— N given by

f(x)= x+1, if x is odd
(X)= 1 x-1,if x is even

is both one-one and onto.

Consider f: R, — [4,0) given by f(x)=x’+4. Show that f is invertible with the inverse

‘" given by f'(y) Xly —4 , where R, is the set of non-neagative real numbers.

-1
Let A=R- {2} and B=R-{1} if f: A>B is a function defined by f(x)= % show

that f is one-one and onto. Hence find f".

It f2 R>R is a function defined by f(x)=ax+b for all x€R, then find the constants

a and b such that fof=I..

Prove that the relation R in the set A={5,6,7,8,9}, given by R={(a,b):|a-b| is
divisible by 2} is an equivalence relation. Final all elements related to element 6.

n-1, if n is odd

n+1.if n is even show that f is invertible

Let f=W—W be defined as f(n) = {

and find the inverse of f. Here W is the set of whole numbers.

SIX MARK QUESTIONS

Let N denote the set of all natural numbers and R be the relation on N
x N defined by (a, b) R (c, d) if ad (b + ¢) = bc (a + d). Show that R is
an equivalence relation.

Let f: N—=R be a function defined as f(x) = 4x* + 12x + 15.

Show that f : N — S, where S is the range of f, is invertible. Also find
the inverse of f. Hence find f~1 (31).

If the function f : R— R be defined by f (x) = 2x — 3 and g : R—R by g(x) =
x3 + 5, then show that fog is invertible. Also find (fog)~! (x), hence find

(fog)™" (9).

[Class XII : Maths] 7



Test whether relation R defined in R as R = {(a, b) : a®> — 4ab + 3b® = 0,

a, b eR} is reflexive, summative and transitive

Let A={1,2,3,4}, B=(3,5,7,9} and C= (7,23,47,79} and f= A—B, g: B->C be
defined by f(x)=2x+1 ¥ xeA and g(x)=x’-2 xEB. Find (gof)" and f'og'at sets of
ordered pairs. Is (gof)'=f"og™"?

Let A={-1,0,1,2} B= {-4,-2,0,2} and f.g: A—B be functions defined by f(x)=x"-x,
xe€A and g(x)= 2 |x-%| -1, x€A. Find gof (x) and hence show that f=g=gof.

Consider f: R,—[-9,0) given by f(x)=5x"+6x-9, where R, is the set of all
non-negative real numbers. Prove that f is invertible. Also find the inverse of f.
Hence find f'(2) and f'(18).

[Class XII : Maths]



10.

11.

12.

13.

14.

15.

ANSWERS
ONE MARK QUESTIONS

R, :is universal relation.

R5 : is empty relation.

Rj : is neither universal nor empty.
No, R is not reflexive.

(5.7)¢R
gof={(1,3), (3, 1)}
(fog)(x)=x VxeR

5x+1
2

f(x) =
gof(x) = x, fog, (x) =x
6
Yes, f is one-one .-V x1, Xo € N = X412 = x,°.
A =[1, ) because Rys=[1, =)
n(B) =10
X—3
(fof) (x) = ==
No, R is not reflexive *.* (a, a)¢Rvae N
fis not one-one function
L f3)=f(-1)=2
3 #— 1 i.e. distinct elements have same images.

B=[-1,1]

[Class XII : Maths]



16.

17. (1,2)eRand (2,1) e Rbut(1,1) ¢ R
18. Range = {1, 2, 3}
19. Reflexive and symmetric but not transitive.
20. {(1,1),(2,2), (3, 3)}
21. {(3, 8), (6, 6), (9, 4), {12, 2}
22. (fofof)(x) = X
V3xZ +1
23, fl(x)=7+{4-x)"
24, Yes
25. 14
26. 6
27. 0
TWO MARK QUESTIONS
1. (a) Bijective (one-one, onto)
(b) Neither one-one nor onto
(c) One-one but not onto
(d) Neither one-one nor onto
2, gof (x)=0~+x€eRrR
fog(x) :{ 0, x20
—4x x>0
3. f—l (x)= @
2
6. 512, 64
10 [Class XII : Maths]



7. + 4, pre image of — 3 does not exist.

8. fog (—%) =0, gof (—%) =1

9. R is reflexive, not symmetric, not transitive.
10. R ={(8, 6), (8, 4), (8, 2) (6, 4), (6, 2), (4, 2)}
(i) Not reflexive (ii) Not symmetric (iii) Not equivalence relation
1. R is not reflexive, R is not symmetric, R is transitive.

4 MARK QUESTIONS

2. Elements related to 4 are 0, 4, 8.
7X+4

3. = —
5x—3

6. [(3,4)]1=1{(3, 4) (6, 8), (9,12)}
7. Equivalence class [(2, 5)] = {(1, 4), (2, 5), (3, 6), (4, 7), (5, 8), (6, 9)}.

10 1) = 2x -1

. x)= -
1. a=1and b=0o0ra=-1andb can be any real number.
12. {6, 8}

o _ [y+1,ifyiseven
13. r()_{y—tifyisodd
6 MARK QUESTIONS
Jy—6-3

2. =S, e =

1
3 o 0=(2D) ", (Fogy (@) =2
4 Reflexive, not symmetric, not transitive
5. (gof)y' ={7, 1}, (23, 2), (47, 3), (79,4)}
flof ' ={(7, 1), (23, 2), (47, 3), (79, 4), Yes (gof)" =f'og™".

6. (gof)(x)=2x2—x—%‘—1
7. Fx)= V54+55y‘3 F2)=1, f“1(18)=§

[Class XII : Maths]



CHAPTER 2

INVERSE TRIGONOMETRIC FUNCTIONS

IMPORTANT POINTS TO REMEMBER

Function Domain Range
(Principal Value Branch)
. T I
sin”'x [-1, 1] [—— .—]
22
cos'x =1, 1] [0, 7]
tan”"x R T
(-73)
cot™'x (0, m)
sec”'x R—-(-1,1) ™
(0. 7)- 3}
cosec™'x R-(-1,1) T
, ——|-q0
55— @

. T T .
If sing = x, @ E[_z_ ,;],then @ =sin"'x

If cosg =x, @ € [0, 7], then @ = cos™'x

Iftama:x,(ae(

T T _
—= —),then(a=tan x
2’2

If coto = x, @ € (0, ), then @ = cot™'x

If seco =x, @ € [0, n]-{%}, then @ = sec™'x

12
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If coseco = x, @ e[—g ,%]- {0}, then find @ = cosec™'x

. sin (sinx)=x V x € [—E,l
2’2
cos '(cos x) = x V x €[0, 7]
tan”' (tanx)=x V x € (—E,E)
2’2

cot™ (cotx) =x V x €(0, 1)

sec” (secx)=x V x€ [0,7] — {g}

cosec™ (cosec x) = x V x e[—g ,%]- {0}
. sin (sin”'x)=x V x € [-1, 1]

cos (cos™' x)=x V x € [-1, 1]

tan (tan”'x) =x V x € R

cot (cot'x)=x V x € R

sec (sec'x)=x V xe€ R—(-1,1)

cosec (cosec'x)=x V x € R—(-1, 1)

. sin”' x= cosec™ (i)‘v’ x € [-1,1]
tan~'x = cot™ (1/x) V x>0
sec'x=cos™ (1/x), V |x| = 1

. sin”'(—x) = — sin”' x Vxe [-1, 1]

tan”'(-x) =—tan"'x V xe R
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cosec ' (-x) =—cosec ' x V || = 1
cos”' (-x)=m—cos 'x V x € [-1, 1]
cot'(—x)=n—cot'xV xeR
sec (—x)=n—sec ' xV |x =1

sin"! X+ cos™1X = %,X €[-1,1]

_ _ T
tan1x+cot1x=EVxeR

_ _ Vs
sec”' X + cosec 1x=;‘v’|x|21

( -1 x+y .
tan Ty ifxy<l1
-1 Xty . )
T+ tan Ty ifxy>1;x>0

tan™ x + tan”"y =4

y>0
- -1y .
T + tan P if xy>1;x<0
\ y<0
( 12y -
tan TTry if xy>-—1
7+ tan~1 = if xy<—-1;x>0
1 o 1+xy
tan™ x - tan™ y=« y <0
- -1X7y -1
T + tan Trry if xy<-1;x<0
\ y>0

2
2tan”" x= tan™ ( al ) [x] <1

2x
2tan” x=sin™ (1+ 2)|x| <1,
X

1— xz), Xx20.

2tan”' x = cos'1(
1+x2

14
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° sin"'x + sin"'y= sin™ (x J1—y2+ yW1— x2)

cos 'x + cos™'y = cos ! ( xyFVI — x2,/1 — y?)

ONE MARK QUESTIONS

1. Write the principal value of
(i) sin” (— ‘/;) (i)  cos™ (V3/2)
(i)  tan™ (— %) (iv)  cosec™ (-2)
(v) cot’ (%) (vi) sec” (-2).
2. Whatis the value of the following functions (using principal value)
0 (@) m e (D) e ()
(iii)  tan™'(1) — cot™ (-1) (iv)  cosec! (V2)+sec™'(V2)

(v)  tan™ (1) +cot” (1) +sin”" (1).(vi) sin™ (Sin 4?“)

5
(vii) tan™ (tan ?n) (viii) cosec™ (cosec %”)

3. Iftan' x+tany= 4?”, find cot™’ x + cot™y.
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10.

1.

12,

13.

14.

15.

16.

17.

Find the values of the following

o m B
(i) sin {——sm L 7)}

(iii) tan [COS—1 %]

o’ [sn(-3)

Evaluate the following
(i) sin (2sin™ (0.6))

(i) sin (z cos—(_%]}

Iftan'x + tany =T

(iv) tan (1

4
If 3 tan"'x + cot™'x = =, then find the value of x.

.12 _
If COS(SII’I 1ngCOS 1X] =0, then find the value of x.

If sin"'x + sin”'y = m, then find the value of cos™x + cos™y.

2

(iv) sin™ (cosksm‘1 > D

(i) sin (2 tan™ (0.75))

o)

, Xy < 1, then the value of x +y + xy.

If cos™a. + cos™'B + cos™'y = 3r, then find the value of oo +7) + B(a + 1) + (o + P).

i] , the find the value of x:

NE

Find the value of tan® (sec™'2) + cot’ (cosec™'3)

If tan”'x — cot'x = tan™ [

Evaluate sin {cot™'(cos (tan"'1))}

If a <2 sin"x + cos 'x < b, then find the value of a and b.

. _ T
olve cos (sin (cos Xx) = —
S | 1 1 3

Write the value of tan (Ztan -1 %j

Write the value of Sec™ [sec [_8?“]]

16
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TWO MARK QUESTIONS

1. Find the value of the following
. [ 3 a1 -1 1
) N2 _
(i) sin ( ) + cos (——) + tan ( )
2 3
(i) sin™ (Sinz?n\+cos' (cos%)
(i) sin {Zsin 1(;)}
(iv) tan™ (tan7—n) : cos'(cos7—n)
6 6
2. Simplify
( sinx )
[ tan™
M L1+cost
(i)  cot” (1 1 X<—1
\Wat-1)
1[—\/5\ _ TE]
(iii) COS ycos | —— j+—r
\ 2 ) 6
1 3
(iv) tan [=cos™ (—)
2 11
3 Simplify : sin”™' Jisinx+cosx T <T
' ' | V2 ] 4
4. Prove that:  tan™' 2 +tan~'— =tan~'- .
11 24 2
5. Prove that : tan ' tan ™! (m n)=£A mn>o
n m+n 4
6. Prove that : tan ™! {w} = tan' (gj—x
bcosx+asinx b
[ ( \]
7. Evaluate : tan™ [2005(25&1 11”
2
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10.

1.

Prove that tan (% sin %): 4%7

Prove that 4(cot™'3 + cosec'\/5) ==

. 1 1 X2 +1
Prove that sin {cot™ (cos(tanx)} =
X% +2
12 _ 1 112
Prove that tan 3T tan 5

4 MARK QUESTIONS

Vi+cosx + \/1—cosx] =T

x
“+Z:xe
Vi+cos — Vi—cosxl 4 2’ X [0’ T[]

Show that : tan™

Prove that :

_1( cosx \ 1 ,1+cos =T xe(0,n/2).
tan (1—sin) cot < 1—cos> 4

X _ _1(Va?—-x?
= Sin P Cos 2 .

Prove that tan™ ( \/azx——xz

prove that:

cot” [2 tan (cos'1 %)]Han_1 [2 tan (sin'1 %)] “tan™' (%)

Prove that:

tan™" (\/ 1+x2+ \/1—x2) - 1 cos—1 12
+ X
Vi+x2-vi-x2/ 4 2

Solve:

cot™ 2x+ cot™ 3x =g

18
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10.

1.

12,

13.

14.

15.

16.

Prove that:

Nprav
tan[E +2tan? (g)] + tan[z —tan™? (g)] =Zaer
4 2 b 4 2 b b

2

_ x“-1 _ —2x 2T

Solve for x, cos™! ( ~ ) + tan 1( ) =—
x2+1 -

Prove that: tan~'L + tan'2+ tan"'= 4 tan~12 ==
3 5 7 8 4
Solve for x, tan(cos ™" x) = sin(tan™' 2); x >0
Ity = cot™!(Veosx) — tan™!(vcosx), then prove that sin y = tan? ()

Prove that:

Cot{tan_1 x +tan~! G)} +cos™1(1 —2x?) +cos 1(2x> —1) =m,x >0

Prove that:

- -b —1(b- - -
tan 1(a—) + tan™! (—C) + tan 1(C a) = O wherea,b,c>0
1+ab 1+bc 1+ca

lftan~ta + tan~' b + tan~' ¢ = m,then

prove thata + b + ¢ = abc

1

If cos™  x + cos 'y + cos™' z =, prove that x2 + y? + z2 + 2xyz = 1

[Hint: Let cos™ x =A, cos™*y = B,cos™'z=CthenA+B+C=morA +B
= mr-c take cos on both the sides].

If tan~1 (#) + tan~! ( L ) + .4 tan? (;) =tan"lg
1+1.2 1+2.3 1+n.(n+1)

then find the value of @.

[Class XII : Maths]
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17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

5 2
If (tan™! x)? + (cot™1 x)? = % then find x.

If sin[cot™ (x + 1)] = cos(tan™! x), then find x.

Solve the following for

(i) sin7'(6x) +sin"}(6vV3x) ==

X

(i)  sin™'x +sin71(1 —x) = cos™

(i) sin™! (;) +sin™?! (172)

(iv) sin™! (£)+cos‘1 x==
2 6

1 1

-1 X —
If cos 5+ cos

w <2

A
2

= a,then prove that

T
2

Tx

9x%-12xycos x +4y? = 36sin? «

Prove that; tan™! [

3sin20
5+3 cos 20

] +tan™?! Etan Q)] =0

Prove that: cot™?! [cot (sin‘1 /ﬂ + cos™?! 3 + cos™! L)] ==z

4 2 V2 2

Prove that: 2 tan™?! ( /ﬂtan f) = cos~ ! (
a+b 2

Prove that: 2tan~![tan «/2 tan /2] = cos™! [

T 1

Prove that tan (T +—

2

_1i+t
Cos b) an

i

a cosx+b)

a+b cosx

cosx+cos 8

1+cos a cos
1 o5t @) -2b
2 s 5] =%

Prove that cot™ 7 + cot™ 8 + cot™ 18 = cot” 3.

Prove that 2 tan” [tan (

T

4

—%tan (

4

4

tan” (cos o cos B

sina + sinf )

20
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28. Solve for ‘X’
(i) tan ' X1 tan 1 X _gn1 22
X+1 2x +1 36
. - 4 1 42
(i) tan 12X+1+tan 1?H=tan 1X—2
ANSWERS
ONE MARK QUESTIONS
LT T L LT T
1. (i) -3 (")E (iii) - (iv) - (v);
2. (i) 0 (ii) _?” (iii) —g (iv)%
(V) T (vi)g (vii) =~ (Viii)%
3. /5
. T .. 15 N
4 @i 1 (i) 1 (iii) Y (iv) r
. . w120 - 3-.5
:I) 0.96 (i) 0.96 (iii) 169 (iv) 5
x=1
8. X = 2
5
9. g 10. 6 1. x=43
12. 1 13. |2
3
14. a=0,b=n 15.  x= 3
2
16.  5/12 17. 21
5

21
(vi) ==
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TWO MARK QUESTIONS

1. () g (ii) 7 (iii) 1 (iv)
2, (i) g (i) © — sec™" x (iii) —1 (iv) \/H\E_s
r ud
3. X + 2 7. 4
4 MARK QUESTIONS
=1 T _o_
6. x=% 8. tan .~ =2 V3
10. x =§ 14. Hint: Lettan™la = «
tan"'b =
Thengivena+ B +y=m tan"lc =y
a+pf=m—y
Take tangent on both sides
tan(a + B) = tan (n - y)
16. =— 17.  X=-1
n+2
18. X = 1
2
1 " a1
19. (i) X==-1 (ii) X = 0,2
(i) x=13 (iv) x=1
. 4 -1
28. (i) x=7, x e[—l?] U (0,0)
.. -3 1 1
(i) x=3, x e[—oo,Tj U(_E'_ZJ U (0,)
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CHAPTER: 3 and 4

MATRICES AND DETERMINANTS

IMPORTANT POINTS TO REMEMBER

Matrix: It is an ordered rectangular arrangement of numbers (or functions).

The numbers (or functions) are called the elements of the matrix.
Horizontal line of elements is row of matrix. Vertical line of
elements is column of matrix.

Numbers written in the horizontal line form a row of the matrix.
Number written in the vertical line form a column of the matrix.

Order of Matrix with ‘m’ rows and ‘n’ columns is m x n (read as m by n).

Types of Matrices

A row matrix has only one row (order:1xn)

A column matrix has only one column (order: mx1)

A square matrix has number of rows equal to number of columns

(order:mxmornxn.)

A diagonal matrix is a square matrix with all non-diagonal elements

equal to zero and diagonal elements not all zeroes.

A scalar matrix is a diagonal matrix in which all diagonal elements are

equal.

An identity matrix is a scalar matrix in which each diagonal element is

1 (unity).

A zero matrix or null matrix is the matrix having all elements zero.

[Class XII : Maths]
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° Equal matrices: two matrices A = [aj],.., and B = [ b;;] m x n are equal if
(a) Both have same order
(b)  a;j=b;;V iand]
Operations on matrices
o Two matrices can be added or subtracted, if both have same order.
o If A= [a;j]m xn @nd B =[b;j]m xn , then
A £ B =a;; £ bijlmxn
o AA = [A a;jlmxn Where A is a scalar

o Two matrices A and B can be multiplied if number of columns in A is

equal to number of rows in B.
If A= [aij]mx n and [bjk]nxp

n
Then AB = [cylmxp Where ci=Y azb,
J=l

Properties
° If A, B and C are matrices of same order, then
(i) A+B = B+A
(ii) (A+B)+C= A+(B+C)
(iii) A+O = O+A=A

(iv) A+(-A) =0
24 [Class XII : Maths]




° If A, B and C are matrices and A is any scalar, then

a. AB #BA
b. (AB)C =A(BC)
c. A(B+C)=AB+AC
d. AB=0 need not necessarily imply A=0 or B=0O
e. A (AB)= (AA) B=A (AB)
Transpose of a Matrix: Let A be any matrix. Interchange rows and
columns of A. The new matrix so obtained is transpose of A donated
by A’ /AT.
[order of A=m x n = order of A" = n x m]
Properties of transpose matrices A and B are:
(i) AN =4
(ii) (kA)' = kA" (k= constant)
(iii) (A+B) =A"+PB
(iv)  (AB)' =B'A’
Symmetric Matrix and Skew-Symmetric matrix
° A square matrix A = [a;] is symmetric if A’ = Ai.e. .a; = a;Viand |

° A square matrix A= [g;] is skew-symmetric if A’ = —Ai.e. g;=-a;Viand]

(All diagonal elements are zero in skew-symmetric matrix)

Determinant: to every square matrix A= [a;] of order nxn, we can associate a
number (real or complex). This is called determinant of A (det A or |A|).
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Properties of Determinants

1) |AB| = |A[ |B]

Im) 14| = |A]

) If we interchange any two rows (or columns), sign of |A| changes.

V) Value of |A| is zero, if any two rows or columns in A are identical (or

proportional).

V) =

a x b x
|C y+dy|

a+b x|
c+d vy

V) R; = R; £ aR; or (; — C; + bC;does not alter the value of |A].
VII) |k Alpxn = k™Al pxn(k= scalar)
VIII) K |A| means multiplying only one row (or column) by k.

1X) Area of triangle with vertices(xq, y1), (x2,y2) and(x3, y3)is:

1[¥2 1
A==1x2 y2 1
X3 y3 1

The points(xy, y1), (x2, ¥2), (x3, y3)are collinear if area of triangle is zero
Minors and Cofactors

. Minor (M;;) of a;;in Matrix A is the determinant of order (n-1) obtained
by leaving i**row and jthcolumn of A.

. Cofactor ofa;; , A;; = (—1)"*/ M;;

Adjoint of a Square Matrix

adj A= transpose of the square matrix A whose elements have been replaced
by their cofactors.
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Properties of adj A: For any square matrix A of order n:
(i) Aladj A) = (adj A) A = |A| 1

(i) ladj Al =A™

(i) adj(AB) = (adj B) (adj A).

(iv)  |kadjAl =K' |A"".

Singular Matrix: A square matrix A is singular if |A| = 0.

Inverse of a Matrix: An inverse of a square matrix exists if and only if it

is non-singular.

Al= ZadjA
|A]

Properties of Inverse matrix
(i) AAT = ATA=T

(i (A=A

iy (AB)'=B"A"

(v @)*t=@?

1
Al=—,|A
v A= 1A%0

Solution of system of equations using matrices:
If AX = B is a matrix equation, then
AX=B =4"14X =A"'B =X =A"B =X = A'B gives the solution.

Criterion of consistency of system of linear equations

(i) If |A] # 0, system is consistent and has a unique solution.
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(i) If JA| = 0 and (adj A) B# 0, then the system AX=B is inconsistent and
has no solution.

(iii) If JA| = 0 and (adj A) B = 0 then system is consistent and has infinitely

many solutions.

ONE MARK QUESTIONS

1 3 2]rx
1. If [1x1] [0 5 1” 1 ] = 0,then What is the value ofx?
0 3 212
2, For what value of A, the matrix A is a singular matrix where
1 3 A+2
A=|2 4 8
3 5 10
3. Find the value of A2, if
1 0 O
A=1(0 1 0]
a b -1
_[eb 2 _[* B ;
a.  fa=|, a] and A2 = [ﬁ a], then find the value of « and 4.
5. If A is a square matrix such that A% = I, then write the value of (4 —

D3+ (A+1)3 -7 Ain simplest form.

6. Write the value of A, if

x+y y+z z+x
A=| z X y

If[x—y Z

2x—y wl=17G t}find the value of x+y.
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10.

1.

12.

13.

14.

15.

16.

17.

If Ais a 3 x 3 matrix, |A| # 0 and |34| = K|A|, then write the value of K.

_ 4 x+2]. . . .
IfA= [Zx 3 x+1 is a symmetric matrix, then write the value of x.
0 2a -2
Matrix A=|3 1 3 |is given to be symmetric, find the value of
3p 3 -1
a and b.

For any 2 x 2 matrix A, if A (adjoint A) = [100 100], then find |A|.

Find X, if A+ X =1, where

1 4 -1
4 [3 : 7]
5 1 6
3 2
fU=[2 -3 4], V=|2|,X=[0 2 3]andY =2, then find UV+XY.
1 4

2 =3111 01_1-4 -9
If [6 5 ] 2 3] - [16 15]
write the equation after applying elementary column transformation

CZ _)CZ +2C1

2 0 0
IfA=]0 2 0| then findthe value of 43.
0 0 2

Find the value of a,3 + a3, in the matrix

_ (l2i—j] ifi>j
A_[aif]3><3Whereaif_{—i+21+3 ifi<j
10 1
IfA=|0 0 0] thenfind |4?].
10 1
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18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

For what value of x, is the matrix

0 1 -2
A=]-1 x -3|askew-symmetric matrix
2 3 0

If A = [ sin15°  cos 15"

. o ] then evaluate |A|.
—sin75 cos75

If A is a square matrix, expressed as A= X + Y where X is symmetric
and Y is skew-symmetric, then write the values of X and Y.

Write a matrix of order 3 x 3 which is both symmetric and skew-
symmetric matrix.

What positive value of x makes the following pair of determinants
equal?

|2x 3| |16 3|
5 xI’ 5 2
5 3 8

2 01
1 2 3

A= , find the value of 543, + 343, + 8433.

If A = [3 é] find |4 (adjd)|

1 1 1
1 1+ sinf 1
1 1 1+ cosf

Find the minimum value of. 2

If A and B are square matrices of order 3 and |A| =5 and |B| = 3,
then find the value of |34B].

Evaluate |3+ 20 6 Ji= A1

2i 3—2i
cosec?d  cot?0 1
Without expanding, find the value of | cot?6 cosec?6 -1
42 40 2

Using determinants, find the equation of line passing through (0, 3) and

(1,1).

30

[Class XII : Maths]



30.

31.

32.

33.

34.

35.

(a) aij = —=— (b) aij =

If A be any square matrix of order 3 x 3 and |A| = 5, then find the value
of |adj (adjA)|

What is the number of all possible matrices of order 2 x 3 with each

entry 0,1 or 2.

Given a square matrix A of order 3 x 3 such that |A|=12, find the value
of |A adj A|

If A = [g ‘41] find (4~

3
IfA=[-1 2 3] andB = —4] find |AB]|
0
a 0 O
Find |A (adjoint A)| and |adjoint A|, if A=]0 a 0
0 0 a

TWO MARK QUESTIONS

Construct a matrix of order 2 x 3, whose elements are given by

_(i-2)) |-2i+ /|

2
If A (X1, y1), B (x2, y2) and C (xs, ys) are vertices of on equilateral

triangle with each side equal to a units, than prove that

rxl N 2T
Xy ¥y 2 =34
X0y 2

Prove that the diagonal elements of a skew-symmetric matrix are all

Zero.
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10.

1.

12.

13.
14.

15.

ol 5 1.3 - 4].[7 6
7 y-3| |1 2| |15 14

Find the valve of x —y

If A and B are skew symmetric matrices of the same order prove that AB +
BA is symmetric matrix.

o p—9q pr
Without expending prove that | ¢ — p 0 q-r|=0
r=p r—q 0
2 5 . . .
Let A= 4 6 Prove that A+A’ is symmetric matrix.
2 .
If A= 3 | and B=[1 2 3], Verify (AB)' = B'A’
5
1 0 -2 0 5 -4 1 5 2
A= 3 10 [:B5| 2 1 3 [adC= 4 4 ¢
2 1 1 -1 0 2 0o -1 1
Find AB-AC.
1 3
If A= > 1 l Find the determinant of A’-2A
265 240 219
Without expanding, evaluate | o549 225 198
219 198 181
abc m -b vy
IfD,=|x y z and D,=|-1 a -x|evaluate D,+D,.
I mn n -c z

If Ais a skew symmetric matrix of odd order, then prove that |A|=0

Write the minors and co-factors of each element of the first column of the

matrix A [ 1 302

A=l 4 -1 2

3 5 2
Find x and y, if [ 2x*1 3y = [ x+3 y+2
0 Y-y 0 6

32
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2 2 8 0
16. IfA = 4 2 |,B=1]4 -2, find matrix ‘C’, such that 2A+3C=5B
5 1 3 6
1
17, ta= [% 9] andB-= [ 19 find x such that A*=B.
18. Construct a matrix of order 3x2, whose elements aj given by
L J2i-3), i
al {3i+j, i <]
4 MARK QUESTIONS
a y z
1 If[x b z|=0, then prove that - + 2 + < =2
a-x b=y c-z
X y c
2. If a # b # c, find the value of x which satisfies the equation
0 x—a x-—b
x+a 0 x—c|=0
x+b x+c 0
3. Using properties of determinants, show that

a a+b a+2b
a+2b a a+b
a+b a+2b a

Vi3++/3 25 5
4, Find the value of |V15++v26 5 10
3+v65 V15 5

=0

5. IfA= [152 3] show that 42 — 124 — I = 0. Hence find AL,
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10.

1.

12.

13.

14.

Find the matrix X so that X [é é] - [g 100]

1 2 2
2 1 2|, verifythat A2 —4A4—5] =0.
2 21

IfA=

Using elementary transformations find the inverse of the matrix

21
a=[; ;
7 1
_x -2 -1 _ 34 17 ;
IfA—[3 7] and 4™t = | * Y|, then find the value of x.
34 17

If4 = [S ‘13] find B, such that 44~ + B = A2

1 -1 1 4 2 2
If A= [2 1 —3],103 =|-5 0 ocl and B=4"1, then find the
1 1 1 1 -2 3
value of «.
2 0 1
Find the value of X, suchthat 42 = 5A+4I+X =0, ifA=[2 1 3]
1 -1 O
1 -2 3
fa=|o0o -1 4], find (A"
-2 2 1

The monthly incomes of Mohan and Sohan are in the ratio 3:4 and
their monthly expenditures are in the ratio 5:7. If each saves I 15000/-
per month, find their monthly incomes and expenditures using

matrices.

34
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15.

16.

17.

18.

19.

20.

21.

22.

4 0
1 3], then verify that (AB)' = B'A’

ra=[) 3 2] andB= 13

IfA=[2 _()x] B=[2 (1)] and x% = -1

Then show that (4 + B)? = A? + B?

Prove thatal + bA+cA? = A3,ifA=10 0 1

a b ¢

010]

cos 26 sin2 6

Ifa= [—sin29 cos26

], then find 43.

_ 1 -1 _la 1 2 _ A2 2 :
|fA_[2 1],3_[b _1]and(A+B) = A% + B% + 2B, find a and
b.

0 2b ¢

IfA=|a b —cl, then find the value of a, b and c. Such that
a —-b ¢

ATA =1

a-1
If A= [a b], then prove that A™ = [an b( a—1 )], foralln € N.
0 1 0 1

a+b b+c c+a a b c
Find the value of k,if: |b+¢ c+a a+b|=kl|b ¢ a
c+a a+b b+c c a b
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23. Ifx,yandz €R, and

X x+y xt+ty+z
2x 5x+2y 7x+5y+2z
3x 7x+3y 9x+7y+3z

A= = —16, then find value of x.

1 a® a* 1 1 1
24. Findthevalueof ‘k'if |1 b2 b*=kla b ¢
1 c¢? c* a’> b? c?

Using properties of determinants, prove the following (Q. 68 to 31)

1 a a®—bc

25. |1 b b*-ac|=0
1 ¢ c?—ab
1 a®?+bc ad

26. |1 b2+ac b3|=-(a—b)(b—c)(c—a)(a®+b?+c?
1 c?>+ab c3
3a —a+b —-a+c

27. |-b+a 3b —b+c|=3(@+b+c)ab+ bc+ca)
—c+a —c+b 3c

a b c
28. |la—b b—c c—a
b+c c+a a+b

=a3+ b3+ 3 —3abc

a? bc c®+ac
29. g’ +ab b? ac | =4a%b?c?
ab b? + bc c?

b+c c+a a+b
30. |c+a a+b b+c
a+b b+c c+a

= 2QBabc —a® — b3 —¢?)
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(b + ¢)? a? a?

31. b? (c + a)? b? | =2abc(a+b+c)?
c? c? (a + b)?
0 1
32. Givena=[) ~) 2landB=
2 =2 0 11

find (AB)™!

33. Using properties of determinants, solve for x:
x—2 2x-—3 3x —4
x—4 2x—9 3x-16
x—8 2x—27 3x-—64

=0

x+a a* ad
34. If|lx+b b?%2 b3 =0anda # b # c then find the value of x.
x+c c? 3

1 0]. Find the product AB and also

35. Express the following matrix as the sum of symmetric and skew-

symmetric matrices and verify your result.

3 -2 —4
A=|3 =2 —5]
-1 1 2
x 2 3
36. Ifx=—4isarootofaA=1|1 x 1
3 2 x

37. Using properties of determinants. Find the value of ‘x’

4-x 4+x 4+x
4+x 4-x 4+x | =0.
4-x 4+x 4+x

38. Using proportion determinants prove that

1 X X+1
2X X(2x-1) X(x+1)
3x(1-x) X(x-1)(x-2)  x(x+1)(x-1)

=6x°(1-x%)

= 0, then find the other two roots.
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39.

40.

41.

a -1 0
If f(x)= | ax a -1 | using properties of determinant

ax’? ax a

Find the value of f(2x)-f(x)

2 -1 1
If A= | _1 2 -1| show that A>-5A+41=0.
K -1 2
Hence find A™
-1 2 0
ItA= | -1 1 1| show that A*=A"
0 1 0

6 MARK QUESTIONS

2 2

yZ—Xx° zZx—Yy° xy—z
Prove that |zx —y? xy —z%? yz — x?|is divisible by (x +y + z) and

xy —z% yz—x? zx—vy?

2

hence find the quotient.

Using elementary transformations, find the inverse of the matrix

A=12 1 1

1 2 2

84—3]

Using matrix method, solve the system of linear equations

x—2y=102x—y—z=8 and -2y +z=7

0 1 1
1 0 1|andshowthatA™! =
1 1 0

A%-3]

Find A71if A =

Find the matrix x for which [> 2| x[Z2 1] =[2 71|

38

[Class XII : Maths]



10.

1.

12

13.

LetA = [_21 ;] and f(x) = x? — 4x + 7, then show that f(4) = 0,

using this result find A°.

a—x c b

lfa+b+c=0and| ¢ b—x a | =0, then show that either
b a c—Xx

x=0 or x=i\]§(a2+b2+c2)

If A+ B + C = m, then find the value of

sin(A+B+C) sinB cosC
—sinB 0 tanA
cos(A + B) —tan4 0

(x—2)2 (x—1)2 x?
If A= |(x — 1) x? (x + 1)?| prove that A is negative.
2 (x+1)? (x+2)?

Using properties of determinants prove that:

—bc  b’+bc c*+bc
a’+ac —ac c® +ac|=(ab +bc +ca)’
a’+ab b*+ab —ab

a a+c a-—b»>b
b—c b b+a
c+b c—a c

Prove that: =(a+b+c)(a®+b?+c?)

If a, b, c are p",q™ and r'"terms respectively of a G.P. Prove that

loga p 1
logh q 1| =0
logc r 1
1 1 X

Prove that (x-2) (x-1) is factor of

3 x+1 x+4+2
the quotient.

B+1 B+1 pB+x| and hence find
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14. Prove that:

—a(b? + c? —a?) 2b3 2¢c3
2a® —b(c? + a? - b? 2¢3 = abc(a? + b? + ¢?)3
2a3 2b3 —c(a? + b%? — ¢?)

-4 4 471 -1 1
15. Determine the product [-7 1 31|11 -2 =2
5 -3 —-1l2 1 3

and use it to solve the system of equations:

xX—y+z=4 x—-2y—2z2=9, 2x+y+3z=1

1 -1 1
16. IfA=|2 1 -3|,find A~ and use it to solve the system of linear
1 1 1

equations:x +2y+z=4, —x+y+z=, x—3y+z=2

17. Solve given system of equations by matrix method:

=6

Q| W

2.2
b c

18. To raise money for an orphanage, students of three schools A, B and
C organized an exhibition in their locality, where they sold paper bags,
scrap books and pastel sheets made by them using recycled paper, at
the rate of ¥ 20, ¥ 15 and T 5 per unit respectively. School A sold 25
paper bags, 12 scrap books and 34 pastel sheets. School B sold 22
paper bags, 15 scrap books and 28 pastel sheets. While school C sold
26 paper bags, 18 scrap books and 36 pastel sheets. Using matrices,
find the total amount raised by each school.
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19. Two cricket teams honored their players for three values, excellent

20.

batting, to the point bowling and unparalleled fielding by giving ¥ x, I y
and X z per player respectively. The first team paid respectively 2, 2
and 1 players for the above values with a total prize money of 11 lakhs,
while the second team paid respectively 1,2 and 2 players for these
values with a total prize money of ¥ 9 lakhs. If the total award money
for one person each for these values amount to ¥ 6 lakhs, then express
the above situation as a matrix equation and find award money per
person for each value.

1 2 0
It A= 2 -1 -2| find A"using elementary transformation
0 -1 1

Hence solve the system of linear equations.

x-2y=10

2x-y-z=8

~2y+z=7 ANSWERS

ONE MARK QUESTIONS
1 9 X=5
2
Q-4 0. a=2, b=
A% =14 1. |4l =10
a =a*+b?* B =2ab 0 —4 1
12. X=|-3 -3 —7]
A -5 -1 -5
0 13. [20]
3 2 =3111 21_
(O P e
— -4 -17

K=27 [16 47 ]
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

8 0 0
A =10 8 0]
0 0 8
11
0
x=0
Al =1

x=2(A+A), y=5(A—4A)

31. 729
32. 1728
33. 11

34. -1
35. a’, a°

2 MARK QUESTIONS

(19 25]
1 (@it2 2 2
[0 2 8J
[1 1]
o 13 ° 3
"5 )
1 —_
3 3
4. x—-y=-7
1 -2 -8
9. -2 0 -21
0 1 16
10. 25
1. 0
12. D,+D,=2
14. M11='12= M211=_16’ M31v= -

4

C11=_121 Cz1,=16,C31 =-4

42
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15.

16.

17.

18.

o

10.

1.

x=2,y=2
12 4/3
C=14 -14/3
25/3  28/3

No value of x, for which A*=B.

A= -1 5
1 -2
3 0
4 MARKS QUESTION
1 1 3
x=0 12. X=|1 3 10]
5 —4 =2
-5\3(5-./6) -9 -8 -2
13. [ 8 7 2 l
AT 7 3 -5 —4 -1
12 -5
14. Incomes: Rs 90,000/- and
5 0 Rs 1,20,000/-
6 4 Expenditures: Rs 75,000/-
[ and Rs 10,5000/-
117 —1]
10l—4 2 18 cos80  sin 89]
—sin86 cos86
x=4 19. a=-1,b=-2
2 -15 — 4 1. — 4 1.
B=[5 ~; 20. a=+43; b=ty
x=175 1
c=1+—
V3
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22.

23.

24,

32.

33.

34.

35.

36.
37.
39.

40.

K=2
x =2
K=(@a+b)(b+c)(c+a)
71 2
AB_[—Z 2
-1 _1[2 =2
=2l 3
x=4
x = —abc
" ab+bctca
Je 1 -5 .[0 -5 -3
A=E 1 —4 —4+55 0 -6
-5 —4 4 3 6 0
x=1,3
x=0,-12
ax (2a + 3x)
113 1 -1
Al=—11 3 1
41 1 3
6 MARK QUESTIONS
(x+y+2)(xy+yz+zx —x?—y?—z?)?
0o 2/3 -1/3
A =11 -13/3 2/3]
-1 4 0

44
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13.

16.

17.

18.

20.

) -1 1 1
x=0; y=-5; z=-3 4. A_le 1 -1 1
1 1 -1
_[—16 3 -118 —-93
= [ 24 —5] 6. 31 -118
0
B 15. Product = 81

x=3, y=-2,z=-1

L 4 2 2 0 5 .
i g =2 =z = L
A =% 15 02 g X=c,¥y=7,2= 3

a=1,b=-1,c=-2

School A =% 850 19. Excellent batting: 3 lakhs
School B =% 805 point bowling: 2 lakhs
School C =% 970 fielding: 1lakh
|3 2 -4
A=|2 1 2
2 1 3
x=0, y=-5, z=-3.
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CHAPTER 5

CONTINUITY AND DIFFERENTIABILITY

POINTS TO REMEMBER

A function f(x) is said to be continuous at x =c iff )lci_r)rcl f(x) =f(c)
e lim,_ .- f(x) = lim,_+ f(x) = f(c)
f(x) is continuous in (a, b) iff it is continuous at x =c Vce (a,b).
f(x) is continuous in [a, b] iff
(i) f(x) is continuous in (a, b)
(i) limy o+ f (x) = f(@)
(iii)  limy,p- f(x) = f(b)
Modulus functions is Continuous on R
Trigonometric functions are continuous in their respective domains.
Exponential function is continuous on R
Every polynomial function is continuous on R.
Greatest integer function is continuous on all non-integral real numbers
If f (x) and g (x) are two continuous functions at x = a and if ¢ € R then
(i) f(x) £ g (x) are also continuous functions at x = a.

(i) g (x) .f(x),f(x)+c, cfix), | f(x)| are also continuous at x = a.

(iii) %is continuous at x = a provided g(a) # 0.

A function f (x) is derivable or differentiable at x = ¢ in its domain iff

46
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f(X) f(C) FGO-£()

lim,, - = lim,_, .+ =———=, and is finite

The value of above limit is denoted by f’(c) and is called the derivative
of f{x)atx=c.

i(uiv)z 1 d\
dx dx a’x
° —(u V) = u — + V. g_u (Product Rule)
d (u) _ ve-ug :
L4 = (;) = % (Quotient Rule)
. If y= f(u) and u=g(t) then & = x = f'(w)g'(t) (Chain Rule)
° If y =f(u), x=g(u) then,
dy dy du_f'(w)
X —
dx  du’ dx g’(u)
° Rolle’s theorem: If f (x) is continuous in [a, b] derivable in (a, b) and f
(a) = f(b) then there exists at least one real number ¢ € (a, b) such that
f (c)=0.
° Mean Value Theorem : If f (x) is continuous in [a, b] and derivable
in(a, b) then there exists at least one real number ¢ € (a, b) such that
v fB) = f(a)
@) =———

Every differentiable function is continuous but its converse is not true.

1 MARK QUESTIONS

1.  Let f(x) = sin x cos x. Write down the set of points of discontinuity of
f(x).

2. Givenf (x) = —, write down the set of points of discontinuity of f (f(x)).
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10.

11.

12.

13.

14.

15.

Write the set of points of continuity of
f) =lx—1]+|x+1]

Write the number of points of discontinuity of f(x) = [x] in [3, 7].
Ify = elog (xs), find d—y.

dx
If f(x) = x2g(x)and g(1) = 6, g'(x) = 3, find the value of f'(1).

If y=asint, x = a cos t then find d—y
X

Find value of f(0), so that —e’+2* may be continuous at x=0.
X

) . .
Find the values of x for which f(x) =3X+ 's discontinous.
X +3x°-x-3

If y = tan”'x + cot'x + sec'x, cosec 'x then dy/dx is equal to
(@ m () 0 ¢ 1 (d X

X*+1

If y = log, €™ find gy
dx

y =logx + log,a + log,x + log,a, then g_y =7?
X

+xloga (c) Ioﬂ+L

1
a) —+ x loga b
@) +xloga (o) (o y " iogs

(d) None of these

If y = 5. x’, then find dy
dx

What is derivative of sin™(2xy/1— x2) W.r.t. Sin™ (3x — 4x°) ?

Ify= \/sinx+\/sinx+ SINX + e w, then (2Y—1)j—i is equal to
(a) sinx (b) — sinx (c) cosx (d) —cosx
2 MARK QUESTIONS

sin x

Differentiate sin (x*) w. r. t. e

y = x’ then find &
dx

48
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

If y=x*+x%+ 3"+ 3° find @
dx

If y = 2sin™ (cosx) + 5 cosec™ (secx). Find &
d
X

If y = ¢ [og (s~ logx] g g dy
dx

Differentiate Sin™" [x ~/x]w.r. t. x.

Find the derivative of [x+2| w.r.t. x

Find the domain of the continuity of f(x) = sin"'x —[x]

Find the derivative of cos (sin x*) w.r.t. x at x = \/g

d
If y=e°*"* Prove that % = x’(2x+3) ™.

Differentiate sin’(6*+1) w.r.t. 67

. dy .1 \/;—1) 1[\/;+1J
Find —if = 8In + secC
ax " Y (\/;H 1

If X + y* = 1 verify that ﬂd—x= 1
dx dy

Find ¥ when y = 10"
dx
2

Findy = ‘f'dd—y
indy =x"find '3

Find dy if y= cos™ (sinx)
ax Y

Iff(x) =x+7,and g(x)=x-7,x € R, them find di (fog) (x).
X

Differntiate log (7 logx) w.r.t x

If y = f(x*) and f' (x) = sinx’. Find dy

dx
Find j—iify = sin"'J/x
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4 MARK QUESTIONS

1. Examine the continuity of the following functions at the indicated points.

() f@):F@W%ﬂgfg atx =0
. _

n  feo={ 7T ate=1

1

(I f(x>={ef‘1 »Xx#F 0 =0

ex+1

0 , X

0

x—cos(sin~1x) 1

_ ) 1—tan(sin~1x) V2 _ i
(IV) f) = 1 x:iatx_x/i
V2 V2
2. For what values of constant K, the following functions are continuous at
the indicated points.

V1+kx—vV1-kx

0y feo= x  X<0 giy=o0

2x+1 x>0
x—1

e*-1

I ) =ligarm* % atx=o0
x=0
R

1—cos4x
x2 x<0
() fx) = K x=0 atx =0
Lx >0
16+/x—4
3. For what values aand b
x+ 2 N
x+2] " ¢ifx<-2
flx) = a+b ifx=-2
x+2 i —
+ 2 ifx > =2
|x + 2]

Is continuous at x = -2
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4. Find the values of a, b and c¢ for which the function

(sin[(a + 1)x] + sinx

X x<0
fG) = ¢ x=0
Vx+bx2—vx x>0

bx3/2

Is continuous at x = 0

R it

Find the value of A, fis continuous at =0 ?

1-sin®x ; x < z

3co %x ,ZT

6. Letf)={ a ; x=2
b(1-sin ) T

(m—2x)2 ; X > 2

If f(x) is continuous at x = % find a and b.

3 <1
o=

Is everywhere differentiable, find the value of a and b.

8. Find the relationship between a and b so that the function defined by
ax+1, x<3| . )
f(x)= is continous at x =3.
bx+3, x>3

9. Differentiate tan™* (%xz) w.r.t cos™*(2xV1 — x2) where x # 0.

— xx : dy
10. Ify =x*", then find T

11. Differentiate (x cosx)* + (x sin x)% w.r.t. x.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

If (x + y)™*" = x™. y™ then prove that % = %

If (x — y).e x-y = a, prove that y(j—y) +Xx =2y
X

If x = tan Glog y) then show that

d2y dy
l+x) =+ Qx—a)—>=0
( X)dxz (2x a)dx

Ify = xlog (#) prove that x3 &y _ (xd—y — y)z.

dx?

2x+1.3x

Differentiate sin~! [ ] w.rt x.

1+(36)*

IfV1—x6 4+ /1 —y5 =a(x®—y?%), prove that

d 2 6
=X 122 \Where —1 <x < 1 and —1 <y < 1 [HINT: put x° sin A and
dx  y%\ 1-x°

y3 sin B]

If f(x) =4/x2+1,9g(x) = % and h(x) = 2x — 3 find f’[h’(g’(x))].

y2+4

da
If x =secO —cosf and y = sec™@ — cos™0, then prove that 2= n =
dx x“+4

d
If x¥ + y* + x* = m" , then find the value of ﬁ .

d? i
If x = a cos30,y = a sin30 then find —32/ atx =—
dx 6

—1 [V1+sinx —V1-sinx
V1+sinx 4+ V1-sinx

d
Ify = tan ]where 0 <x <2 find=>
dx
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2 2 d’? b*
23. 12 4+ 2 = 1then show that —=% = ———.
a® b dx ay

24, Verify Rolle’s theorem for the function

f(x) = e*sin2x [0, g]

25. Verify mean value theorem for the function
flx) =vVx?—4 [2,4]

26. If the Rolle’s theorem holds for the function
f(x) =x3+bx?*+ax+5o0n [1,3] with ¢ = (2 +\/%)
Find the value of a and b.

27, lf=[x+Vx?+1 ]m , show that (x% + 1)y, + xy; —m?y = 0.

3x+41—x°

28. Differentiate sin™?! — | wrt x
29 If x¥Y = e*™Y, prove that dy _ _logx
) P dx  (1+log )2

30. If f:[-5,5] = R is a differentiable function and f’(x) does not vanish

anywhere, then prove that f(—5) # f(5).

I
31. If )/"+y " = 2x then prove that (x*> —1)y, +xy, =m’y.
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ANSWERS

1 MARK QUESTIONS 2 MARK QUESTIONS

) 0 ] 2xcos(x?)
' ' cos x e5"*
yZ
2. -2,-3 2. —
{=2-%) x[1-ylogx]
3. R 3. X*[1 + log x] + 3x* + 3*log 3
4. Points of discontinuity of f(x) are 4,5,6,7
Note- At x = 3, f(x) = [x] is continuous because lim,_ s+ f(x) = 3 = f(3)
4. -7
4 1
5. 5x 5. —=
6. 15 6. 3| x
2V1-x®
7. -cott ,
7 2x(x"+2)
X'+2
8. -1+log2
8. (-1,0) U (0,1)
9. x=-1,1,-3 9 0
1. Sin (20°+2),0£0
10. (b)
12. 0
2 10% x
. 2xcos (x) 14. 10" 1 1OXIog10[l+Iog10Iogx}
X
12. (d) 15. X [(1+Iogx)z+%]
13. 5% (x°log5 + 5x°) 16. -1
17. 1
14. 2/3 18. !
xlogx
15. (©) 19.  2xsinx'
! where 0 <x <1
20. b
4Jx1=x+/sin""V/x
54 [Class XII : Maths]



© © N o 0o A~

11.

16.

18.

20.

21.

22.
26.
28.

4 MARK QUESTIONS

N Continuous
()} Discontinuous

() Not Continuous at x = 0

(IV)  Continuous

0  K=-1

n K=/
() K=8
a=0 b=-1
-3 1
a::;n b::R'—{OL C::E
A=-1
a=1, b=4
2
a=3,b=5
3a-3b=2

1

2
x* x** {(1 +logx)logx + %}
14+x cotx—log(x sin)*
x2 ]

(x cosx)*[1 — x tanx + (logx cosx)] + (xsin x)l/x [

ZX+13x
_ .
[1+(36)x] log6 [Hint: tan6 = 6%]
2
V5
ay _ x*(1+logx)+yx¥Y~1—yXlogy
dx - xY logx+xyx_1
32
27a
_1/2
a= 11, b = _6
1
1—x2
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CHAPTER 6

APPLICATION OF DERIVATIVES

IMPORTANT POINTS TO REMEMBER

Rate of change: Let y = f(x) be a function then the rate of change of y
d
with respect to x is given by ﬁ = f'(x) where a quantity y varies with

another quantity x.

{d—y} or f' (x1)represents the rate of change of y w.r.t. x at x = x;.
X = X

dx
- M

Increasing and Decreasing Function

Let f be a real-valued function and let I be any interval in the domain of f.
Then f is said to be

a) Strictly increasing on I, if for all x; x, € I, we have
x1 <x = f(xg) < fxz)

b) Increasingonl, ifforallx; x, € I, we have
x1 <x = f(xg) < fxz)

c) Strictly decreasing in I, if for all x; x, € I, we have
x1 <x3 = f(x) > fx2)

d) Decreasingonl, ifforallx; x, € I, we have
x1 <x = f(x1) = fx2)

Derivative Test: Let f be a continuous function on [a, b] and
differentiable on (a, b). Then
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a) f is strictly increasing on [a, b] if f'(x) > 0 for each x<(a, b).

b) f isincreasing on [a, b]if f'(x) = 0 for each x€ (a, b).

c) f is strictly decreasing on [a, b] if f'(x) < 0 for each x€ (a, b).

d) f is decreasing on [a, b] if f'(x) < 0 for each x€ (a, b).

e) f is constant function on [a, b] if f'(x) = 0 for each xe (a, b).
e Tangents and Normals

a) Equation of the tangent to the curve y = f(x) at (x4, y,) is
dy
y—yi= [—] (x —x1)
dx (x1,y1)
b) Equation of the normal to the curve y = f(x) at (xq,y,) is

-1
Yy =¥ =[dy—(x—x1)
dxl(xpy1)
¢ Maxima and Minima
a) Let f be a function and c be a point in the domain of f such that either
f {(x)=0 or f ‘(x) does not exist are called critical points.
b) First Derivative Test: Let f be a function defined on an open interval
I. Let f be continuous at a critical point cin I. Then

i. f (x) changes sign from positive to negative as x increases
through c, then c is called the point of the local maxima.

ii. f (x) changes sign from negative to positive as x increases
through c, then c is a point of local minima.
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iii. f ’(x) does not change sign as x increases through c, then c is
neither a point of local maxima nor a point of local minima.

Such a point is called a point of inflexion.

c) Second Derivative Test : Let f be a function defined on an interval |

and let c € I. Let f be twice differentiable at c. Then

i. x = ¢ is a point of local maxima if f '(¢) = 0 and f "'(¢c) < 0. The
value f (c) is local maximum value of f.

i. x=cisa point of local minima if f '(c) = 0 and f"(c) > 0. The
value f (c) is local minimum value of f.

iii. Thetestfailsif f(c)=0and f"(c)=0.

1 MARK QUESTIONS

Find the angle 6, where 0< 6<§, which increases twice as fast as its

sine.

Find the slope of the normal to the curve x =acos®6 andy =

asin®@atf = %
A balloon which always remains spherical has a variable radius. Find
the rate at which its volume is increasing with respect to its radius

when the radius is 7cm.

Write the interval for which the function f (x) = cosx,0 < x < 2mis

decreasing
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10.

1.

12.

13.
14.

15.
16.

17.

For what values of x is the rate of increasing of x> —5x? + 5x + 8 is

twice the rate of increase of x 7

Find the point on the curve y = x* — 2x + 3 where the tangent is

parallel to x-axis.

Write the maximum value of f(x) = 10% Jif it exists.

Find the least value of f(x) = ax +%,where a>0, b>0 and x>0.

Find the interval in which the function f(x)=x—e*+

tan(27”)increases.

Find the value of a for which the function f(x) = x2 — 2ax + 6,x > 0 is

strictly increasing.

Find the minimum value of sin x + cos Xx.

Which of the following function is decreasing on [Ogj ?
(a) sin 2x (b) cos 3x

(d) tanx (d) cos 2x

Find the absolute maximum of x*° — x? on the interval (0,1).

The angle between y? = x and x? =y at the origin is

—1 g —1 i

(@) 2tan” (b) tan' 2
T T
© 5 @ 7

Find the local minimum value of f'(x) if f(x) =3 + | x|, x € R.

The distance covered by a particle in t sec.is given by x = 3 + 8t — 4t2. What will be its
velocity after 1 second.

If the rate of change of volume of a sphere is equal to the rate of change of its
radius, then find r.
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10.

1.

12.

13.

14.
15.

16.
17.
18.

19.
20.

2 MARK QUESTIONS

Find the co-ordinates of the point on the curie y*> = 3 — 4x, where

tangent is parallel to the line 2x + y -2 =0
The sum of the two numbers is 8, what will be the maximum value of

the sum of their reciprocals.

Find the maximum value of f(x) = 2x*> — 24x + 107 in the internal [1, 3]

If the rate of change of Area of a circle is equal to the rate of change its
diameter. Find the radius of the circle.

The sides of on equilateral triangle are increasing at the rate of 2 cm/s.

Find the rate at which the area increases, when side is 10 cm.

If there is an error of a% in measuring the edge of cube, then what is the percentge
error in its surface?

If an error of k% is made in measuring the radius of a sphere, then what is the
percentage error in its volume?

Find the point on the curve y? = x where taget makes 45° angle with x—axis.
Find the slope of targettothe curve x=3t2+1,y=t*—1atx =1

If the curves y = 2e* and y = ae* interect orthogonally, then find a.

Find the point on the curve y? = 8x for which the abscissa and ordinate change at the
same rate.

Prove that the function f(x) = tan x — 4x is strictly decreanig on T

3'3)

Find the point on the curve y = x3 where the slope of the tangent is equal to the x co-
ordinate of the point.

Use differentials to approximate the cube root of 66.
Find the maximum and minimum values of the function f(x) = sin (sin x)
Find the local maxima and minima of the function f(x) = 2x3 — 21x? + 36x — 20.

Ify =alog x + bx? + x has its exteme values at x = -1 and x = 2, then find a and b.
2 2
Find the equation of the target to the hyperbola X—2 - };—2 =1 at the point (x,, y,).
a

If the radius of the circle increases from 5 into 5.1 cm, then find the increase in area.

Find the equation of the normal to the curve y = 2x® + 3 sin x at x = 0.
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4 MARK QUESTIONS

1. In a competition, a brave child tries to inflate a huge spherical balloon
bearing slogans against child labour at the rate of 900 cm?3 of gas per
second. Find the rate at which the radius of the balloon is increasing,

when its radius is 15 cm. Why is child labour not good for society?

2. An inverted cone has a depth of 10 cm and a base of radius 5 cm.
Water is poured into it at the rate of %c.c. per minute. Find the rate at

which the level of water in the cone is rising when the depth is 4 cm.

3. The volume of a cube is increasing at a constant rate. Prove that the
increase in its surface area varies inversely as the length of an edge of

the cube.

4. A kite is moving horizontally at a height of 151.5 meters. If the speed of
the kite is 10m/sec, how fast is the string being let out when the kite is
250 m away from the boy who is flying the kite ? The height of the boy

is 1.5 m.

5. A swimming pool is to be drained for cleaning. If L represents the
number of litres of water in the pool t seconds after the pool has been
plugged off to drain and L = 200(10 — t)%. How fast is the water
running out at the end of 5 sec. and what is the average rate at which
the water flows out during the first 5 seconds?

6. A man 2m tall, walk at a uniform speed of 6km/h away from a lamp
post 6m high. Find the rate at which the length of his shadow
increases.

7. A water tank has the shape of an inverted right circular cone with its
axis vertical and vertex lower most. Its semi- vertical angle is
tan~1(0.5). water is poured into it at a constant rate of5m3/h. Find the
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10.

11.

12.

13.

14.

15.

rate at which the level of the water is rising at the instant, when the
depth of Water in the tank is 4m.

A spherical ball of salt is dissolving in water in such a manner that the
rate of decrease of the volume at any instant is proportional to the
surface area. Prove that the radius is decreasing at a constant rate.

A conical vessel whose height is 10 meters and the radius of whose
base is half that of the height is being filled with a liquid at a uniform
rate of 1.5m3/min. find the rate at which the level of the water in the
vessel is rising when it is 3m below the top of the vessel.

Let x and y be the sides of two squares such thaty = x — x?. Find the
rate of change of area of the second square w.r.t. the area of the first
square.

The length of a rectangle is increasing at the rate of 3.5 cm/sec. and its
breadth is decreasing at the rate of 3 cm/sec. Find the rate of change
of the area of the rectangle when length is 12 cm and breadth is 8 cm.

If the areas of a circle increases at a uniform rate, then prove that the
perimeter various inversely as the radius.

Show that f(x) =x3—6x%2+18x+5 is an increasing function for
allx € R. Find its value when the rate of increase of f(x) is least.

[Hint: Rate of increase is least when f'(x) is least.]

Determine whether the following function is increasing or decreasing in

the given interval: f(x) = cos (Zx + %) %ﬂ <x< %n.

Determine for which values of x, the function y=x* —% is increasing
and for which it is decreasing.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

Find the interval of increasing and decreasing of the function
1

fl) ==

Find the interval of increasing and decreasing of the functionf(x) =

sinx —cosx, 0 < x < 2m.

Show that f(x) =x%e™*0<x <2 is increasing in the indicated

interval.

4 sin 6
2+cosf

Prove that the function y = — 0 is an increasing function of

. T
6in [0_ E]
Find the intervals in which the following functionis decreasing.

flx) =x*—8x3 +22x% — 24x + 21

3 5
Find the interval in which the function f(x) = 5xz — 3x2,x > 0 is

strictly decreasing.

Show that the function f(x) = tan~!(sinx + cos x),is strictly increasing
the interval (O, E).
4

2
Find the interval in which the function f(x) = cos™! (Liz) is

increasing or decreasing.
Find the interval in which the function given by

()_3x4 4x3 32_|_36x_l_11
f) == —5 =3 5

(1) strictly increasing

(2) strictly decreasing
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Find the equation of the tangent to the curve Z—z—y— = lat the point

2
b2
(V2a,b).
Find the equation of the tangent to the curvey = x? — 2x + 7 which is

(1) Parallel to the line 2x —y+9=0
(2) Perpendicular to the line 5y — 15x = 13
Find the co-ordinates of the point on the curve vx + \/§ = 4 at which

tangent is equally inclined to the axes.

Find a point on the parabola f(x) = (x — 3)? where the tangent is
parallel to the chord joining the points (3,0) and (4,1).

Find the equation of the normal to the curve y = e?* + x2 atx = 0.
also find the distance from origin to the line.

Show that the line % +% = 1 touches the curve y = be */a at the point,
where the curve intersects the axis of y.

At what point on the circle x? + y? — 2x — 4y + 1 = 0 the tangent is
parallel to

(1) X — axis

(2) Y -axis

Show that the equation of the normal at any point ‘6’ on the curvex =
3cosf — cos36,y =3sinf —sin3 0 is
4(y cos®0 — xsin36)=3 sin 4 6.

Show that the curves xy = a? and x? + y? = 2a? touch each other.

For the curve y = 5x — 2x% if x increases at the rate of 2 Units/sec.
then how fast is the slope of the curve changing when x=37?
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35.

36.

37.

38.

39.

40.

2
2 =1 and xy = c?to interest

Find the condition for the curve Z—z—b

orthogonally.

Show that the curves y =a* and y = b*, a > b > 0 intersect at an

togl5| )

1+log loghb
Find the equation of the normal to the curve ay? = x3 at the point
(am?,am?3).

angle of tan™! (

Find the equation of the normal at a point on the curvex? = 4y, which
passes through the point (1, 2). Also find the equation of the

corresponding tangent.

Find the point on the curve 9y? = x3 where the normal to the curve
makes equal intercepts with the axes.

Show that the tangents to the curve y = 2x3 — 3 at the point where x =
2 and x = -2 are parallel.

Use differentials to find the approximate value of (Ques.57 to 62)

41.

43

45.

47.

48.

(66) /3 42. 01
1/0.037 44 253
(3.968)°/2 46 (2657)'/3

Find the value of log,,(10.1) given that log,oe = 0.4343.

If the radius of a circle increases from 5 cm to 5.1 cm, find the increase

in area.
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49.

50.

51.

52.

53.

54.

55.

56.

57.

If the side of a cube be increased by 0.1%, find the corresponding

increase in the volume of the cube.

Find the approximate value of f(2.01) where f(x) = x3 — 4x + 7.

. . 1 . . .
Find the approximate value of 55 Using differentials.

The radius of a sphere shrinks from 10 cm. to 9.8 cm. Find the

approximately decrease in its volume.

Find the maximum and minimum values of f(x) = sinx +%cos 2x in
Vs
03]

Find the absolute maximum value and absolute minimum value of the

2
following question f(x) = G— x) +x3 in[-2, 2.5]

Find the maximum and minimum values of f(x) = x°° — x2° in the
interval [0, 1]

Find the absolute maximum and absolute minimum value of

f(x)=(x—-2)Vvx—1 in [1, 9]

Find the difference between the greatest and least values of the

function f(x) = sin 2x — x on [—%%]

6 MARK QUESTIONS

Prove that the least perimeter of an isosceles triangle in which a circle
of radius r can be inscribed is 6v3 7.

If the sum of length of hypotenuse and a side of a right angled triangle
is given, show that area of triangle is maximum, when the angle

between them is %

66
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10.

1.

12.

13.

Show that semi-vertical angle of a cone of maximum volume and given

slant height is cos™! (%) .

The sum of the surface areas of cuboids with sides x, 2x and g and a

sphere is given to be constant. Prove that the sum of their volumes is
minimum if x = 3 radius of the sphere. Also find the minimum value of
the sum of their volumes.

Show that the volume of the largest cone that can be inscribed in a

sphere of radius R is % of the volume of the sphere.

Show that the cone of the greatest volume which can be inscribed in a

given sphere has an altitude equal to g of the diameter of the sphere.

Prove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of
the cone.

Show that the volume of the greatest cylinder which can be inscribed in

a cone of height H and semi-vertical angle a is 24—77rh3tan2a. Also

show that height of the cylinder is g

Find the point on the curve y? = 4x which is nearest to the point (2,1).

Find the shortest distance between the line y — x = 1 and the curvex =
2

y-.
A wire of length 36 m is to be cut into two pieces. One of the pieces is
to be made into a square and the other into a circle. What should be

the length of the two pieces, so that the combined area of the square
and the circle is minimum?

Show that the height of the cylinder of maximum volume that can be
2r

inscribed in a sphere of radius r is 7

Find the area of greatest rectangle that can be inscribed in an ellipse

X2 y2
;-i-ﬁ— 1.
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1 MARK QUESTIONS

1. z
3
2. 1
cm3
3 1967 —
cm
4 [0,7]
5, 34
3
6 (1,2)
7. L
e
8 2Jab
9. (=20,0)
10, a=<0
1. _\/E
12.  (d)
13. 0
14, (c)
15. -1
16. 0 unit
1
——unit
17. 2\/;

2 MARK QUESTIONS

Answers

17.
18.

19.
20.

89

1

— units

T

10\/5 cm? /s

2a%
3k %

2

0

.
(2, 4)
. (0,0)

= 4.042

. sin1,—-sin1

. Local maxima at x =1

Local minima at x = 6
a=2,b=-%

%o Wo

a? b2

ncm’

x+3y=0

4 MARK QUESTIONS

1.

o0 ~ N

1
—cm/s
4

—3— cm/min
8n

8 m/sec.

3000 L/s
3 km/h
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10.

11

13.
14.
15.

16.

17.

20.

21.

23.

24.

35
88

m/h

i m/min
491 '

1 — 3x + 2x?

. 8 cm’

S€C

25

Increasing

Increasing forall x > 1
Decreasing forall x < 1

Increasing on (o, e)
Decreasing on [e, o)

Increasing on

R
4 4

Decreasing on [%n.%n]
(-,1]U[2,3]

[1,00]

increasing on [0, o)
Decreasing (-, 0]

Strictly increasing
[-2,1] U [3, «)
Strictly decreasing

(-0, -21 U [1, 3]

25.

26.

27.

28.

20.

31.

34.

35

37.

38.

39

41.

42.

43.

44,

V2bx —ay —ab =0
(1) y—2x—-3=0
(2) 36y + 12x —227 =0
(4,4)
G 3)
2y+x-2=0, =
(1) (1,0)and (1, 4)
(2) (3,2)and (-1, 2)
decrease 72 units/sec.

a? = b?

2x + 3my — 3am* — 2am? =

0

x+y=3

(+ £3)

4.042

y=x-—1

20.025

0.1924

5.03
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45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

7.904
2.984

1.004343
Tcem

0.3%
7.08

0.198
80mcm3

3 . 1
max. value =, mim value =

ab. Max.= 157 , ab. Min. = =7
8 4

55.

56.

57.

max.value=0,

min.val e-_3[2]2/3
value = — |2

ab. Max =14 atx=9

. _ -3 _ 5
ab. Mln.—matx— "

6 MARK QUESTIONS

4.

10.

1.

13.

1813 + i i
3

(1,2)

3v2
8
144 367
T+4 4

2ab sq. Units.
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CHAPTER 7

INTEGRALS

POINTS TO REMEMBER

o Integration or anti derivative is the reverse process of Differentiation.
e Let=F(x) = f(x) then we write [ f(x) dx = F(x) +c.

° These integrals are called indefinite integrals and c is called constant of
integration.

° From geometrical point of view, an indefinite integral is the collection of
family of curves each of which is obtained by translating one of the
curves parallel to itself upwards or downwards along y-axis.

STANDARD FORMULAE

X]’l+1
1. [xMdx ={ n+1

+c¢c n# -1

loge|x| + ¢ =1
(ax+b)n+1
2. J@x+brde=] @2 e n# -l
;loglax +bl+c
3. [sinxdx = —cosx +c.
4. Jcosxdx =sinx+c
5. [ tanx.dx = —log|cosx| + ¢ = log|secx| + c.
6. [ cotx dx = log|sinx| + c.
7. [sec?xdx = tanx+c
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10.

11.

12.

13.

14,

15.

16.

17.

18.

J cosec? xdx = —cotx+c
[secx tanx dx = secx +c¢
[ cosecx cotx dx = —cosecx + ¢

[ secxdx = log|secx + tanx| + ¢
X
= log|tan (E+_)| +c
[ cosecx dx = log|cosec x — cotx| + ¢
= log|tan§| +c
2

feXdx = eX+¢

ax
[a* dx = +c
loga

1] L dx=sinlx+c,lxl<1

1-x2

= —cos x+c

1 _
J—=dx=tan"'x+c
1+x
= —cot™ Ix+c

flxl\/% dx = sec‘1x+c,|x| >1

= —cosec x4 ¢

a+x

a—Xx

1 1
J o= dx= —log

a2-—x2

+c

72
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19.

20.

21.

22.

23.

24,

25.

26.

-_—

[—= dx=Ztan"* X+
a a

a2+x?
fﬁdx= sin_1§+c=—cos'1§+c
fﬁdx: log|x + Va2 + x2| + ¢
fﬁdxz log|x + Vx% —aZ| + ¢
[VaZ —xZdx = §m+az—zsin_1§+c
JVaZ o dx =2VaZ T x2 + L loglx +VaZ + 32| + ¢
JVRT—aZdx = 2VxT—a? - Lloglx + VX2 —aZ| + ¢

RULES OF INTEGRATION

() 65+ e X)) dx = [fX)dx £ [ f,x)dxt.. ...

[ £ (x)dx
[k f(x)dx = k [ f(x)dx.
[ e {f(x) + f'(x)}dx = e*f(x) + ¢
INTEGRATION BY SUBSTITUTION

f'(x) _
f§dx = log|f(x)| + ¢

+
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' _ [fey)ntt
2. I ' (x)dx = —

f'(x) _ (fx))ntt
3. f[f(x)]n dx = +c

-n+1

INTEGRATION BY PARTS
[ g () dx =F (%) [g (x) ax ][ () [g (x) dx]

DEFINITE INTEGRALS
b
jf(x)dx = F(b) — F(a),where F(x) = jf(x) dx

DEFINITE INTEGRAL AS A LIMIT OF SUMS.

b
J- f(x)dx = }llim h [f(a) + f(a + h) + f(a + 2h) + -+ f(a + n — 1h)]
-0
a
Where h =22 or [ f(x)dx = limy_o[h X2, f(a + rh)]
~h a - h-o r=11(a r )

PROPERTIES OF DEFINITE INTEGRAL

b

f(x)=—] f(x)dx
Jro=]

a

=

b b
. jf(x)dx=jf(t)dt.

2

b c b
3. jf(x)dx= jf(x)dx+jf(x)dx.
4. (i)jbf(x)dx=jbf(a+b—x)dx.
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(i) J- f(x)dx = J-f(a —x)dx
5. jf(x)dx =2 jaf (x)dx, if f(x)iseven function

6. J-f (x)dx = 0if f (x) is an odd function

—-a

2a &
_ )2 f (x)dx’ 1ff(Za —X) = f(X)
7 J fydx = J iff(2a—x) = —f ()
0

0

ONE MARK QUESTIONS

Evaluate the following integrals:

1. J(sin™* Vx + cos ™! Vx) dx

2. f_11 el dx
dx
3. fl—sinzx
4. f_ll x?2cos* x dx
1
5 I iogtogtionm ¥

1
> 1+x
6. f_Z% cosxlog (E) dx

7. f(ealogx + exloga) dx

Icos2x+2sin2 X

0082 X

dx
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

f_“éz sin”x dx
/2
V10 — 4x + x2 dx
1.3
f_lx |x| dx
1

fsinzx c0s2x

2 dx
f—z 1+|x-1|

fe—logx dx

f:—zdx

X
J x+1dx

X
J oz 9%

VR
f%dx

[ cos? adx

1
fXCOSO(+1

[ secxlog(secx + tanx) dx

1
fcosa+xsina
sec?(logx
f—(x LI

X

e
| foeme

1
fx(2+3 logx) dx

1-sinx
[ s gy
X+C0S X

76

[Class XII : Maths]



27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

f 1—cosx dx

sinx

fxe_1+ex_1
x€+eX

f (x+1)

— (x + logx) dx
f;lcos x| dx
foz [x] dx where [x]is greatest integers function.
1
f\/9—4-x2 dx
a f(x)+f(a+tb—x)
1 |x|
f_z ; dx
f_ll X |x| dx
[xVx+2dx

fab f(x) dx + f; f (x) dx

f sinx dx

sin2 x

T
Jxlsinx| dx
4

f 1

secx+tanx

f sin?x
1+cos x

f 1—-tanx
1+tanx
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10.

TWO MARK QUESTIONS

Evaluate :

J‘e[log(x+1)—logx]dx 11. leog 2x dx

12. .[(:/4\/1+sin2xdx

J x+1+~x+2

j sinxsin 2xdx 13. 'fon/zex (sinx — cosx )dx
x a . o Vx
J|:5+;+X +a ]dX 14. I4 (30_X3/2)dx
1 dx
nl2 5+3cosx 15. dx
IO Log[5+33inxjdx Ioex+e—x
log|sin|
x x 16. — 0 1dx
J‘a b -[ tanx
¢ . 4 4
17 J~S|.n3x+cos3xdx
j \/a_\/») e sin® x + cos® x
ax
18. f Jtanx (1+tan’x)dx
Jexzxdx
sin2x
. ——dx
J.22 22'2%dx 19. J.(a+bcosx)2
sin(2tan™"x X% —x+2
I(—z)dx 20. '[—x2+1 dx
1+ X
FOUR MARK QUESTIONS
Evaluate :
t -1 ,.2
(|) fxcoseclf—)z:f x2) dx
(D=
x+1 +\/_

ay [——————dx

sin(x—a) sin(x—b)
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(|V) f cos(x+a) dx

cos(x—a)

(V) [ cos2x cos4x cos6x dx

(VI) [ tan2xtan 3x tan 5x dx

(VIl) [ sin?x cos*x dx

(VIIl) [ cot®x cosec*x dx

(|X) f sinx cosx

aZsin?x+bZcos2x

dx [Hint: Put asin?x + b?cos?x = t or t?

1
(X) f Jcos3x cos(x+a) dx

6

f sin®x+ cos®x

(XI)

sin2x cos2x

sinx+ cosx

(X”)f Vsin 2x
Evaluate :

i) ==

x*+x2+1

. 1
(“) fx[6(logx)2+7logx+2] dx

1
(HI) J.\/sin3x cosSx dx

iv)  [EHax

x*+1

1
R by ey ey L
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5x—2

(vi) f3x2+2x+1
2
. X
(V”) J‘xz+6x+1

wiiy [ \/:;__szdx

(ix) [xV1+x—x2dx

(x) J-ﬂn4x dx

cos8x

(xi) f\/SeCX — 1 dx [Hint: Multiply and divided by
Vsecx + 1]

Evaluate :

dx
() fﬂﬂ+ﬂ

3x+5
() J.X3—X2—X+1
sin B cos 6

(I J.cosze—cose—z do

) dx

(2-x)(x2+43)

X2 +x+2

W e &

vy [ (e r1)(+2) 4

(x2+43)(x2+4)
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dx

i) [ DoTD

i) [ 2ol dx

(ix)  [+/tanxdx

R e
Evaluate:

(1) [ x°sinx3 dx

(I [sec3xdx

(y [ e cos(bx + ¢) dx

(V)  [sin~? (:;‘Xz) dx

(V)  [cosvxdx

(VIy [x3tan"lxdx

Vi e () dx

-]

(IX)  [+V2ax —x2dx

(X) fex%dx

[Hint: Put 3x=tan 6]
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(XI)

(XI1)

(X1

(XIV)

(XV)

(XVI)

Evaluate the following definite integrals:

[ x3sin™? (i) dx

f{log(logx) +— } dx

(logx)?2

[(6x +5)V6 + x — x% dx
| L dx

x3+1

fran (52)

f dx
5+4 cosx

T .
f /4 Sinx+cosx
0 9416 sin2x

fon/z cos 2x logsinx dx

1 1-x2
X /—dx
fO 1+x?

1/ L
f V2 sin7!x .
0 (1-x2)/2

- .
f /2 sin 2x
0  sin*x + cos*x

f01 sin <2 tan~! 1j> dx
1-x

f“/z X + sinx
0 1+ cosx

logx =t

[Hint: Put x = e!]
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1 X
(viii) [ xlog (1 + E) dx
. 1
(ix)  J_j*Ixcosmx|dx
(x) ffn(cos ax—sinbx)? dx
6. Evaluate:

() Llx—2]+Ix=3]+Ix— 4] dx

W5

W e[ g

1+x2

. T X sinx
(IV) fO 1+cos?x dx

. /2 Xsinx cosx
(VI) f sin4x+ costx

X

(vii) fo S oo oy Ax [Hint:use foa f(x)dx = foa f(a — x)dx

7.  Evaluate the following integrals:

O
/2

(ii) I (sin|x|+cos|x|)dx
A

COS X

(lll)jeCOSX + e~ CosXx dX
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x X tan X
(iv) J — dx
0 secX + cosec x

) f E dx

Evaluate

(.)f sin~tv/x — cosTt+/x
i
sin~1vVx 4+ cos~1vx

3 1-vVx
(ll)-[ 1+\/de

(iii) j

(X+z)

XZ

(iv) ,[ (xsinx + cos x)? dx

(v)fsin‘l\/z dx

s
3
vi) j sinx + cosx
vi dx
v Vsin 2x
6

(Vn)fm 4X

dx x€][0,1]
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3/2

(viii) J- |x sinmx| dx

sin(x — a)
@ )f sin(x + a)

2

® | e

( )jc055x+cos4x
X 1—2cos3x

SIX MARK QUESTIONS

Evaluate the following integrals:

>+4
(i)jx5 dx
X2 —X

(i) J- e3t — e2t +11et—-6 a
2x
@ | Gy

(iv )f 1 + sinx

sinx (1 + cos X)

/2
W) j (\/tan X + +/cot x) dx
0

1
()j 1—)(2d
vi) | x i X
0
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10.

11.

/2

(wii) f cosXx

1+ cosx + sinx

Evaluate the following integrals as limit of sums:

4
@ @2x+1)dx
l
2
(i) [ (x* + 3) dx
/
(iii) j(3x2 —2x+4)dx
4
(iv)'[(3x2 +e?¥) dx
0
1
) | 273 dx
/

(vi) f(3x2 +2x+1) dx

Evaluate:

) dx
M j (sinx — 2 cosx)(2 sinx + cosx)

log(1+x)
@ )J- 1+ x2

/5

(iii) J- (2logsinx — log sin 2x) dx
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1
12. fx(tan'1 x)? dx
0

T/,

13. J logsinx dx
0

1
14. Prove thatjtan*(
0

1

1
1—x+x2)dx=2 .f
0

tan~! x dx

Hence or otherwise evaluate the integral Jtan_l(l -X +x2) dx.

sin? x

15. Evaluate fon/z

sin x+cos x

Answers

ONE MARK QUESTIONS

1. gx +c

2. 2e —2
3. tanx +c

4. 0

5. log|log|logx|| + ¢

6. 0
a+1 X

7. z 2 +c
a+1 loga

8. tanx + ¢

9.

10.

11.

12.

13.

14.

0
(x—2)Vx2—4x+10 n

2

310g|(x— 2) +
VX2—4x+1O| +c

0
tanx —cotx+ ¢
3loge2

log|x| + c
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

%(x+1)% —2(x+1)y2 +c

1
lOg|X+1|+m+C

2e&+c

xcos2o + ¢

log|x cosa+1]|

cosa

(log|secx+tan x|)?
2

C

log|cos a+xsin af

sina

tan|logx| + ¢

log|eX + ml +c
%long + 3logx| +c
log|x + cosx| + ¢
210g|sec§| +c

%loglxe +e*+c

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

(x+logx)?

%loglsecx +tanx| + ¢

22
log|1 + sinx| + ¢
X—sinx+c

log|cosx + sinx| + ¢

TWO MARK QUESTIONS

1.

x+logx+c
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2 2

2[( + \3/2 (y+ \%-l_l_ 1. X—lO 2X—X—+C
2. EL\X'ZI —{x+1) J.c > 9 2
3 j[sinSx_SinX:|+C 12. 1
2 3
2 a+l X 13. 1
4. lX—+a|og|x|+x +
a2 a+1 loga
5. 0 1. 19
X X 99
(a)" (b)
6. \c) + \c) +c T
0al? 10al? 15. tan” e .
9Ie Ie
2
2 log|sinx
7. axt loglxl oy i ¢ 16. log|sinx|” +C
2 a 2
8. 2%e” P 17. log|secx + tan x|
log(2e) + log |cosec x — cot x| + C
9. 2° +C 18. %(tanx)3/2+C
Iogz)3 )
19. _—Z[Iog|a+bcosx|+
10. —[0032 Ctan’1 x)} b
+C 1
2 20. x—EIog‘x2+1‘+tan‘1x+C
FOUR MARK QUESTIONS
1 1,2y 1L
1. (n 2log [cosec(tan x*) XZ] +c

(1 %(XZ—X\/XZ—1)+%10g|X+\/X2—1|+C

sin(x—a)
sin(x—b)

(Il +c

sin(a—b)

(IV)  xcos2a— sin2a log|sec(x —a)| + ¢

(V) 2x—1sin2x +—sin4x +c
8 4 32

e — +
a+bcosx
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(VI

(1X)

(1)

(M)

(IV)

(V1)

(VI

éloglsec 5x| —%loglsec 2x| — éloglsec 3x| + ¢
= [ZX + lsin 2X — lsin4x — lsin 6x] +c
32 2 2 6

cot®x = cot*x
(e oty
6 4

1

——+/a?sin?x + b2cos?x + ¢
a?-b?

—2cosec a \/cosa —tanxsina+c
tanx —cotx—3x+ ¢

sin~![sinx — cos x| + ¢

E (2x2+1)
\Etan NG +cC

2logx

lOg|3logx | te
—2 2 3/2
m+ 3tan X+ cC

ot (5D

210g|\/x—a+\/x—b|+c

E 2 —_11 -1 3x+1
6log|3x +2x+1|+3\/§tan (ﬁ)+c

_ 2 -1 (X43
x — 3log|x? + 6x + 12| 4+ 2+/3tan (ﬁ)+c
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(VIIl) —v4x — x2 + 4sin™? (";—2) +c
(IX) —%(1+x—x2)3/2+%(2x—1)v1+x—x2+%sin'1(

tan®x = tan’x

5+7

(X) +c

(X1 —log|cosx+%+\/coszx+cosx| +c

7

1
3. () ;log = +c
() %log E —ﬁ-l—c

(1 _?Zloglcose - 2| —élogll + cosB| + ¢

1 x2+3 2 _1( %
V) flog|[ =] + s tan () +c
(x-2)?
(V) x+4log| | Tc

(V) x+ %tan‘1 (%) —3 tan™?! (g) +c

2 _1 2 B
(vIr) 17log|2x+1| 17loglx +4|+34tan Stc

X% —x+1
X2+x+1

(Vi) =log

|+C

tan x—v2 tanx+1

1 1 (tanx —1) 1
(IX) tan T IOg tan x++v2 tanx+1

A V2tanx 2V2

2x-1

V5

)+c
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(X) —%loglcosx— 1] —%loglcosx + 1] +§log|1 —2cosx|+c

4. (i)

(ii)

(i)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)

(xvi)

3

[—x3 cosx3 + sinx3] + ¢

W

2 [secxtanx + log|secx + tanx|] + c
2

eax

a?+b?

[acos(bx + ¢) + bsin(bx + ¢)] + ¢
2x tan~ ! 3x — %log |1+ 9x?| +c
2[Vxsinvx + cos Vx| + ¢

x4-1 _ x3  x
( )tan Ix—=—+=-+c
4 12 4

1
Eezxtanx+ C

logx

— 2 _
(%) V2ax — xX + a?sin‘1 (%) +c

xlog|logx| — @ +c

> - -
~2(6 +x—x%) + 8|2 VE+x —2 + Zsin! (Z)| 4 c

1 -1 2 _ Lan—1 (22
3log|x+1| 6loglx x+1|+\/§tan (\/§ )+c
xtan‘lx—%log|1+x2|—xtan‘15+c

2
Ztan~? (ltanf) +c
3 3 2
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(1)

(M)

(IV)

(V)

(V1)

(VI

(VIII)

(1X)

X)

(1)
(1)

()

(IV)
(V)
(V1)

(VI

1 . 1,
2T + —sin 2am — —sin 2bm
2a 2b

T

en/4 + e_n/4

=T
4
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(1)

()

(IV)

(V)

()
(M)

(IV)

(V)

(V1)

(VI

(VIII)
(1X)

(X)

(XI)

=]

aTt

_ Vx—x2
2(2x-1) Sil’l_l\/;-i-z );x

T

—X+cC

—2V1—x+cos ' Vx+Vx—x%+c

sinx—xcosx

X sinx+cosx

(x+a)tan™?! \E —+ax+c¢

. _1V3-1

2sin~!——
2

1 1 —sinx 1 1+/2sinx
= log|——| ——= log|———
8 1+ sinx 42 1—/2sinx
3 1
2=
T T2

(cos2a)(x + a) — (sin 2a) log|sin(x + a)| + ¢

—gloglx2 + 4| + gloglx2 +9|+c

—(%sin2x+ sinx) +c
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10.

11.

12.

13.
14.
15.

(n x — 4log|x| + %loglx —1] + %loglx + 1] + log|x? +

1|_71tan‘1x+ C

(et-1)(et-3)
) log[ X 4
1 81 27
(1 2x—§log|x+ 1|+Elog|x—3|—2(x_3)+c
1 1-cosx X
(V) Zlog |1+c0S 2ircos ) +tano +c
T
V i
V) NG
™2
vy =
0] —-— %logZ
) 14
26
m =
{n) 26
(V) >(127 +¢%)
1le2 -1
V5 -3)
(VI 3
1 tanX—2
(I) Elog 2tanx+1| te
(1)} glogZ
(my  Tlogs
m o1
E - Z + ElOg 2
%ﬁlogZ
log 2

SloglVZ +1]
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CHAPTER 8

APPLICATIONS OF INTEGRALS

POINT TO REMEMBER

AREA OF BOUNDED REGION

Area bounded by the curve y = f(x)

, the x axis and between the
ordinates, x = a and x = b is given by

b
Area = J f(x)dx
Y ) 4
y =f(x)
%\ - a b
ol a b O "X
y = f(x)

Area bounded by the curve x = f(y), the y-axis and between the abscissas, y
=candy=dis given by

drea=|["
%, \§z M
x=f(y)§\\\\c o
0 > X 0 > X
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Area bounded by two curves y = f(x) and y = g(x) such that 0<g(x) <f(x)
for all xe [a, b] and between the ordinates x = a and x = b is given by

Y
1 y = f(x)
A B
y=9(x)
o a b >X
b
area= [/ [f () = g(0)]dx
k b
° Area of the following shaded region = J‘f(x)dx + Jf(x)dx
a k

FOUR/SIX MARK QUESTIONS

1. Find the area of the parabola y? = 4ax bounded by its Latus rectum.
2. Find the area of the region{(x,y): x> <y < |x|}.

3. Find the area of region in the first quadrant enclosed by x—axis, the liney =
x and the circle x* + y2 =32.
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4. Find the area of region {(x, y) :y’< 4x, 4x* + 4y°< 9}

5. Prove that the curve y = x¥’and, x = ) divide the square bounded by x =
0,y=0,x=1, y=1into three equal parts.

6. Find the area of the smaller region enclosed between ellipseb?x? +
a’y? = a?b? and the line bx + ay = ab.

7. Find the common area bounded by the circles x* + y? = 4 and(x — 2)? +
V=4
8. Using integration, find the area of the triangle whose sides are given by

2x+y=4,3x—-2y=6andx -3y +5=0.

9. Using integration, find the area of the triangle whose vertices are (-1,
0), (1, 3) and (3, 2).

10.  Find the area of the region {(x, y) :X* + y’< 1 <x + y}.

11. Find the area of the region bounded by the curve x? = 4y and the line
x =4y —2.

12.  Find the area lying above x-axis and included between the circle x* + y?
= 8x and inside the parabola y* = 4x.

13. Using integration, find the area enclosed by the curve y= cos x, y= sin
x and x-axis in the interval [0, 7/2].

14. Using integration, find the area of the following region:

{(y):lx—1l<y < V5-x?%}
15. Using integration, find the area of the triangle formed by positive x-axis

and tangent and normal to the circle x* + y* = 4 at (1, v/3).

16. Using integration, find the area of the region bounded by the line x — y
+2 =0, the curve x = /y and y-axis.

17. Find the area of the region bounded by the curves ay? = x3, the y-axis
and the linesy =a and y = 2a.
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18.

19.

20.

21.

22.

23.

24,

25.

26.

Find the area bounded by x-axis, the curve y = 2x? and tangent to the
curve at the point whose abscissa is 2.

Using integration, find the area of the region bounded by the curvey =

1+ |x+ 1] andlinesx =-3,x =3,y =0.
Find the area of the region {(x,y): y? = 6x, x?+ y? < 16}

Find the area of the region enclosed between curves y = |x — 1| andy =
3 —|x|.

If the area bounded by the parabola y* = 16 ax and the line y = 4 mx is

2
a
Esq unit then using integration find the value of m.

d d
Given % is directly proportional to the square of x and % =6 atx=2.Then find the

equation of the curve, when x =2 and y = 4. Also find the area of the region bounded by
curve between linesy=1andy = 3.

Find the area between x-axis, curve x = y? and its normal at the point (1,1).

Find the area of the region bounded by the curves x = at? and y = 2at between the
ordinates corvespondingtot=1andt=2

Using integration find the area bounded by the tangent to the curve y = 3x? at the point

X
(1, 3), and the Lines whose equations are y = gand x+y=4
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ANSWERS

8 .
1 Eaz sq. units 9. 4 sq. units
1 _ 10. (n — %) sQ. units
2. 5 SQ. units
_ 1. 2sq. units
3. 41 sq. units 8
12.  2(8+3m) sq. units
VZ  9om 9 . _q(1 3
4 [erF-tsn ()] sa
units 13. (2 - \/E) Sq. units
5. sm_ 1 i
14. (4 2) $Q. units
T—2 .
6. (T)ab $q. units 15.  2v3 sq. units
7. (8—” - 2\/§) sQ. units 16. = sq. units
3 3
. 1
8. 3.5 8Q. units 17. %az [(32)5 - 1] sg. units
4 . -
18. £ sq. units 20. 23 o4 units
19. 16 sqg. units 21. 4 sq. units
22. m=2 23. %(2)1/3 [(3)4/3 - qsq units
2
24. g Square units 25. _563a Square units
26. 56 Square units
17
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CHAPTER-9

DIFFERENTIAL EQUATIONS

POINTS TO REMEMBER

Differential Equation: Equation containing derivatives of a dependent
variable with respect to an independent variable is called differential
equation.

Order of a Differential Equation: The order of a differential equation
is defined to be the order of the highest order derivative occurring in
the differential equation.

Degree of a Differential Equation: Highest power of highest order
derivative involved in the equation is called degree of differential
equation where equation is a polynomial equation in differential
coefficients.

Formation of a Differential Equation: We differentiate the family of
curves as many times as the number of arbitrary constant in the given
family of curves. Now eliminate the arbitrary constants from these
equations.

After elimination, the equation obtained is differential equation.

Solution of Differential Equation
(i) Variable Separable Method
d
Z=f .
We Separate the variables and get

f()dx = g(y)dy

Then [ f (x)dx = [ g (y)dy + c is the required solutions.
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(iii)

Homogeneous Differential Equation: A differential equation of the

dy _ f(xy)
form ax = Z0ey) where f(x, y) and g(x, y) are both homogeneous

functions of the same degree in x and vy i.e., of the form % =F G) is

called a homogeneous differential equation.

For solving this type of equations we substitute y = vx and then

d d . .
d—i =v+xd—1. The equation can be solved by variables separable

method.

A homogeneous differential equation can be of the form ax _ F(i)

dy ¥y

To solve this equation, we substitute x = vy and them Z_x:V +y dv

y dy
then the equation can be solved by variable separate method.

Linear Differential Equation: An equation of the from % +Py=Q

where P and Q are constant or functions of x only is called a linear
differential equation. For finding solution of this type of equations, we

find integrating factor (I.F.) = e/ P dx

Solution is y (I.F.) = [ Q. (I.F.)dx + ¢

Similarly, differential equations of the type Z—; + Px = Q where P and Q

are constants or functions of y only can be solved.
Here, I.F. = ¢/** and the solution is x (LF.) = J. Qx(LF.)dy+C

ONE MARK QUESTIONS

Write the order and degree of the following differential equations.
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(ii)

(iii)

(vi)

(vii)

(viii)

Write integrating factor differential equations :

(1)

dy _
o T eosy = 0

ﬂ)z dy _
(dx + 3dx2_4

dy .
— 4+ yCoSX = sInXx
dx y

d
d—z+ysec2x = secX + tanx

d
2 a4y _ o4
X dX+y X

dy —
x&+ylogx—x+y
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d
(V) xd—i -3y =x3
(VI) %+ y tanx = secx

dy 1 .
(v = T 1Y = sinx

3. Write order of the differential equation of the family of following curves.

() y=AeX+Bexte

() Ay = Bx?

()  (x—a)?+(y—b2=9
(IV)  Ax+By? = Bx? — Ay
V) H-L=o

(Vl) y=acos (ax+b)

(VIl)  y=a+bexte

TWO MARK QUESTIONS

1. Write the general solution of the following differential equations.

d 5 2
Doy =

(i) dx X
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(v)

(vi)

(Il

(V)

V)

—

e +eix)dy = (e"‘ —eﬁx)dx

=¥ +&" +x°

— 5"'+,"

&& &S

dy _1-cos2x
dx l+cos2y

Q_172y
dx  3x+1

FOUR MARK QUESTIONS

Show that y = e™ Sin™* ¥ s g solution of

dz d
2 y_ 9 2y, —
(1-x )GlXZ x4 —moy 0

Show that y = sin (sin x) is a solution of differential equation

d?y dy 2, _
w2t (tanx) 5 Tycostx = 0

2 .
Show thaty = Ax + 2 is a solution of 2 d—;}+.\”ﬂfy =0
X dx dx

Show that y = a cos(logx) + b sin(logx) is a solution of

d’y _dy
XZE-FX&-FY:O

Verify that y =log(x +Vx?+a?) satisfies the differential

2
equation: (a? + x?) % + x% =0
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(VI)  Find the differential equation of the family of curves
y = €*(A cosx + Bsinx), where A and B are arbitrary constants.

(VII)  Find the differential equation of an ellipse with major and minor

axes 2a and 2b respectively.

(VI  Form the differential equation representing the family of curves

(y —b)? = 4(x — a).

Solve the following differential equations.

(1) (1—x2)%—xy=x2,given thatx = 0,y = 2

() x%+ 2y = x%logx

sinx
)

dy 1. _
(1 dX+Xy—cosx+ " x>0

(IV)  dy = cosx (2 — y cosec x)dx; given that x = ;,y =2
(V)  ydx+(x—y*)dy=0

(V)  ye¥dx = (y3 + 2xe¥)dy

Solve each of the following differential equations:

0 yxe2(r+d)

(m cosy dx+ (1 +2e7®)siny dy =0
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(1) xy1—y2dx+yv1l—x2dy =0

(V)  JA-x2)(1—-y>dy+xydx=0

V)  y*+x)dx+ (yx* +y)dy = 0;y(0) = 1

3

(V1) ﬂ—ysin xcos3x +xyeX =0

dx

(VIl) tanxtany dx + sec® xsec’ ydy = 0

dy _ _ _
(V|||)&—X 1+xy—y

4. Solve the following differential equations:
1 xPydx—&3+y3dy=0

) x> E=x+xy+y?

(I  x*—-y?dx+2xydy=0, y(1) =1
(V) (y sin E) dx = (X sin? — y) dy

V) g=iran(l)

(V) «x % =y (logy —logx + 1)

d
Y= XY 4 x2e¥
dx

(VIN)

[Class XII : Maths]

107



1-y?
1—-x2

Vi =

(IX)  (Bxy +y?)dx + (x? + xy)dy = 0

()] Form the differential equation of the family of circles touching
y-axis at (0, 0).

(1 Form the differential equation of family of parabolas having
vertex at (0,0) and axis along the (i) positive y-axis (ii) positive
X-axis.

(I Form differential equation of family of circles passing through
origin and whose centres lie on x-axis.

(IV)  Form the differential equation of the family of circles in the first
quadrant and touching the coordinate axes.

. . . d
Show that the differential equatlond—i = % is homogeneous and solve it.

Show that the differential equation:
(x% + 2xy — y?)dx + (y? + 2xy — x?)dy = 0Ois homogeneous and solve it.

Solve the following differential equations:

dy _
)] - 2y = cos 3x

(1 sinx—~+y cosx = 2 sin xcosxlfy(z)—l
d
() log (%) =px + qy

Solve the following differential equations:

) (x3 +y3) dx = (x%y + xy?)dy
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(I  xdy—ydx = /x? +y?dx
(1) y{x cos (i) +y sin (i)} dx
—X {y sin (g) — X COS (E)} dy =0

(IV)  x%dy + y(x +y) dx = 0 given that y=1 when x=1.

V) xex—y+xZ=0ify(e)=0

(VI)  (x*=3xy?) dx = (y* — 3x’y)dy

(Vi % - % + cosec (i) = 0 given thaty = 0 when x =1

10.  Solve the following differential equations:

(11 Xcosx%+y(x sinx + cosx) =1
x x «

() (1+ey> dx+eY(1—;)dy—0

(IV)  (y—sinx)dx+tanx dy =0, y(0) =0

SIX MARK QUESTIONS

1 Solve the following differential equations:
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(M (x dy — y dx)y sin (g) = (ydx+ xdy) xcos (y)

X
(1 3e¥tanydx + (1 — eX)sec? y dy = 0 given thaty = g, when x = 1

() L+ ycotx = 2x + x? cotx given that y(0) = 0.

2. Show that the differential equation

2y ev dx + (y —2x e§) dy =0 is homogenous. Find the particular

solution of this differential equation given that x = 0 when y = 1.

ANSWERS
ONE MARK QUESTIONS

1. (i) order = 1, degree is not defined
(ii) order = 2,degree = 1
(iii) order = 4,degree = 1
(iv) order = 5,degree is not defined.
(V) order = 2, degree = 2
(vi) order = 2,degree = 2
(vii)  order = 3,degree = 2

(viii) order = 1,degree is not defined

2. m esin x () etan x
e vy e
V) x_13 (VI)  secx
(VIl)  etan™x
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)
(Il
(V)

(VI

(1)

(Il

(V)
(V1)

(I

(V)

(V)

(V1)

1 a1

2 vy 1
1 vy 2
2

TWO MARK QUESTIONS

6 3
X

y:%+%—210g\x|+c ()] y=log, |e*+e " | +c
\”4 xe+1

y=te +———+c¢ (Ivy 5 +57=c¢
4 e+1

2(y—x)+sin2y+sin2x=c

2log[3x+1]+3log|1-2y|=c
FOUR MARK QUESTIONS

dy _
—2&+2y—0

dy)2 d?y _ dy
X( X +Xydx2_ydx

d?y

&l

_ x%(4logex-1) |, ¢
- 16 x2

y=sinx+§,x> 0
2y sinx = 3 — cos 2x
y4

Xy ="+c

x = —y?e™ 4 cy?
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3. U cy = (x+2)(1-2y)

(1 (eX+2)secy=c

m  Vi-xz2+1-y2=c

1
Elog

J1-y2-1
J1-y2+1

(IV)

=Vi—-x2—1-y2+c

(V) +Dy*+1)=2

(VI)  logy = —%cos4x+ %cos6x—xex+eX +c
1 [cos® 2x
=Te —cos2x|—(x—1e*+c

COS 2X

(VII)  log|tany| —— =

(Vi) logly+1|l==—-x+¢c

XZ
2
—x3
4. N > + 3logly| = ¢
-1(Y\ =
(1)} tan (X) =log|x| + ¢

(  x*2+y?=2x

vy y= cecosx/y)
(V) sin (;) = cX

(VI)  logly/x| = cx

3
i) wﬂ=&+%+c
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Ix+c¢

(VII)  sin~'y = sin~
2 _ C
(IX)  QCxy+y%) =4
2 _ 2 dy _
5. ()] X“—y* + nydX =0
—xY oW
(1)} 2y =X——, ¥ = 2x4-

2 _ .2 dy _
(my x*-y t2xy>=0

(V)  x=y)’ d+y?)=(x+yy)’

2 21 _ —1 (X+2y
6. log|x? + xy + y?| = 2v/3tan (m)+c
7. x2+y2:c(x+y)
_3sin3x_2c053 2%
8. H V=07 — + Ce
(1) y=§sin2x+§cosecx
epx+e_qy
{n) - =¢
p q
9. (1 —y = xlog{c(x — y)}

(1) cx? =y + /x2 + y?

() xycos(¥)=c

X
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10.

(1

(I1)

(Il

(IV)

(1

(i)

(Il

3x2y =y + 2x

y = —xlog(log|x|), x # 0

c(x? +y?) =yx* —y?
cos% =log|x| + 1

y =tanx — 1 + ce” tanx

__sinx COS X

<%

X+yey =c

2y = sinx

SIX MARK QUESTIONS

cxy = sec (%)

(1—e)dtany = (1 —e¥)3

y=x*

e*/¥ = —logly| +1
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CHAPTER-10

VECTORS

POINTS TO REMEMBER

° A quantity that has magnitude as well as direction is called a vector. It
is denoted by a directed line segment.

° Two or more vectors which are parallel to same line are called collinear
vectors.
° Position vector of a point P(a, b, c) w.r.t. origin (0, 0, 0) is denoted by

OP where OP = ai + bj + ck and |OP| = Va? + b2 + c2.

° If A(x4,y1,21) and B(x,,y,,2,) be any two points in space, then

AB = (x2 —x)i+ (y2 —y1)] + (2 —z)kand

|E| = V(2 —x1)2 + (2 —y1)? + (22 —2)?

o Any vector a i s called unit vector if|a| = 1 It is denoted by ad

° If two vectors d and l; are represented in magnitude and direction by

the two sides of a triangle in order, then their sum d + B is represented
in magnitude and direction by third side of a triangle taken in opposite
order. This is called triangle law of addition of vectors.

° If d is any vector and 1 is a scalar, then A d is vector collinear with @

and [A3| = |A|[3].

° If 2 and b are two collinear vectors, then @ = A b where A is some
scalar.
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Any vector a can be written as a = |d|awhere @ is a unit vector in the

direction of a.

If @ and B be the position vectors of points A and B, and C is any point
which divides 4E in ratio m:n internally then position vector ¢ of point C

b+n3
=T If C divides 4B in ratio m:n externally,

is given as C =

—

mb—n3a

thenC = —
The angles a, 8 and y made by ¥ = ai + bj + ckwith positive direction
of x, y and z-axis are called angles and cosines of these angles are
called direction cosines of#usually denoted as/=cosa, m=cosf,

n=-cosy
a b C 2 2 2
Also|=ﬁ,m=ﬁ,n=ﬁandl +m°“+n°=1

The numbers a, b, ¢ proportional to I, m, n are called direction ratios.

Scalar product or dot product of two vectors 5andg is denoted as
a.b and is defined as a.b = |3||E| cos 6, 6 is the angle between

dand b.(0< 6 < n).

Dot product of two vectors is commutative i.e. &.b = b .d

—

a.

S

= ooral

ol

0 & 2a

ol
I

—
o,

a.a

o

i=kk=1

—->
Il
—>

|al?, so |
If 3 = a,i+a,] + askand b = by} + b,j + bk then

5 B = a1b1 + azbz + a3b3.
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-

. . - g a. b
Projection ofda on b = ‘W and

- > ab)\;
Projection vector of a'along b = <( o )) b.
Cross product or vector product of two vectors a and b is denoted as
ad X b and is defined as a X b= |ﬁ||b|sin 0 7. were 6 is the angle
between 3 and b (0 < 6 < m). And fiis a unit vector perpendicular to

both @ and b such that d . b and 7 from a right handed system.

Cross product of two vectors is not commutative ie.,dXb#bxa,
butd x b = —(b x 3).

ixb=0<3d=0b=0or 3| b.

otk
axb=|a; a, a3
by by bs

axﬁ)>_

|d x b]

Unit vector perpendicular to both @ and b= + (

|5 X blis the area of parallelogram whose adjacent sides are a and b

|3 X b|is the area of parallelogram where diagonals are d and b.

N |-

If 5,_6 and cform a triangle, then area of the triangle
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= |3x3|= |B><6|=

N |-
N |-
N |-

|¢ x 4.
Scalar triple product of three vectora, band ¢ is defined as 3. (b X E) and

is denotes as [ﬁb_)é)]

Geometrically, absolute value of scalar triple product [é)bé)] represents

o
volume of a parallelopiped whose coterminous edges are a’b and C.

N -
a b € are coplanar 4:[5 b _C)] =0

o'l

53¢ =[5

(@1
)
e
I
—
ol
[S))
ol
e

If 3= a,i+ a,j+ ask b= byi+ byj+ bsk and &= c,i+
c,j + csk then

a; 4 ag
gbé] =|b; b, bs
¢t C C3

Then scalar triple product of three vectors is zero if any two of them are
same or collinear.

ONE MARK QUESTIONS

IfAB = 31+ 2 j — k and the coordinate of A are (4,1,1), then find the

coordinates of B.
let3= —21+j, b= 1+2j and ¢ =41+ 3f Find the values of x
and y such that ¢ = x3 + yb.

Find a unit vector in the direction of the resultant of the vectors

i—j+3k 21+j7—2k and i+ 2j -2k

118

[Class XII : Maths]



4. Find a vector of magnitude of 5 units parallel to the resultant of vector

Gd=20+3j+k andb = (i-2j-k)

5. For what value of A are the vector @ and b perpendicular to each other?

Where G = Al + 2j + k and b = 5{ — 9j + 2k

6. Write the value of p for which @ = 3% + 2j + 9k and b=1+ pj + 3k

are parallel vectors.

7. For any two vectors d and b write when la + E| =ld- E| holds.

0

8.  Find the value of p if (21 + 6] + 27k) x (i + 3] + pk)

9. Evaluate: . (f x k) + (i x k).}

S

10. fd@a=2i—-3j, b=1+j—k¢= 30—k, find [dbc]

1. If d=5{—4j+k b=—-41+3—2k and &é=1—2j— 2k, then

evaluate ¢. (d X b)

12.  Show that vector i + 3j + k, 2i —j — k, 7j + 3k are parallel to same

plane.
13. Find a vector of magnitude 6 which is perpendicular to both the vectors

21— j+ 2k and 4i —j + 3k.

14. Ifd.b = 0, then what can you say about d and b?

15.  If dand b are two vectors such that |d x b| = d@.b, then what is the

angle between d and b?

[Class XII : Maths] 119



16.

17.

18.

19.

20.

21.

22.

23.

Q1.

Q.2.

Find the area of a parallelogram having diagonals 37 + j — 2k andi —
{—3j + 4k.

If 1,7 and k are three mutually perpendicular vectors, then find the
value of j. (k x 7).

P and Q are two points with position vectors 3d—2band d+b

respectively. Write the position vector of a point R which divides the
segment PQ in the ratio 2:1 externally.

Find A when scalar projection of @ = Ai + j + 4k on b =20+ 6j + 3k

is 4 units.

Find “a” so that the vectors p =31 —2j and ¢ =20+ aj be

orthogonal.

fad=1—j+k b=2i+j—k and &= Ai—j+ Ak are coplanar,
find the value of A.

What is the point of trisection of PQ nearer to P if positions of P and Q
are 31 + 3] — 4k and 97 + 8j — 10k respectively?

What is the angle between a and E, ifd.b =3 and |€1 X E| = 3+/3.

TWO MARK QUESTIONS

A vector 7 is inclined to x — axis at 45° and y-axis at 60° if | r | = 8 units.

find 7 .

if |G+b| =60, |a—b|=40and b =46 find | d |
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Q.3.

Q.4.

Q.5.

Q.6.

Q.7.

Q.8.

Q.9.

Q.10.

Write the projection of B+gon a where

a=21 2j+kb=i+2j -2k and ¢=2i j+4k

If the points (-1, -1, 2), (2, m, 5) and (3, 11, 6) are collinear, find the

value of m.

For any three vectors Z,l; and ¢ write value of the following.

GX(B+E)+hX(C+)+EX(G+D)
If (@ x B)? +(a.b)? = 144 and | @ | = 4. Find the value of | b |.

If for any two vectors a and l; ,

(@+b)* +(a-b)* =A[(@) +(b)* |then write the value of . .

ifa,l; are two vectors such that |(Z+Z)| = |5 | then prove that 2 a+ ?5 is

perpendicularto b .
Show that vectors @ =3i—2) +k
b=i-3j+5k3&=2i +j—4k form a right angle triangle.

If 2,3, ¢ are three vectors such that a+h+c =0and [a | =5, |b | =12, | ¢

| = 13, then find @b +bc+ca

The two vectors 7+ fand 3?—}'+4/Ac represents the two sides AB and AC

respectively of A ABC, find the length of median through A.
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FOUR MARK QUESTIONS

The points A,B and C with position vectors 3f —yj + 2k, 51— +

k and 3xi + 3j — k are collinear. Find the values of x and y and also

the ratio in which the point B divides AC.

If sum of two unit vectors is a unit vector, prove that the magnitude of

their difference is /3.

letd=4i+5/—k b=1—4+5k andé=31+j—k. Find a

vector d which is perpendicular to both a@ and b and satisfying d.é=21

If @ and b are unit vectors inclined at an angle then proved that

. 0 1o, 7
(i cos;=;|a+b|
N 6 a-b
(ii) tan; = ﬂ|

e

If a,b,c are three mutually perpendicular vectors of equal magnitude.
Prove that Zz+b+cis equally in clined with vectors 5,5 and E . Also find
angles.

5 O a A S ~2 R
For any vector @ prove that |d x £|? + |d x j|2 + |d x k|~ = 2|d|?

2

Show that (@ x )" = |d|2|B|” — (a.B)" = |&-4

QL Q

b
b

S Qu

(@)

b
If &, b and ¢ are the position vectors of vertices A,B,C of a A ABC, show

- -

that the area of triangle ABC is % |d x b+bxXé+¢éx d|. Deduce the

condition for points d, b and & to be collinear.

122

[Class XII : Maths]



10.

11.

12.

13.

14.

15.

16.

17.

—

Let d, b and ¢ be unit vectors such thatd@.h = @.¢ = 0 and the angle
between b and c is 7/6, prove that @ = +2(b x ¢).
If @ b and ¢ are three vectors such that @ + b + ¢=0,then prove that

=bhxC’=°CXd.

X
S

>
a

fa=i+j+k c=7—k
X

re given vectors, then find a vector b
satisfying the equations d ¢

a
b=¢andd.b=3.

Let &,Band ¢ be three non zero vectors such that ¢ is a unit vector

perpendicular to both d and b. if the angle between d and bis /6,

prove that [5158]2 = % |El|2|l_9)|2

If the vectors @ =ai+j+k, f=i+bj+k and y=i+j+ck are

+ ™=

coplanar, then prove thatﬁ ﬁ =1wherea#1,b#1landc #1

Find the altitude of a parallelepiped determined by the vectors
d, band ¢ if the base is taken as parallelogram determined by a and b

andifd=1+j+k b=21+4—kandé=1+j+ 3k

Prove that the four points (4§+53+12),—(j+f<), (3i+93‘+4f<) and

4 (—i + 3+ f<) are coplanar.

If |@| =3, |b| = 4 and |¢| = 5 such that each is perpendicular to

sum of the other two, find |& +b+ E|

Decompose the vector 61 — 3] — 6k into vectors which are parallel and

perpendicular to the vector i + j + k.
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18.

19.

20.

21.

22.

23.

24,

25.

26.

-

If d, b and ¢ are vectors such that d.b = d.¢, axb=axc, a#0,

then show that b = ¢,

If @, b and Care three non zero vectors such thatd X b = ¢and b X ¢ = d.

b
Prove that @, b and ¢ are mutually at right angles and |E| = 1and|c| =

|al

Simplify [@ — b, b — ¢, ¢ —d

If [555] = 2, find the volume of the parallelepiped whose co-terminus

edges are 2d + b, 2b + &, 2C + d.

If d,Band ¢ are three vectors such that @ + b + ¢ = 0 and lda| =3,

|B| =5, |c| = 7, find the angle between d and b.

The magnitude of the vector product of the vector i + j + k with a unit

vector along the sum of the vector 2i+4j—5k and A+ 2j + 3k is

equal to V2. Find the value of A.

- 3 -

lfaxb=¢cxdanddxé=bxd, prove that (@a-— J)is parallel to

(l_;— ¢), where d@ # dand b # &
Find a vector of magnitude v171 which is perpendicular to both of the

vectors & = i+2j—3k and b =3i -+ 2k .

If a is a nonzero real number, prove that the vectors

& =ai+2a)—3ak, B=(2a+1)i+(2a+3)j+@+1)k
and {( =(3a+5)i+(a+5)j+(a+2)kare never coplanar.
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27.  If a=3i-] and p=2i+j+3k then express B in the form of

faz [;1 + [?52 , Where fal is parallel to o and ﬁz is perpendicular to a .

28. Find a unit vector perpendicular to plane ABC, when position vectors

of AB,Care 31 —j + 2k, 1 — j — 3k and 41 — 3 + k respectively.

29. Find a unit vector in XY plane which makes an angle 45° with the

vector { + j at angle of 60° with the vector 3i — 4.

30. Suppose @ = Al —7j 43k, b=\ +j+21k. If the angle between

@ and b is greater than 90° , then prove that 1 satisfies the

inequality—7 < 1 < 1.

31. Letv=21+j—kandw = i+ 3k. Ifuis a unit vector, then find the

maximum value of he scalar triple products u, v, w.

32. lfd=i—-kb=xi+j+(1—-x)k and é=yi+xj+ (1 +x—yk

then prove that [5158] depends upon neither x nory.

33. A, b and c are distinct non negative numbers, if the vectors ai + aj +

ck, i+ kand ci+cj+bl€ lie in a plane, then prove that c is the

geometric mean of a and b.

a a*> 1+a3
b b*? 1+0b3
c ¢? 1+¢3

non-coplanar, then find the value of abc.

34. If =0and vectors (1,a,a?),(1,b,b?) and (1,c,c?) are
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10.

11.
12.

13.

14.

15.

16.

17.

Answers

ONE MARK QUESTIONS

(7,3,0)
x=-1y=2

=4+ 2/ - k)

\E (Gi+7)

=10

7

dand b are perpendicular

2i+4]+4k

Either @ =0 or 5 =0or ;Lz
45°

5\/3 sq. Units

1
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18. —d+4b I
d 23, A

19. A=35 24. (i) Hintand sol.
X+y+z=3-2-1=0
20. a=3 25.  37-6]+6k
06 2 1 S5
21. A=1 . /303030
27. p:—1
22. 3
14
(5—,—6) A 325202
3 28. 43 13" 13

TWO MARK QUESTIONS

A~ o~ 6. 3
1. 4(W2i+ j+k)
7. A=2
2. 22
8. —
3. 2 9
4, =8
10.-169
50
11. 242
12. Hint we have PQ+0Q = QO +OR
= 0Q-0P=0R-0Q
=PQ=0QR
As Q is common point for both vectors Hence P, Q, R are collinear.
13. 1343 14. [A=-4
15. Hint and sol
given [a|= 2,|6| =3,andab.=4
12 - - -
Now consider|é - b| =@-by’=(3-Db) (3-D)
] — 285 +(®B) |- 3b=b4
5

|
o

1
&
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11.

14.

16.

17.

20.

21.

22.

23.

25.

27.

28.

FOUR MARK QUESTIONS

x=3,y=3 1:2 09 13
S 170
d=7i—77 -7k
31. 59
cos~ 1L
3 34 -1
b=2t+27+2k
3 3 3
4 .
\/T_Sunlts
5V2

(—i—j—k)+ (7t —2j—5k)
0

18 cu. Units

== (1014 7] — 4k)
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CHAPTER-11

THREE-DIMENSIONAL GEOMETRY

POINTS TO REMEMBER

° Distance Formula: Distance (d) between two points( x; , y; ,

z1)and(xz, Y2, 2;)

d=Cr, —x)%+ (v =y + (2, — 2,)?

° Section Formula: line segment AB is divided by P (x, y, z) in ratio m:n

(a) Internally (b) Externally

(m X, + nx; my,+ ny; mz, + nzl) (mxz —nXy Mmy; —ny; mz;— "Zl)

) )
m+n ' m+n ' m+n m-—n m-—n m-—n

. Direction ratio of a line through (x4, y;,2;)and (x;,y,,z,) arex, —

X1, Y2 = V1,22 — 71

° Direction cosines of a line having direction ratios as a, b, c are:
a b c
=4 ——, M=t ——, n=4+ ———
— VaZ+bZ+c?’ — VaZ+bZ+c?’ — Va?+b?+c?

e Equation of line in space:

Vector form Cartesian form
(i) Passing through point @ and (i) Passing  through point
parallel to vector b; # = @ + Ab ( x1,¥1,7z1 ) and having
direction ratios a, b, c;
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dandb; 7 =d + A (b — @)

X7X1 _Y7y1 _ Z7Z
a b c
(iilPassing through two points | (ii))Passing through two points

(x1,¥121) and (x, y,2,);

X—X1 _ Y=V1 _ Z7Z1

Y2=Y1 Z2—2Z3

X2—Xq

Angle between two lines:

Vector form

Cartesian form

(i) For lines 7=a;+Ab; and
by . by
2 b 9 — |ﬁ1 ﬁZ
7 =a, + p b, cos A

(i) For lines = = and
1 by c1
X=Xy _ YV=Y2 _ Z—2Z
a b C2
cos 6

laya; + biby + cicy]

\/a%+b%+c%\]a%+b%+c§

(iii) Lines are perpendicular if 51 .52
0

(ii) Lines are perpendicular if

a1a2 + b1b2 + Clcz = 0

(iv) Lines are parallel if 51 = kBZ ;

k=+0

Lines are parallel if

(i)

a;

by ¢
a, by, ¢

° Equation of plane:

If p is length of perpendicular from
origin to plane and 7 is unit vector

normal to plane 7.7 = p

If p is length of perpendicular from
origin to plane and I, m, n ared.c.s of

normal to plane Ix + my +nz=p
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Passing through a and 7 is normal to

plane :(F —a). 7 =0

Passing through (x;,y,,2z;) and a, b, ¢

are d.r.s of normal to plane:

a(x=x) +b(ly—y) +c(z—2)=0

Passing through three non collinear
points @, b, ¢:

F-a.[(b-a)xE-a)]=0

Passing through three non collinear

points(xy, y1, 21) (X2, Y2, 22) (X3, V3, Z3):

X—X1 Y= Z—Z
X =X1 Y2—Y1 Z2—Z1|=0
X3 —X1 Y3—YV1 Z3— 72

If a, b, ¢ are intercepts on co-

. X A
ordinate axes = + 2 + 2 =1
a b c

If x1,y1, 2z, are intercepts on coordinate

Plane passing through line of
intersection of planes 7.7; =d;
and 7.1, =d, is

no.)

Plane passing through the line of

intersection of planes
alx + bly + C1Z + dl = 0 and
azx + bzy + CzZ + dz = 0 iS

(ax + by +ciz+dy)
+ Aayx + by + ¢yz
+ dz) = 0

° Angle between planes:

Angle 6 between planes

7_'2. ﬁl = dl and F.ﬁz = dz is

Angle 6 between planes
a;x + b,y + ¢,z = d; and
ax +b,y+c,z=d,is
cosf
laya; + bib; + c16,|

Ja? + b2 + c2\JaZ + b2 + ¢
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Planes are perpendicular iffii; .7, = 0

Planes are perpendicular iff

a1a2 + b1b2 + C].CZ = 0

Planes are parallel iffii; = A1, ; A+ 0

Planes are parallel if
a, by

a, by, ¢

° Angle between line and plane:

Angle 6 between line 7 =d + Ab

Angle 8 between line

and plane 7.M=d is sin0=|x_x; y-y, z-7
. = = and plane
cos(90° — 6) a1 by €1
b X+ byy+cz=4dis
-~ [B]im
/! sin 6
%< B a,a, + byb, + c;c,
——fA _
2 2 2 [ 2 2 2
2 /0 = Ja? +b? + c2JaZ + b2 + c2
A
'/
° Distance of a point from a plane

The perpendicular distance p from
the point P with position vector d to

the plane 7 .71 = d is given by

ld .7 —d]|

The perpendicular distance p from the
point P (x,vy,,2z,) to the plane
Ax + By + Cz+ D = 0 is given by

_ |Axy + By, + Cz, + D|
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° Coplanarity

Two lines # = @, + Ab; and
7 = d, + ub, are coplanar iff

(dy —d1).(by X by) =0

a; by €1

Z—Z .
= == 2 are coplanar iff
2

X2 —=X1 Y2—=V1 Z2— 71
a; by (%] =0
a b, 2

Shortest distance between two skew lines

The shortest distance between lines

#=d, +Ab,and # = d, + ub, is

_ (d, —dy). (51 X Ez)

d —
|by X b,

The shortest distance between

X—X - Z—Z
1_ Y—yV1 — 1and
a; by c1
X—X2 — Y=Y2 — Z—Zz;s
as bz Cp '
Xo—=X1 YVo—V1 Zp —Z3
a; b, C1
a, b, C2
d =
vD
Where

D = {(a,b; — azb;)? + (byc; — bycy)?

+ (c1a; — c2a4)%}
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10.

ONE MARK QUESTIONS

What is the distance of point (a, b, c) from x-axis?

What is the angle between the lines2x =3y = —z and 6x =-y =
—4z7?

Write the equation of a line passing through (2, -3, 5) and parallel to

Cox-1  y-2  z+1
line— = — = —,
3 4 -1

Write the equation of a line through (1, 2, 3) and parallel to 7~ (i —j+
3k) = 5.

. . . x—1 y-3 z—1 x—2
What is the value of A for which the lines > = = and =

y+1 zZ .
Y = Eare perpendicular to each other?

Write line7 = (i — j) + A (2] — k)into Cartesian form.

If the direction ratios of a line are 1, -2, 2 then what are the direction

cosines of the line?
Find the angle between the planes 2x — 3y + 6z = 9 and xy — plane.

Write equation of a line passing through (0, 1, 2) and equally inclined to

co-ordinate axes.

What is the perpendicular distance of plane 2x —y + 3z = 10 from

origin?
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

What is the y-intercept of the plane x — 5y + 7z = 10?

What is the distance between the planes 2x+2y —-z+2 =0 and
4x+4y—-2z+5=0.

What is the equation of the plane which cuts off equal intercepts of unit

length on the coordinate axes?

Are the planes x+y—-2z4+4=0 and 3x+3y—6z+5=0

intersecting?

What is the equation of the plane through the point (1, 4, -2) and
parallel to the plane—2x +y —3z=77

Write the vector equation of the plane which is at a distance of 8 units

from the origin and is normal to the vector (Zi +j+ ZE).

What is equation of the plane if the foot of perpendicular from origin to

this plane is (2, 3, 4)?

Find the angles between the planes 7. (i —2j—2k) =1 and#. (31—

6j +2k) = 0.

If O is origin OP = 3 with direction ratios proportional to -1, 2, -2 then

what are the coordinates of P?

What is the distance between the line 7 = 21 — 2j + 3k + 4 (i +7+ 4-]2)

from the plane #.(—i+5j—k)+5=0.

Write the line 2x = 3y = 4z in vector form.
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22.

. Xx—4 2y—4 k—z . .
The line n = > = = lies exactly in the plane 2x —4y +z=7.

Find the value of k.

TWO MARK QUESTIONS

x+1 2y-1 2-
4

What is the angle between the line z and the plane 2x

+y—2z+4=0

Find the equation of a line passing though (2, 0, 5) and which is parallel to
line 6x —2=3y+1=2z-2

Find the equation of the plane passing through the points (2, 3, —4) and
(1, =1, 3) and parallel to the x — axis.

Find the distance between the planes 2x + 3y -4z + 5 = 0 and
F(4i+6]-8k)=11

The equation of a line are 5x — 3 = 15y + 7 = 3 — 10 z. Write the direction
cosines of the line

If a line makes angle a, B, y with Co-ordinate axis then what is the value of
sin? o + sin® B + sin’y

Find the equation of a line passing through the point (2, 0, 1) and parallel
to the line whose equation is 7= (2A+3)i+(7TA—1)j +(-3A+2)k

The plane 2x — 3y + 6 z— 11 = 0 makes an angle sin~" o with x — axis. Find

the value of o .

If 4x + 4y — cz = 0 is the equation of the plane passing through the origin

. . x+5 y z-
that contains the line ——===
2 3 4

7
, then find the value of c.
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10. Find the equation of the plane passing through the point (-2, 1, —=3) and
making equal intercept on the coordinate axes.

11.  Write the sum of intercepts cut off by the plane Ar.(22'+}—?c)—5 =0 on the

three axis.

FOUR MARK QUESTIONS

1. Find the equation of a plane containing the points (0, -1, —1), (-4, 4, 4)
and (4, 5, 1). Also show that (3, 9, 4) lies on that plane.

2. Find the equation of the plane which is perpendicular to the plane
7.(50+ 3/ + 6k) + 8 = 0 and which is containing the line of intersection
of the planes 7. (1 + 2j + 3k) =4 and 7. (20 +j — k) + 5= 0.

3. Find the distance of the point (3, 4, 5) from the plane x+y+z =2

measured parallel to the line 2x =y = z.

4. Find the equation of the plane passing through the intersection of two
planes x + 2y + 3z—-5=0and 3x -2y — Z + 1 = 0 and cutting equal

intercepts on x-axis and z-axis.

5. Find vector and Cartesian equation of a line passing through a point
with position vector 27 — j + k and which is parallel to the line joining
the points with position vectors—i + 4j + k and i + 2j + 2k.

6. Find the equation of the plane passing through the point (3, 4, 2) and
(7, 0, 6) and is perpendicular to the plane 2x — 5y = 15.
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10.

1.

12.

13.

14.

15.

Find equation of plane through line of intersection of planes 7. (21 +
6/) +12 = 0and 7. (31 — j + 4k) = 0 which is at a unit distance from
origin.

Find the image of point (3, =2, 1) in the plane 3x —y + 4z = 2.

Find image (reflection) of the point (7, 4, —3) in the Iine% = yT =

z—2
3

Find equation of a plane passing through the points (2, —1, 0) and (3,—
4, 5) and parallel to the line 2x = 3y = 4z.

Find the distance of the point (-1, -5, —10) from the point of

. . . X2 y+1 z—2
intersection of line . == and the plane x —y +z = 5.

Find the distance of the point (1, -2, 3) from the plane x —y +z =5,
Lx y z
measured parallel to the line - = = = —.
2 3 -6
Find the equation of the plane passing through the intersection of two
plane 3x —4y + 5z = 10,2x + 2y — 3z = 4 and parallel to the linex =

2y = 3z.

Find the equation of the planes parallel to the plane x — 2y + 2z -3 =

0 whose perpendicular distance from the point (1, 2, 3) is 1 unit.

. .o x+1 y+3 zZ+5 . x=2 y—4
Show that the lines IlneT = = = — and ||neT = e =

-6
ZTintersect each other. Find the point of intersection.
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16.

17.

18.

19.

20.

Find the shortest distance between the lines:
7 = i+2j+ 3k +p(2t + 37 + 4k) and
T = (20 +4f + 5k) + A(31 + 4j + 5k).

. . . .o x+2 2y+3
Find the distance of the point (-2, 3, -4) from the IlneT == =

3z+4

measured parallel to the plane 4x + 12y —3z+ 1 = 0.

Find the equation of plane passing through the point (-1, -1, 2) and
perpendicular to each of the plane

7.(2043j—3k)=2and7.(51—4j+k) =6

Find the equation of a plane passing through (-1, 3, 2) and parallel to

. X y
each of the Ilnez = > = —and——

Show that the plane 7. (i - 3]+ 5/2) = 7 contains the line

7=(+37+3k)+ 2@t +)).
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SIX MARK QUESTIONS

Check the co planarity of lines
7= (=30 +j+5k) + A(=30 + ] + 5k).
7= (=14 2] + 5k) + p(—1 + 2] + 5k)
If they are coplanar, find equation of the plane containing the lines.

Find shortest distance between the lines:

x+1 y+1 z+1 x-3 5-y z=7
— T — n — —
7 -6 1 1 1

2

Find the shortest distance between the lines:
T=1-Di+@QA-2)j+ B -2k

T=W+1Di+Qu—-17-Qu+1k

A variable plane is at a constant distance 3 p from the origin and meets
the coordinates axes in A, B and C. If the centroid of A ABC is («, B,v),
then show thata > + p72 +y 2 =p~2

A vector 7 of magnitude 8 units is inclined to x-axis at 45°, y axis at 60°
and an acute angle with z-axis. If a plane passes through a point

(\/f, -1, 1)and is normal to 7, find its equation in vector form.
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10.

Find the foot of perpendicular from the point 2i — j + 5k on the line
7 = (11f — 2j — 8k) + A(10% — 4f — 11k). Also find the length of the

perpendicular.

A line makes angles «, B8,v, 5 with the four diagonal of a cube. Prove

that cos?a + cos?p + cos?y + cos?8 = %

Find the equation of the plane passing through the intersection of
planes 2x +3y—z=—-1and x+y—2z+ 3 =0 and perpendicular to
the plane 3x —y — 2z = 4. Also find the inclination of this plane with

xy-plane.

Find the length and the equations of the line of shortest distance

. x—8 y+9 z—-10 x—15 y—29 z—-5

between the lines = = and = = —.
3 -16 7 3 8 -5
-1 +1 _
Show thath = yT = Zande+1 = yTZ,Z = 2. do not intersect each
other.
ANSWERS
ONE MARK QUESTIONS
VbZ ¥ c2 13. x+y+z=1
90° 14. NO
x-2 _y+3 _z-5 15. —2x+y—3z=28
3 4 -

F = (i42]+30) + 16.  7.(20+j+2k) =124
A -+ 3k) 17.  2x+3y+4z=29
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5. A=2 _q (11
18. cos™?! (Z)
6 x-1_y+1_ z
oz 19. (-1,2-2)
1 2 2
7- i;; igri; 20 i
. 3R
8. cos~1(6/7) . ~
/ 21, 7=0+A(60+ 4] + 3k).
9. I=x==Z2 22. k=7
) a a  a’ :
a € R — {0}
10
10. T3
11. -2
12. 1
6
TWO MARK QUESTIONS
2
Q.1 0° (line is parallel to plane ) Q.8 o= -
x-2 y z-5
Q.2 —— === -
1 2 3 Q.9 C=5
Q3  7y+4z=5 Q10 x+y+z=—4
5
21 Q.11 -
Q.4 units 2
229
62 -3
5 -
Q 777
Q6 2
Q7 r=Qi+k)+r2i+7j-k)
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FOUR MARK QUESTIONS
1. 5x=7y+11z+4=0

2. 7.(-51f—15f+50k) = 173
3. 6units

4, 5x+2y+5z2-9=0

5. 7=(2i—j+k)+A(2i—-2j+k)

x—2 +1 z-1
and == =X =""
2 -2 1

6. 5x+2y—-3z—-17=0

7. r.(2t+j+2k)+3=0 or
7. (—i+2/—2k)+3=0
8.  (0,-1,-3)
51 18 43
o (-5.-7%)

10. 29x —27y-22z=85
11. 13

12. 1 unit

13. x—20y+27z=14

14. x—-2y+2z=0andx—-2y+
22=06

5 (G-33)

L
Ve

16.
17. L units
2
18.  7.(91+17j+23k) =20
19. 2x—-7y+4z+15=0
SIX MARK QUESTIONS

1. x—2y+z=0

2. 2+/29 units

g
o)

Il
N

5. T.(V2i+j+k)

6. (1,2,3),V14

8 7x + 13y + 4z =
-1 (A
5057 ()

9. SD = 14 units,

x—5 y—-7 z-3
2 3 6
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CHAPTER 12

LINEAR PROGRAMMING

POINTS TO REMEMBER

Linear programming is the process used to obtain minimum or
maximum value of the linear objectives function under known linear

constraints.

Objective Functions: Linear function z = ax + by where a and b are
constants, which has to be maximized or minimized is called a linear

objective function.

Constraints: the linear inequalities or inequations or restrictions on the

variables of a linear programming problem.

Feasible Region: It is defined as a set of points which satisfy all the

constraints.

To Find Feasible Region: Draw the graph of all the linear in equations

and shade common region determined by all the constraints.

Feasible Solutions: Points within and on the boundary of the feasible

region represents feasible solutions of the constraints.

Optimal Feasible Solution: Feasible solution which optimizes the

objective function is called optimal feasible solution.
Long Answer Type Questions (6 Marks)

Solve the following L.P.P. graphically

Minimise and maximise z=3x+9y
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2.

Subject to the constraints x+3y <60
x+y=10
X<y

x=>0,y=>0

Determine graphically the minimum value of the objective function

z = —50x + 20y, subject to he constraints.

2x —y=-5

3x+y =3
2x —3y <12
x =0, y=0

Two tailors A and B earn Rs. 150 and Rs. 200 per day respectively. A
can stitch 6 shirts and 4 pants per day, while B can stitch 10 shirts and
4 pants per day. How many days shall each work if it is desired to
produce atleast 60 shirts and 32 pants at a minimum labour cost?

Solve the problem graphically.

There are two types of fertilisers A and B. A consists of 10% nitrogen
and 6% phosphoric acid and B consists of 5% nitrogen and 10%
phosphoric acid. After testing the soil conditions, a farmer finds that he
needs at least 14 kg of nitrogen and 14 kg of phosphoric acid for his
crop. If A costs Rs. 6 per kg and B costs Rs. 5 per kg, determine how
much of each type of fertiliser should be used so that nutrient

requirements are met at minimum cost. What is the minimum cost?

A man has Rs. 1500 to purchase two types of shares of two different
companies S; and S,. Market price of one share of S;is Rs. 180 and S,

is Rs 120. He wishes to purchase a maximum of ten shares only. If
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one share of type S;gives a yield of Rs. 11 and of type S, yields Rs. 8
then how much shares of each type must be purchased to get

maximum profit? And what will be the maximum profit?

A company manufactures two types of lamps say A and B. Both lamps
go through a cutter and then a finisher. Lamp A requires 2 hours of the
cutter’s time and 1 hours of the finisher’s time. Lamp B requires 1 hour
of cutter's and 2 hours of finisher’s time. The cutter has 100 hours and
finisher has 80 hours of time available each month. Profit on one lamp
Ais Rs. 7.00 and on one lamp B is Rs. 13.00. Assuming that he can
sell all that he produces, how many of each type of lamps should be

manufactured to obtain maximum profit?

A dealer wishes to purchase a number of fans and sewing machines.
He has only Rs. 5760 to invest and has space for atmost 20 items. A
fan and sewing machine cost Rs. 360 and Rs. 240 respectively. He
can sell a fan at a profit of Rs. 22 and sewing machine at a profit of Rs.
18. Assuming that he can sell whatever he buys, how should he invest

his money to maximise his profit?

If a young man rides his motorcycle at 25 km/h, he has to spend Rs. 2
per km on petrol. If he rides at a faster speed of 40 km/h, the petrol
cost increase to Rs. 5 per km. He has Rs. 100 to spend on petrol and
wishes to cover the maximum distance within one hour. Express this

as L.P.P. and then solve it graphically.

A producer has 20 and 10 units of labour and capital respectively which
he can use to produce two kinds of goods X and Y. To produce one
unit of X, 2 units of capital and 1 unit of labour is required. To produce

one unit of Y, 3 units of labour and 1 unit of capital is required. If X and
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10.

11.

12.

Y are priced at Rs. 80 and Rs. 100 per unit respectively, how should

the producer use his resources to maximise the total revenue?

A factory owner purchases two types of machines A and B for his

factory. The requirements and limitations for the machines are as

follows:

Machine Area Occupied Labour Force Daily Output(In units)
A 1000 m? 12 men 50
B 1200 m? 8 men 40

He has maximum area of 7600 m? available and 72 skilled labourers
who can operate both the machines. How many machines of each

type should he buy to maximise the daily output?

A manufacturer makes two types of cups A and B. Three machines are
required to manufacture the cups and the time in minutes required by

each in as given below:

Types of Cup Machines
| Il |
A 12 18 6
B 6 0 9

Each machine is available for a maximum period of 6 hours per day. If
the profit on each cup A is 75 paisa and on B is 50 paisa, find how
many cups of each type should be manufactures to maximise the profit

per day.

A company produces two types of belts A and B. Profits on these belts
are Rs. 2 and Rs. 1.50 per belt respectively. A belt of type A requires
twice as much time as belt of type B. The company can produce at

most 1000 belts of type B per day. Material for 800 belts per day is
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13.

14.

15.

available. At most 400 buckles for belts of type A and 700 for type B
are available per day. How much belts of each type should the

company produce so as to maximize the profit?

An aeroplane can carry a maximum of 200 passengers. A profit of Rs.
400 is made on each first class ticket and a profit of Rs. 300 is made on
each second class ticket. The airline reserves at a least 20 seats for
first class. However at least four times as many passengers prefer to
travel by second class than by first class. Determine how many tickets

of each type must be sold to maximize profit for the airline.

A diet for a sick person must contain at least 4000 units of vitamins, 50
units of minerals and 1400 units of calories. Two foods A and B are
available at a cost of Rs. 5 and Rs. 4 per unit respectively. One unit of
food A contains 200 units of vitamins, 1 unit of minerals and 40 units of
calories whereas one unit of food B contains 100 units of vitamins, 2
units of minerals and 40 units of calories. Find what combination of the
food A and B should be used to have least cost but it must satisfy the

requirements of the sick person.

Anil wants to invest at most Rs, 12000 in bonds A and B. According to
the rules, he has to invest at least Rs. 2000 in Bond A and at least Rs.
4000 in bond B. If the rate of interest on bond A and B are 8% and
10% per annum respectively, how should he invest this money for
maximum interest? Formulate the problem as L.P.P. and solve

graphically.
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LINEAR PROGRAMMING

One Mark Questions
Chose the Correct option for the following MCQ's(Single option is correct).
1. Objective Function of a L.P.P. is
(a) A constraint
(b) A function to be opptimised
(c) Arelation between the variables
(d) None of these
2. The optimal value of the objective function is attained at the points:
(a) Given by intersections of equations with axis only
(b) Given by intersections of inequations with x-axis only
(c) Given by corner points of the feasible region
(d) None of these
3. The solution set of the inequation 2x +y > 5 is
(a) Open half-plane that contains the origin
(b) Open half-plane not containing the origin
(c) Whole xy-plane except the points lying on the line 2x +y =5
(d) None of these
4. If the constraints in a liner programming problem are changed, then
(a) The problemis to be re-evaluled
(b) Solution not defined
(c) The objective function has to be modified

(d) The change in constraints is ignored
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Which of the following statements is correct?

(a) Every L.P.P. admits an optimal solution

(b) A L.P.P. admits unique optimal solution

(c) IfaL.P.P.adimits two optimal soluctions it has an infinite number of optimal solutions
(d) None of these

Solution set of inequation x>0 is

(a) Half-plane on the left of y-axis.

(b) Half-plane on the right of y axis excluding the points on y-axis.
(c) Half-plane on the right of y-axis including the points on y-axis.
(d) None of these

Solution set of the inequation y <0 is

(a) Half-plane below the x-axis excluding the points on x-axis

(b) Half-plane below the x-axis including the point on x-axis.

(c) Half-plane above the x-axis.

(d) None of these

Regions represented by equations x>0,y >0 is

(a) first quadrant (b) Second quadrant

(c) Third quadrant (d) Fourth quadrant
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10.

11.

12.

13.

14.

15.

Answers

Minz=60atx=5,y=5

Max z = 180 at the two corner points (0, 20) and (15, 5).

No minimum value

Minimum cost = Rs. 1350 at 5 days of A and 3 days of B.

100 kg of fertiliser A and 80 kg of fertilisers B; minimum cost Rs. 1000.
Maximum Profit = Rs. 95 with 5 shares of each type.

Lamps of type A = 40, Lamps of type B = 20.

Fan: 8; Sewing machine: 12, Maximum Profit = Rs. 392.

At 25 km/h he should travel 50/3 km, at 40 km/h, 40/3 km. Maximum

distance 30 km in 1 hr.

X: 2 units; Y: 6 units; Maximum revenue Rs. 760.
Type A: 4; Type B: 3

Cup A: 15; Cup B: 30

Maximum profit Rs. 1300, No. of belts of type A = 200 No. of belts of
type B = 600.

No. of first class ticket = 40, No. of second class ticket = 160.
Food A: 5 units, Food B: 30 units

Maximum interest is Rs. 1160 at (2000, 10000)
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1.(d)
2. (c)
3. (b)
4. (a)
5. (c)
6. (c)
7. (b)

8. (a)

LINEAR PROGRAMMING
ONE MARK QUESTIONS ANSWER
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CHAPTER 13

PROBABILITY

POINTS TO REMEMBER

Conditional Probability: If A and B are two events associated with any
random experiment, then P(A/B) represents the probability of occurrence
of event A knowing that event B has already occurred.

P(ANB)

,P(B) # 0

P(B) # 0, means that the event should not be impossible.
P(AnB)=P(Aand B) = P(B) x P(A/B)

Similarly P(An B n C) ==P(A) x P(B/A) x P(C/AB)

P (A/S) = P(A), P(A/A)= 1, P(S/A)= 1, P(4'/B)= 1-P (A/B)

Multiplication Theorem on Probability: If the event A and B are

associated with any random experiment and the occurrence of one

depends on the other, then

P(A n B) = P(A) x P(B/A) where P(A) # 0

When the occurrence of one does not depend on the other then these
event are said to be independent events.

Here P(A/B) = P(A) and P(B/A) = P(B)

P(A n B)=P(A) x P(B)
Theorem on total probability: If E;, E,, E5 ..., E, be a partition of sample
space and E;,E, ....,E, all have non-zero probability. A be any event
associated with sample space S, which occurs with Ey,or E,, ....,or E, ,

then

P(A) = P(E,) . P(A/Ey) + P(E;) . P(A/Ey) + ... + P(E,) . P(A/Ey)
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If A & B are independent then (i) A n B¢, (ii) A° n B& (iii) A° N b€ are also
independent.

Bayes’ theorem : Let S be the sample space and E,E, ....,E, be n

mutually exclusive and exhaustive events associated with a random

experiment. If A is any event which occurs with Ej,or E; o ..., E, , then
P(E)P(A/E)

> P(EDP(A/E)

P(E;/A) =

Random variable : It is real valued function whose domain is the sample
space of random experiment.

Probability distribution :It is a system of number of random variable (X),
such that

X: X X, X3 Xn

P(X): P(Xy) P(X3) P(Xs.. P(Xy)

Where P(x;)> 0 andY?™ , P(x;) = 1

Mean or expectation of a random variables (X) is donated by E(X)

n
EX)=p= inP(xi)
i=0

Variance of X denoted by var(X) or ¢,2 and

n

Var(X) = 0,2 = Z(xi —WAPX) = inzp(xi) - u
i=0

i=0

The non-negative number g, = /var(X) is called standard deviation
of random variable X.
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ONE MARK QUESTIONS

1. Find P (A/B) if P(A)= 0.4, P(B)= 0.8 and P (B/A)= 0.6

2. Find P (A n B) if A and B are two events such that P(A) = 0.5, P(B) =
0.6andP (AuB)=0.8

3. A soldier fires three bullets on enemy: The probability that the enemy
will be killed by one bullet is 0.7. What is the probability that the enemy
is still alive?

4, If P(A)= % P(B)= 1—72 and P (not A or not B)=§. State whether A and B
are independent.

5. Three coins are tossed once. Find the probability of getting at least
one head.

6.  Find P(A/B), if P(B) = 0.5 and P(An B) = 0.32

7. An urn contains 6 red and 3 black balls. Two balls are randomly drawn. Let x
presents the number of black balls. What are the possible value of x?

8. Adie is tossed thrice. Find the probability of getting an even number at least
once.
9. Events E and F are such that P (Not E or Not F) = 0.25. State whether E and

F are mutually exclusive.

10. Out of 30 consecutive integers 2 are choosen at random. Find the
probability so that their sum is odd.

1. If event A and B are mutually exclusive and exhaustive events and
1
P(A)= 3 P(B)then Find P(A).
12. A natural number x is choosen at random from the first hundred natural

numbers. Find the probability suchthat x + 1 <2
X
13. Along contains 50 tickets numbered 1, 2, 3, ...... 50 of which five are drawn
at random and arranged in ascending order of magnitude. (X, < X,< X,<X,<

Xs)- What s the probability that x,= 30
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1.

TWO MARK QUESTIONS

If A and B are two events such that P(A) # 0, then find P (B/A) if (i) Alis a
subsetof B (i)A n B= ¢

2. A random variable X has the following probability distribution find K.
X 0 1 2 3 4 5
P(X) 1 K 15K -2 K 15K —1 1
15 15 15 15
1 3 , :
3. If P(A) = 5 P(Au B)= 5 and P(B) =q find the value of q if A and B are
(i) Mutually exclusive (ii) independent events.
3 2 3 )
4. If P(A) = 10" P(B) = gand P(Au B) = 5 then find P(B/A) + P(A/B)
5. A die is rolled if the out come is an even number. What is the probability
that it is a prime?
1 1
6. If A and B are two-events such that P(A) = 1 P(B) = 5 and P(A1 B) =

1
3 Find P (not A and not B).
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10.

11.
12.

13.

14.

15.
16.

17.

18.

The probability that atleast one of the two events A and B occurs is 0.6. If A and B

occur simultaneously with probability 0.3, then evaluate P (A) + P(B).

al -

Three events A, B and C have probabilities %% ,and % , respectively. If P (ANC)=

1
and P(BNC) = 1 then find the values of P(C/B) and P(A” n C’).

Adie, whose faces are marked 1, 2, 3inred and 4, 5, 6 in green, is tossed. Jet Abe the
event “number obtained is even” and. B be B the event “number obtained is red”. Find
if A and B are independent events.

An urn contain 10 black and 5 white balls. Two balls are drawn from the urn one after
the other without replacement. What is the porbability that both drawn balls are black?

Prove that if E and F are independent events, then events E and F'are also indiependent.
The probability distribution of a discrete random variable X is given below

X 2 3 4 5
5 7 9 11
"0k K K 03

find the value of K.

7 _9 _ 4 ' A’
IfP (A) = 13 P(B) = 13 and P(AnB) = 13 then find P[EJ
In a class Xll of a school, 40% of studints study mathematics,30% of the students.
Study Biology and 10% of the class study both Mathematics and Biology. If a student
is selected at random form the class, then find the probability that he will be studying
Mathematics or Biology.

If P(A) = 0.4, P(B) = 0.8 and P[%j = 0.6 then find P (AU B).

A die has two faces each with number 1, three faces each with number 2 and one face
with number 3. If die is rolled once, then determine probability of not getting 3.

A coin is tossed 4 times. Find the mean and variance of the probability distribution of
the number of tails.

There are 25 ticketsbearing numbers from 1 to 25 one ticket is drown at random. Find
the probability that the number on it is a multiple of 5 or 6.
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FOUR MARK QUESTIONS

A problem in mathematics is given to three students whose chances of

solving it are %, gand%. What is the probability that the problem is solved?

Two aeroplanes X and Y bomb a target in succession. There
probabilities to hit correctly are 0.3 and 0.2 respectively. The second
plane will bomb only if first miss the target. Find the probability that
target is hit by Y plane.

Two dice are thrown once. Find the probability of getting an even
number on the first die or a total of 8.

A and B throw a die alternatively till one of them throws a ‘6’ and wins
the game. Find their respective probabilities of winning, if A starts the
game.

A man takes a step forward with probability 0.4 and backward with
probability 0.6. Find the probability that at the end of eleven steps he is
one step away from the starting point.

Two cards are drawn from a pack of well shuffled 52 cards one by one
with replacement. Getting an ace or a spade is considered a success.
Find the probability distribution for the number of successes.

In a game, a man wins a rupee for a six and looses a rupee for any
other number when a fair die is thrown. The man decided to throw a
die thrice but to quit as and when he gets a six. Find the expected
value of the amount he wins/looses.

Suppose that 10% of men and 5% of women have grey hair. A grey
haired person is selected at random. What is the probability that the
selected person is male assuming that there are 60% males and 40%
females?
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10.

A card from a pack of 52 cards is lost. From the remaining cards of the
pack, two cards are drawn. What is the probability that they both are
diamonds?

If A and B are two independent events such that P(Zn B) = %and
P(ANB) = ﬁ then find P(A) and P(B).

SIX MARK QUESTIONS

Bag A contains 4 red, 3 white and 2 black balls. Bag B contains 3 res,
2 white and 3 black balls. One ball is transferred from bag A to bag B
and then a ball is drawn from bag B. The ball so drawn is found to be

red. Find the probability that the transferred ball is black.

A doctor is to visit a patient. From the past experience, it is known that

the probabilities that he will come by train, bus, scooter by other means

3 1 1 2
of transport are respectively 10’5’ To and < .The probabilities that he

) 11 1. )
will be late are Z,gandalf he comes by train, bus and scooter

respectively but if comes by other means of transport, then he will not
be late. When he arrives, he is late. What is the probability that he
comes by train?
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3. A man is known to speak truth 3 out of 4 times. He throws a die and
reports that it is six. Find the probability that it is actually a six.

4, An insurance company insured 2000 scooter drivers, 4000 car drivers and
6000 truck drivers. The probability of an accident with scooter, car, and truck
driver, is 0.01, 0.03 and 0.15 respectively. One of the insured persons

meets with an accident. What is the probability that he is a scooter driver?

5. Three cards from a pack of 52 cards are lost. One card is drawn from
the remaining cards. If drawn card is heart, find the probability that the
lost cards were all hearts.

6. A box X contains 2 white and 3 red balls and a bag Y contains 4 white
and 5 red balls. One ball is drawn at random from one of the bags and
is found to be red. Find the probability that it was drawn from bag Y.

7. In answering a question on a multiple choice, a student either knows

3
the answer or guesses. LetZ be the probability that he knows the
1
answer and 2 be the probability that he guesses. Assuming that a

1
student who guesses at the answer will be incorrect with probability "

What is the probability that the student knows the answer, given that
he answered correctly?

8. Suppose a girl throws a die. If she gets 5 or 6, she tosses a coin three
times and notes the number of heads. If she gets 1, 2, 3 or 4 she
tosses a coin once and notes whether a head or tail is obtained. If she
obtained exactly one head. What is the probability that she throws 1,
2, 3 or 4 with the die?

9. In a bolt factory machines, A, B and C manufacture bolts in the ratio
6:3:1. 2%, 5% and 10% of the bolts produced by them respectively are
defective. A bolt is picked up at random from the product and is found
to be defective. What is the probability that it has been manufactured
by machine A?

10. Two urns A and B contain 6 black and 4 white, 4 black and 6 white
balls respectively. Two balls are drawn from one of the urns. If both
the balls drawn are white, find the probability that the balls are drawn
from urn B.
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1. Two cards are drawn from a well shuffled pack of 52 cards. Find the
mean and variance for the number of face cards obtained.

12. A letter is known to have come from TATA NAGAR or from CALCUTTA
on the envelope first two consecutive letters “TA’ are visible. What is
the probability that the letter come from TATA NAGAR?

13. Two groups are competing for the position on the Board of Directors of
a corporation. The probabilities that first and the second group will win
are 0.6 and 0.4 respectively. Further if the first group wins, the
probability of introducing a new product is 0.7 and the corresponding
probability is 0.3 if the second group wins. Find the probability that the
new product introduced was by the second group.

14. Two numbers are selected at random (without replacement) from
positive integers 2, 3, 4, 5, 6, 7. Let X denotes the larger of the two
numbers obtained. Find the mean and variance of the probability
distribution of X.

15. An urn contains five balls. Two balls are drawn and are found to be
white. What is the probability that all the balls are white?

16. Find the probability distribution of the number of doublets in four throws
of a pair of dice. Also find the mean and S.D. of his distribution.

17. Three critics review a book. Odds in favour of the book are 5:2, 4:3 and
3:4 respectively for the three critics. Find the probability that the
majority are in favour of the book.

18. A box contains 2 Black, 4 White and 3 Red balls. One by one all balls
are drawn without replacement and arranged in sequence of drawing.

Find the probability that the drawn balls are in sequence of
BBWWWRRR.

19. A bag contains 3 White, 3Black and 2 Red balls. 3 balls are
successively drawn without replacement. Find the probability that third
ball is red.
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Answers

ONE MARK QUESTIONS

3 8 u
1. 0. . 3
2. % 9. Not mutually exclusive
15
3 10. —
3. (0.3) 29
4. No 1
11. 7
7
S 3 12. 0
29 20
16 C,cC,
_ — 13.  PE)=
6 25 ¢,

7. 0,1, and 2.

TWO MARK QUESTIONS

(i) 1 (ii) 0 10. 377

2. K= 1. -
15

1 1 12. 32
3 _ —

() o () %

13. 5/9

7
4.

%2 14. 06

1
5. A 15.  0.96
6. % 16. 506
7. 1.1 17. Mean = 2 and variance = 1
8. 3/10 18 i
9. A and B are not independent events (s) 25

because P(A N B) = P(A) - P(B)
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10.

FOUR MARK QUESTIONS

0.3678 or 11,,(0.4)%(0.6)°

X 0 1 2
P(X) 81/169 72/169 16/169
_a
54
3
4
E
50

P(A) =<, P(B) =z or P(4) = 5/6, P(B)= 4/5
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10.

1.

12.

13.

14.

15.

SIX MARK QUESTIONS

aln B2 gL ='e 1 Qo

[ |H
w N

N | v

6 . 60
Mean =— Variance = —
13 169

Nel N V)

17 . 14
Mean = Variance= 5

N |-
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16.

17.

18.

19.

Mean =2/3 S.D.=

209
343
1

1260
1

4

Vs
3
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PRACTICE PAPER |
CLASS XlI
SECTION A (1 MARKS EACH)

General Instructions:
(I) All question are compulsary.
(ii) The question paper consists of 36 questions divided into four sections : A, B, C and D.

Section A Comprises of 20 questions of 1 mark each
Section B Comprises of 6 questions of 2 mark each
Section C Comprises of 6 questions of 4 mark each
Section D Comprises of 4 questions of 6 mark each

(iii) All questions in section A are to be answered in one word, one sentence or as per
exact requirement of question.

(iv) There is no overall choice, however internal choice has been provided in 3 question
of section B 3 question of section C and 2 questions of section D, You have to attempt
only one of the alternatives in all such questions.

(v) Use of calculator is not permitted you may ask for logarithmic tables, if required.

2 2
1. Find the sum of order and degree of the differential equation d_}zl = {1 + (;j_y) }
dx X

2. Write the smallest reflexive relation on setA={1, 2, 3, 4, 5}.

3. Write the value of tan™'2 + tab™3.

4. Write the integrating factor of the differential equation

%ertany—secy =0
dy

5. Find "\. If the vectors Ai+j+2k, 2i —j+2k, and i+2j—k are coplanar.

6. Find the projection of j+3j+ 7k on the vector 2j - 3j+6k
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™~

9.

10.

1.

12,

13.

14.

15.

16.

17.

The probability distribution of a discrete random variable X is given by
X 2 3 4 5

oo | 5| 7|9
K K K K
Find P(x = 3)
If A and B one events such that P(A) = P (B) = 1 and PANnB) = 1 then

T4 2 8

find P(not A and not B).
For what value of x, is the following matrix singular?

3-2x x+1
2 4 |

1 2] |X o
If[2 x 3] 3 ol l8l= 0, find ‘x
Find maximum value of z = 2x + 3y subject to the constraints x +y<4,x >0,y >0.

For what value of ‘k’ the function

2
f(x)= {kg ’ i i g is continuous at x = 2

Differentiate sin \/; + cox2\/; w.r.t. x

/ X
Evaluatej 1_)(3dx

1
Evaluate f (X" + tan + x + 1)dx
-1

Evaluate _[(4 cotx —5 tan x)2 dx

Find the slope of tangentto the curve x =a (6—sin6) y = a(1 — cos 0) at 6 :g
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18.

19.

20.

21.

Show that f(x) = 7x — 3 is strictly increasing on R.

Of the radius of a sphare is measured as 9cm with an error of 0.03 cm, then find the

appoximate error in calculating its volume.

The radius of a balloon is increasing of the rate of 10cm/sec. At what rate is the surface

area of the balloon increasing when the radius is 15 cm?

Prove that cos [tan™ {sin (cos™" x}] =

22,

23.

24,

25.

SECTION - B (2 MARKS EACH)

X% +1

X% +2

OR

Solve sin' 6x + sin"'6+/3 x = —g

Using properties of determinants, prove that

1 1+p 1+p+q
2 3+2p 1+3p+2q
3 6+3p 1+6p+3q

=1

If y¥m + y='m = 2x, prove that (x2 - 1) y, + Xy, = m?y
OR

Ify = xlog (Lj then prove that x%y, = (xy, — y)*.
a+bx

X% +1

Evaluate jmdx

If the magnitude of the vector product of the vector ?+]+I§ with a unit vector along
the sum of vector 2i +4j—5k and Ai +2j+3k is equal to /2 , then find the value of
a5

Or

- a A = " aa - - - - -
If o = 3i+4j+5k and B = 2i+]j—4k, then express B =pB,+B, such that B, o

- -

and By La.
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26. A problem in Mathematics is given to three students whose probabilities of solving it

are %% and% respectively. What is the probability that exactly one of them solves it

correctly?
SECTION ‘C’ (4 Marks Each)

27. Show that the function f:R — R defined by f(x) = V x e R is neither one-one

X
X% +1

nor onto.
Or

Let Z be the set of all integers and R be a relation on zdefinedasR={(ab):a,be z
and (a — b) is divisible by 5}. Prove that R is an equivallence relation.

28. The tailors Aand B are pard 3225 and 3300 per day respectively. A can stitch 9 shirts
and 6 pants while B can stitch 15 shirts and 6 pants per day. Form a linear programming
problem to minimize the labour cost to produce atleast 90 shirts and 45 pants. Solve
the problem graphically.

29. There are three coins one is a two-headed coin having head on both faces), another
is a biased, coin that coines up tails 25% of the times and third is an unbiased coin.
One of the three coins is chosen at radom and tossed, it shows head what is the
probability that it was a two-headed coin?

_ - — - -5
30. Show that the lines X 5:y 7 z+3 and 8 X:4 y = 222 intersect. Find
4 -5 -7 -1 3
their point of intersection.
OR
Find the equation of the two lines through the origin which intersect the line
X-3 _y-3 _z T
> T T at angles of 3 each.
T .
31. Prove that 'faf(x)dx=J-af(a—x)dx, hence evaluate J'Lmz(dx
© ° 5 1+cos”x
OR
4

Evaluate J.(x2 —2x)dx as the limit of sums.
1
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32.

33.

34.

35.

36.

4.

Solve:

xd—y.sin(lJ+x—y sin [X) =0 given y=£ atx =1
dx X X 2

SECTION-D (6 Marks Each)

2 5 3
ifA=|3 4 -=2|, findA".

4 -6 -2
Hence solve the system of equations

2,3,4_ ,5.46_,322_¢
X'y z X'y z X'y z

If the sum of length of the hypotenuse and a side of a right angled triangle is given,

show that the onea of the triangle is maximum when the angle between them is % .

OR

Find the maximum surface area of a circular cylinder that can be inscribed in a sphere
of radius ‘R’

Using integration, find the area of the region bounded by the lines x+ 2y =2,y —x = 1
and2x+y=7.

Find the coordinates of the image of the pont (1,3,4) in the plane 2x-y + +3 =0
Or

-6 -7
Find the foot of perpendicular drawn form the point P(1,2,3) on the line X3 =Y-f

7-z
= - Also find the equation of the plane containing the line and the point (1,2,3)

ANSWERS

SECTION-A
8 2.{(1,1)(2,2) (3,3) (4,4) (5,5)} 3. %
secy 5 A=-2 6.5
3l2 8. 3/8 9. x=1
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10.

13.

16.
19.

21.

25.

26.

28.

29.

31.

33.

34.

36.

23
x=0,-— )
> 11.12
cosV/x — sin2y/x 14. Zsin‘1 (x3/2)+ c
2Ux  20x 3
—16 cot x + 25tan x —81x + ¢
9.72tcm? 20. 1200 © cm?/sec.
SECTION-B
OR O,il 24. _—‘]tan‘1 §+itan‘1 Xic
14 2 35 5
- 1 < o o 1 - “ o
A=1 OR B :—§(3| +4J+5k)+§(13l +9j —15k)

SECTION: C

11
24

3
k=2
12.

15. 2

17. 1

A work for 5 days and B works for 3 days Minimum labour cost = 32025

g 30. (1,3,2)0r§:%:_£1

ﬁ Or6 32. log x = cos (X)

4 X
SECTION: D

y 20 8 22
34 -32 7

A*1:ﬁ 2 16 —13]’X=1’y:_1,2:_2

nR? (/5 +1) square units

(-3,5,2) Or (3,5,9),18x—-22y+5z+11=0

and X _Y_ 2%
-1 1 2

35. 6 square units
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PAPER Il CLASS XIi
PRACTICE SECTION A (1 MARKS EACH)

1. If R={(x, y) : x+2y=8} is a relation on N, write the range of R.
2. If sin (sin'1% + cos” x)=1 then find value of x.

3. How many matrices of order 2x2 are possible with entry 2 x 2.

1

4. IfA= 05

],find |A7|

5. If y= IXI, then find dy/dx.
6. If y= sin x + tan™ (1), find dy/dx
7. Find the mimimum value of sin x cos x.

8. Which of the following function is decreasing on <o,l>?
2

a) sin 2x b) cos 3x c) tan x d) cos 2x

9. The curves y= ae* and y=be™ cut orthogonally if
a) a=b b) ab=-b c) ab=1 d) ab=2

dx

10. Evaluate : I —
1-sinx

11. Evaluate : J'_En Sin’x dx
2

sinx
sin 2x

12. Evaluate : I

d
13. The degree of d_i + cosy=0 is not defined true or false?

2 1/3
14. Write the order of the following differential equation : 1+g_ = {d_yJ

X dx?
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15. write integrating factor of the following differential equation:-

dx .
== + x cosy + sin
dy y y

16. If i, j and k are three mutually perpendicular vectors, then find the value of J. (k xi )
17. What is the perpendicular distance of plane 2x-y+3z=10 from origin?

18. Define an objective function.

19. Find P(A/B) if P (A)= 0.4, P (B)=0.8 and P (B/A)=0.6

20. Three coins are tossed once. Find the probability of setting at least one head.

Section B (2 Mark Each)

21. Show that the finction f: R—R given by f(x) = x*>+1 is not invertible.

22. Using properties of determimants, show that

a atb a+2b
a+2b a atb =0
atb at+2b a

OR

Prove that the diagonal elements of a skew - symmetric matrix are all zero.

23. Find the domain of the continuity of f (x) = sin™ x - [x]

« o, dy
24. If y=X, find
Yy N dX2

OR
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d’y

X2

if x= 2at’, y=at*, find

25. Find the equation of the plane passing through the point (-2, 1,-3) and making equal

intercept on the co ordinate axes.

26. Two balls are drawn at random from a bag containing 6 red and 4 green balls, find
the probability that both ball are of same colour.

Section C (4 Mark Each)

27. Show that the relation R defined by (a,b) R (c,d) <= a+b= b+c on the set NxN is an

equivalence relation.
Or

Let f:N—R be a finction defined as f(x)= 4x*+ 12x + 15 show that f: N=S, where S is the

range of f, is invertible. Also find the inverse of f.

cos(x+a) dx

28. Evaluate : I (x-a)
cos(x-a

Or

X
Evaluate : _[ 4+—2+1 dx
X' +X

29. Solve the following differential equation:

(C+y’) dx + (xy+xy”) dy

30. Decompose the vector 6j — 3] — 6k into vectors which are parallel and perpendicular
to the vector i+ j+k

31. A company produces two types of belts A and B. Profits on these belts are ¥ 2 and

%1.50 per belt respectively. A belt of type A requires as much time as belt of type B.
The company can produce at most 1000 belts of type B per day. Material for 800 belts

per day is available. At most 400 buckles for belts of type A and 700 foe type B are
available per day. How much belts of each type should the company produce so as

to maximize the profit?
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32. Two urns A and B contain 6 black and 4 white, 4 black and 6 white balls respectively.
Two balls are dawn from one of the urns. If both the ball drawn are white, find the
probabivity that the balls are drawn from urn B.

Section D (6 Mark Each)

1 -1 1
33. IfA= 2 1 -3 |, find A-1 and use it to solve the system at equations :

1 1 1
X+2y+2=4 -x+y+z=0, x-3y+z=2

34. Show that the height of the cylinder of maximum volume that can be inscribed in a

2r
sphere of radius r is T
3

OR
2 2
Find the area of greatest rectangle that can be inscribed in an ellipse X—z + gz =1.
a
35. Find the area of the region.
{(x,y) : y28, 6x, x2+y27(6}
Or

Using integration, find the area of the triangle whose vertices are (-1,0), (1,3) and (3,2).
36. Find the foot of perpedicular from the point 2i — j+ 5k on the Line.
¥ =(117-2j-8K)+ 1 (101 -4j - 11k )Also find the length of the perpendicular.
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10.

1.

12.

13.

14.

15.

16.

17.

19.

20.

{1,2,3}

x =3/5

1
Elog|secx +tanx|+c

True

2

siny

10414

0.3

7/8

ANSWERS OF PRACTICE PAPER-II

23.

(-1,0)U (0, 1)

24. x* ﬁ’(1 +log x)* + %}

25.
26.

27.

28.

20.

30.
31.

32.

33.

34.
35.

36.

X+y+z=-4
715
ry =22

X €cos 2a — sin 2a log [sec (x-a)] + ¢
Or

itan’1(2X2 +1) ‘C
NN

-y =xlog [c (x—y)]
(k) (7 21-5K)
Max. profits =3 1300

No. of belts type A =200
No. of belts type B = 600

5/7
’ 4 2 2
A*1—E 5 0 5
1 -2 3
9 2 7
X:—,y:—,Z:_
5 5 5
2ab sq. units.
321 — 43 SU- units. Or 4 sq. units
3
(1,2, 3),m

176
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PRACTICE PAPERIIII
CLASS XlI

(1) All question are compulsary.
(ii) The question paper consists of 36 questions divided into four sections : A, B, C and D.

Section A Comprises of 20 questions of 1 mark each
Section B Comprises of 20 questions of 2 mark each
Section C Comprises of 20 questions of 4 mark each
Section D Comprises of 20 questions of 6 mark each

(iii) All questions in section A are to be answered in one word, one sentence or as per
exact requirement of question.

(iv) There is no overall choice, however internal choice has been provided in 2 question
of section B 2 question of section C and 2 questions of section D, You have to attempt
only one of the alternatives in all such questions.

(v) Use of calculator is not permitted you may ask for logarithmic tables, if required.
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Questions
Section-A

Question numbers 1 to 20 carry 1 mark each.

1GivenA—1 0 and B= 0 1
‘ o -1 110

Write the value of AB.

2. What is order and degree (if defined) of differential equation.
2 ()2 (2)

ax *Nax ) 72109 e

3. The angle between the line = (2i—L i+ 3R)+ A (37 i+ ZR) and
the plane T'= (ﬂ+ s l@) =3is :

4. The co-ordinate of the joint, where the line x:2 = y:-55 = 221 outs the yz plane is

5. If y=sin"'x + cos™ x, write dy
dx

6. If f(x) + x +1, write the value of% fof(x).

7. If Ais a square martin of order 3 with IAl=4. Then write all value of I-2Al.

1
8. If event A and B are mutually exclusive and enhaustive events and P(A) = 3 P(B),

then P(A) is equals is to

9. In which quadrant the bounded region for in equations x+y<1 and x-y<1 is situated?

Al B) I, 1l C)l, D) All four quadrants.
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10. Write the derivative of e* wrt. \/x
11. Find the differential equation representing the family of curves y=a.e*+5, where a is

an arbitrary constant.

12. Write the maximum value of f (x)= Io% if it exists.
1+cosx

13. Evaluate : I— dx
X+sinx

14. Evaluate : E’gxdx

15. Find the integrating factor of x g—§+ 2y = X COSX

16. Write value of (k x j)i+]j+k

17. Evaluate : Pﬁ sin® x dx
3
2X

| o dx
(x+1) (x'+3)

18. Find ;

19. Slope of tangent to the curve y=x*+x+1 at x=1 is

20. Write derivative of

sin X + cos X

2

T T
Wrt X ——<Xx<—
, 4 4

cos™
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Section-B

Question numbers 21 to 26 carry 2 mark each.

21. If A= , show that (A-2 1) (A-3 1) = 0.

-1

22. Show by examples that the relation R is R, defined by R={(a,b) : a < b3} is neither
reflexive nor transitive.

OR

Show that the functions f: R—>R, given by f(x)=cosx ¥ xeR is neither one-one nor onto.

.[ sin’x+cos’x

23. Find sin’x cos2x
Or
Xx-3
F. d X
" J (x-11)°
sec’x
24. Find [—— .

Vtan®x + 4

25. Find the volume of a cuboid whose edges are given by
—3i+7)+5k,—5i+7j-3kand —7i—5]— 3k
26. Find the probability distribution of x, the number of heads in a simultaneous toss of

two coins. .
Section-C

Question numbers 27 to 32 carry 4 mark each.

_ _ (1
27. If tan"'x—cot' x = tan 1(—] ,x>0 find the value of x and hence find the value of

) 7
(2
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28. Thejcalar product of theﬁvector§=i+j+|2 with a unit vector along the sum of if the
vectors b = 2i + 4]+ -5k and ¢ = Ai + 2] + 3kis equal to 1 find the value of Aand hence
find the unit vector along K i Z

dy
. 2 _ .
29. If (sin x)" = x+y find i

X+1
Find 3L i y:sin{ 2 }

dx 1+ 4%
OR
1 3 4
fFA=| 2 1 2 |, find A-1
5 1 1

30. If y= € [sin x+ cos X], prove that

d’y 2dy
- —= +2v=0
dx? dx y

31. Minimize z=6x+3y

subject to the constraints

4x+y > 80, x+5y > 115, 3x+2y <150, x>0,y >0
OR

The corner points of the feasible region determined by the system of linear constraints
are (0,3), (1,1), and (3,0). Let z= px+qy, where, P, g > 0. Find the condition in p and q, so
that minimum of z occurs at (3,0) and (1,1).

32. If Aand B are two independent events such that P(A)= %,P(B) =% and P(AmB)= %

then find P(not A and not B)
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Section-D

Question numbers 33 to 36 carry 6 mark each.

33. Using matrix method, solve the following system of equations:
3x-2y+3z=8

2x+y-z=1

4x-3y+2z=4

34. Find the vector and cartesian equations of the plane passing through the points
(2,2,-1), (3,4,2) and (7,0,6). Also find the vector equation of a plane passing through
(4,3,1) and parallel to the plane obtained above.

OR

Find the equation of the line passing through (2,-1, 2) and (5,3,4) and of the plane
passing through (2,0,3), (1,1,5) and (3,2,4). Also find their point of intersection.

35.Using integration find the area of triangle wgose vertices are (1,0) (2,2) and (3,1) Or

2
Using integration, find the area of the ellipse X2 + y2 =1.
a b

36. Show that height of a cylinder, which is open at the top, having a given surface area
and greatest volume, is equal to radius of its base.
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Practice Paper 3 Answer
Making Scheme

S.No. Value Points Marks
0 1
1. AB = [1]
-1 0
2. Order =2, Degree not defined [2+ 2]
_ [(i+]+|2).(3i—]+2|2)]
3. Sind =
V1+1+1/9+1+4
9=Sin" 4 ‘
=Si
\/ 42 (Vs + %]
. Xx+2 y-5 z+1 :
4. A t = = =Mis
ny point on 1 3 5
(A-2, 3A+5, 5)-1), the line cuts yz plane at A-2=0 ie A=2 [1]
Hence required point is (0,11,9)
T dy
- — S 1
5. Y= 0 (1]
dy - [1]
6. i [fof(x)]=1
1
7. I-2Al = (-2)° 1Al u
=—8x4=-32.
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S.No.

Value Points

Marks

8. Because event A and B are mutually exclusive and exhaustive.
AUB = sample space S
. P (AUB)=P(S)=1
= P(A)+P(B)-P(ANB)=1
= P(A)+3 P(A)-0=1 - f(n) = sin3 (-3) =-sin x’=-f (x)
" event A and B are mutually exclusive (given) [V + V4]
= ANB =9
P(ANB)=0 1 [1]
= 4P(A) =1 = P(A)=
9. All four quadrant. [1]
10. e*24/x [1]
1. Y —pae o, - o5
dx X
LY oy a0=0 [%2+ %]
dx
12. - [1]
13. Let I= IGLC_’SX)dx, now put x+sinx=t
X + sin x
1 1
= IL dt=log Iti+c = (1 + cos x)du = dt [+ 7
t =log |x+sinx|+C
5 3 | - t=x+sinx
X
14. [3*dx = 3 =L-[3X]§:L[32—32]
5 log3 ), log3 log 3
:L(27_9):i [Va+ V4]
log 3 log 3
15. X [1]
16. -1 [1]
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S.No. Value Points Marks
17. Leti= [ sin®x dx
-7/3
Here f(x) = sin’x
. f(=x) = sin’(=x) = —sin X’ = — f(x)
18 Put x°= t = 2xdx = dt and then | = jL
' (t+1)(t+3) [2+ 7]
2
Ans i log il +cC
2 X+3
19. 3. (1]
20. 1 (1]
Section B
2 2 1 2 0 O

21. A-21) (A-31)= = =0

(A-2l) (A-3) A 1] |1 -2 00 [1+1]

1 ) 1 1
22. a=—, not reflective — < — so
2 2 2
R is not Reflexive
a=9, b=4, c=2, not transitive
OR

we have function f : R—R, defined by

f(x) = cos x [1+1]

f(0)=cos 0 =1

f(2r)=cos 2n=1

so f is not one-one
alsorange f=1[-1,11#R
hence f is not onto

[1]
[1]
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S.No. Value Points Marks
.3 3
23. ‘[Sl_nzx*-—coszxz‘[(secx+tanx+cosecx.cot Xx) dx [1+1]
sin“ X . cos” x
=sec x —cosec x+C
3 OR
X— X X 2 -3
——e’dx=|e"|(x=1)° -2(x-1 dx [1
5 X
=eX[x-17“+C C
e’ [x-1“+Cor _12+ 1]
24. Puttan x=t = sec’x =dt [1/2]
2
1= ﬂdx:dex:logt+\/t2+4}+C [1/2]
Jtan? x +1 Vt? +4
:Iog‘—tanx+\/tan2x+4‘+c [1/2]
- - = ~ ~ ~ ~ ~ ~
25. a.(b.c)=(-3i+7]j+5k).(-5i + 7] - 3k)
-3 7 5
=1 -5 7 -3 =-264
7 5 3 [1]
1 1
= |-264] = 264 cubic units [%2+ 7]
26. Let x= no of heads in simultaneous toss of two coins
P(x) : 1/4 1/2 1/4
27. Given tan”'x —cot™' x = tan™" (%j x>0
—tan"'x - (E —tan™’ xj _I (1]
2 6
:>2tan’1:x—g = tan'x == [1
3 3
1+1
:x:tan(fj:«/g sec’1g:E [ ]
3 x 6
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S.No. Value Points Marks
- >
28. a b*c) 4 [1]
‘ b+c ‘
:>(T+]+R).[(2+k)?+6]—2ﬂ:\/(2+k)2+36+4
= A+6=4/(2+1) +40 [1%]
Squaring to get
MH120+36=1"+4r+44 = L =1
~. Unit vector along (B+g) is [72]
3~ 6. 2
—i+=j—-=k
777177 ]
29. (sinx)Y =(x+y) = y.logsinx=log(x+Y) [1]
Differntiating w.r.t. x we get
y.cotx+|ogsinx.d—y=L(1+ﬂj [17]
dx x+vy dx
L cot x
:>dy_ X+Yy y 11—y (x+y)cot (1]
—_— = ; 2
dx log sin x — 1 (x +y)log sin x -1
X+Yy
Or
X
y =sin”' 2—22 =sin™ Az , where t = 2 [1]
1+(2%) 1+t
_1, dy 2 dt
= y=2tant,—2 = and — = 2*.log 2
y dt 1+t dx I (]
dy 2 2™ log 2
= —=——.2"log2=——""—
dx 1+t d 1+ 4% [1]
30. y = e*[sin x + cos X]
dy

- e*[cos x — sinx] + e*.[sin x + cos X]
X

=e*[cos x —sinx] +y

(1]
[1/2]
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2
d—32/=e"[—sinx—cosx]+[cosx—sinx].e"+d—y [17]
dx dx
dy dy
Y Tax Y ax [1/2]
d?y _ dy
—=-2—=—+2y=0
ol Tax [1]
31.
—
10
4x+y=80 3x+2y=150
Corner Points Value of Z
A (40, 15) 285
B (15, 20) 150 (Min)
C(2,72) 228
Ans. Minimum z = 150, when x =15,y = 20
OR
Given Corner points of feasible region are (0,3), (1,1) and (3,0) the Value of
objective function at these corner points are given below: [1]
Corner points z=px +qy
(0, 3) z=px0+qx3=23q
(1, 1) z=px1+qx1=p+gq
(3,0) z=px3+qx0=3p [3]
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32. Hint
P (notAand not B) = P(A’) x P(B’)
*.*Aand B are independent events]

= [1-P(A).1[1-P(B)]

(-

3
Ans g

SECTION-D

8
1
1

system of equation in Matrix form;
AX=B
Solution Matrix, X=A"B
|A| = 3 (2-3) + 2 (4+4) + 3 (6-4) = -17

33.LetA=
4 -3 2 zZ

3 -2 3 X
2 1 ;x=|y|;B=

co-factors of Matrix A:

(1]

(3]

[1]
[1]

Cy=-1, Cip=-8, Ci3=-10
Cyy=-5, Cyy =-6, Cypy=—1, 2]
Ca =1, Cs= 9, Cas= 7,
-1 -5 1]
Al- 118 6 9 [Y4]
7 1210 1 7]
X _1 1115 -1 8 1
yl=—=|-8|]6 9 1|=]|2
zl W01 7 4] 3
= x=1,y=2,z=3 [1%4]
34. Equation of plane is
Xx-2 y-2 z+1
1 2 3| o [2]
5 -2 7
= 5x + 2y — 3z = 17 (cartesian equation)
vector equation is
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PN - ~
r(5i + 2j — 3k) =17 Equation of required plane is

> . . . e e A A .
r.(5i +2j—3k)=(4i + 3j + k)(5i + 2j — 3k)

- a ~ ~
— r.(51 +2]-3k)=23

OR
. o x=2_y+1 z-2
Equation of line : 3 "4 3
x-2 y x-3
Equation of plane: | -1 1 2 |=0
1 2 1

— —3(x—2)+3y-3(z-3)=0

= X-y+z-5=0

Xx-2 y+1 z-2
4 2

isp(BK+2,4K—1,2 + 2); putting in Eqn. of plane

weget3K+2-4K+1+2K+2=5

General point on line: =K (say)

= K=0

Point of intasestion is (2, — 1, 2)

AY

35. 3(2,2)
2__
- c (3.1) Correct figure
<]
X X
1 2 3
Vy

Equation of line AB:y =2(x—-1)
Equation of lineBC:y =4 —x

Equation of line AC:y =%(x -1)

[1]

[1]

[1]

[1]

[1]
(1]

(1]

(1]

(1]

[17%]

190
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ar (AABC) = 2j12(x—1)dx +j2‘°’(4—x)dx—%j(x—1)dx

—|3
A

(x=17], 2 (4-xy —1(x-1)

1+§—1:§ $g. units
2 2

T

. - b ra 2 2
Area of ellipse = 4&]0 a? -x dx}

Or

a\2

|
N
oo
a
ISEN
N—
|
a
o

36. Let given surface areaq of open Cylinder be S
Then S = 2nrh + nr?

2
S—-n=nr
= -
h 27 r

Volume = wr? h

o

!

o)

V= qr? {—S_an :%[Sr—nrﬂ

2nr

5o e

dv
E—O

a

0

[17]

[17]

[3]

(2]

(1]

(1]

(2]

[1]

(2]

(1]
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= S=3nr?2 or 2nrh + xr? = 3nr? (1]

= 2nrh = 2nr?
= h=r
d?v
a? = -6nr<0
For vol to be maximum height = radius. [1]
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