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MESSAGE

| would like to congratulate the members of Core Academic Unit and the
subject experts of the Directorate of Education, who inspite of dire situation due to
Corona Pandemic, have provided their valuable contributions and support in
preparing the Support Material for classes IX to XII.

The Support Material of different subjects, like previous years, have been
reviewed/ updated in accordance with the latest changes made by CBSE so that the
students of classes X to Xl can update and equip themselves with these changes. |
feel that the consistent use of the Support Material will definitely help the students

and teachers to enrich their potential and capabilities.

Department of Education has taken initiative to impart education to all its
students through online mode, despite the emergency of Corona Pandemic which
has led the world to an unprecedented health crises. This initiative has not only
helped the students to overcome their stress and anxiety but also assisted them to
continue their education in absence of formal education. The support material will

ensure an uninterrupted learning while supplementing the Online £1ass
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MESSAGE

The main objective of the Directorate of Education is to provide quality
education to all its students. Focusing on this objective, the Directorate is
continuously in the endeavor to make available the best education material, for
enriching and elevating the educational standard of its students. The expert
faculty of various subjects undertook this responsibility and after deep
discussions and persistent efforts, came up with Support Material to serve the
purpose.

Every year the Support Material is revised/ updated to incorporate the
latest changes made by CBSE in the syllabus of classes IX to Xll. The contents
of each lesson/chapter are explained in such a way that the students can
easily comprehend the concept and get their doubts solved.

| am sure, that the continuous and conscientious use of this Support
Material will lead to enhancement in the educational standard of the students,
which would definitely be reflected in their performance.

| would also like to commend the entire team members for their

contributions in the preparation of this incomparable material.

o
I wish all the students a bright future.
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It gives me immense pleasure to present the revised edition of the Support Material. This
material is the outcome of the tireless efforts of the subject experts, who have prepared it
following profound study and extensive deliberations. It has been prepared keeping in mind
the diverse educational level of the students and is in accordance with the most recent
changes made by the Central Board of Secondary Education.

Each lesson/chapter, in the support material, has been explained in such a manner that
students will not only be able to comprehend it on their own but also be able to find
solution to their problems. At the end of each lesson / chapter, ample practice exercises
have been given. The proper and consistent use of the support material will enable the
students to attempt these exercises effectively and confidently. | am sure that students will

take full advantage of this support material.

Before concluding my words, | would like to appreciate all the team members for their

valuable contributions in preparing this unmatched material and also wish all the students a
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A
CONSTITUTION OF INDIA

Part IV A (Article 51 A)
Fundamental Duties

Fundamental Duties: It shall be the duty of every citizen of India—

1. toabide by the Constitution and respectits ideals and institutions, the
National Flagand the National Anthem;

2. to cherish and follow the noble ideals which inspired our national
struggle for freedom;

3. toupholdand protect the sovereignty, unity and integrity of India;

4. to defend the country and render national service when called upon
todoso;

5. topromote harmony and the spirit of common brotherhood amongst
all the people of India transcending religious, linguistic and regional
or sectional diversities; to renounce practices derogatory to the
dignity of women;

6. tovalueand preserve the rich heritage of our composite culture;

7. to protect and improve the natural environment including forests,
lakes, rivers and wild life, and to have compassion for living creatures.

8. to develop the scientific temper, humanism and the spirit of inquiry
and reform;

9. tosafeguard public property and to adjure violence;

10. to strive towards excellence in all spheres of individual and collective
activity so that the nation constantly rises to higher levels of
endeavourand achievement.

11. whoisaparent or guardian to provide opportunities for education to
his child or, as the case may be, ward between the age of six and
fourteenyears.
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THE CONSTITUTION OF INDIA
PREAMBLE

WE, THE PEOPLE OF INDIA, having solemnly resolved
to constitute India into a (SOVEREIGN SOCIALIST
SECULAR DEMOCRATIC REPUBLIC) and to secure to
allits citizens:

JUSTICE, social, economic and political,

LIBERTY of thought, expression, belief, faith
and worship,

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of the
individual and the (unity an integrity of the
Nation);

WE DO HEREBY GIVE TO OURSELVES THIS
CONSTITUTION.

\\
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Class-XIl (2021-22)
(Mathematics 2020-21)

Term-l
One Paper Max Marks:40
No. Units Marks

I. | Relations and Functions 08

Il. | Algebra 10

. | Calculus 17

V. | Linear Programming 05
Total 40

Internal Assessment 10

Total 50

Unit-l: Relations and Functions

1. Relations and Functions

Types of relations: reflexive, symmetric, transitive and equivalence relations.
One to one and onto functions.

2. Inverse Trigonometric Functions

Definition, range, domain, principal value branch.

Unit-1l: Algebra

1. Matrices

Concept, notation, order, equality, types of matrices, zero and identity matrix,
transpose of a matrix, symmetric and skew symmetric matrices. Operation on
matrices: Addition and multiplication and multiplication with a scalar. Simple
properties of addition, multiplication and scalar multiplication. Noncommutativity
of multiplication of matrices, Invertible matrices; (Here all matrices will have real

entries).

2. Determinants

Determinant of a square matrix (up to 3 x 3 matrices), minors, co-factors and
applications of determinants in finding the area of a triangle. Adjoint and inverse
of a square matrix. Solving system of linear equations in two or three variables
(having unique solution) using inverse of a matrix.

XV



Unit-lll: Calculus
1. Continuity and Differentiability

Continuity and differentiability, derivative of composite functions, chain rule,
derivative of inverse trigonometric functions, derivative of implicit functions. Concept
of exponential and logarithmic functions.

Derivatives of logarithmic and exponential functions. Logarithmic differentiation,
derivative of functions expressed in parametric forms. Second order derivatives.

2. Applications of Derivatives

Applications of derivatives: increasing/decreasing functions, tangents and normals,
maxima and minima (first derivative test motivated geometrically and second
derivative test given as a provable tool). Simple problems (that illustrate basic
principles and understanding of the subject as well as real life situations).

Unit-V: Linear Programming
1. Linear Programming

Introduction, related terminology such as constraints, objective function,
optimization, different types of linear programming (L.P.) problems. Graphical
method of solution for problems in two variables, feasible and infeasible regions
(bounded), feasible and infeasible solutions, optimal feasible solutions (up to
three non-trivial constraints).

INTERNAL ASSESSMENT: 10 MARKS
Periodic Test: 5 Marks

Mathematics Activities: Activity file record + Term end assessment of one
activity & Viva 5 Marks

Note: For activities NCERT Lab Manual may be referred.
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Term-Il

One Paper Max Marks 40
No. Units Marks

lll. | Calculus 8

IV.| Vectors and Three-Diminsional Geometry 14

VI.| Probability 8
Total 40

Internal Assessment 10

Total 50

Unit-lll: Calculus

1. Integrals

Integration as an inverse process of differentiation. Integration of a variety of
functions by substitution, by partial fractions and by parts, Evaluation of simple
integrals of the following types and problems based on them.

Fundamental Theorem of Calculus (without proof).Basic properties of definite
integrals and evaluation of definite integrals.

2. Applications of the Integrals

Applications in finding the area under simple curves, especially lines, parabolas;
area of circles/ellipses (in standard form only) (the region should be clearly
identifiable).

dx dx dx dx dx
sziaz’szia2’j\/a2_x2 ’Iax2+bx+c’j\/ax2+bx+c

.[ pX dx,J- pX+ 9 dx,.[ aZ+ xzdx,j x? —a%dx

ax’ +bx+c Y \Jax? +bx+c

3. Differential Equations

Definition, order and degree, general and particular solutions of a differential
equation. Solution of differential equations by method of separation of variables,
solutions of homogeneous differential equations of first order and first degree of

d
the type: d—i = f(y,X) . Solutions of linear differential equation of the type:

Xvil



d
&y +PY =0q, where p and q are functions of x or constant.

dx

Unit-IV: Vectors and Three-Dimensional Geometry
1. Vectors

Vectors and scalars, magnitude and direction of a vector. Direction cosines and
direction ratios of a vector. Types of vectors (equal, unit, zero, parallel and collinear
vectors), position vector of a point, negative of a vector, components of a vector,
addition of vectors, multiplication of a vector by a scalar, position vector of a
point dividing a line segment in a given ratio. Definition, Geometrical Interpretation,
properties and application of scalar (dot) product of vectors, vector (cross) product
of vectors.

2. Three - dimensional Geometry

Direction cosines and direction ratios of a line joining two points. Cartesian
equation and vector equation of a line, coplanar and skew lines, shortest distance
between two lines. Cartesian and vector equation of a plane. Distance of a point
from a plane.

Unit-VI: Probability
1. Probability

Conditional probability, multiplication theorem on probability, independent events,
total probability, Bayes’ theorem, Random variable and its probability distribution.

INTERNAL ASSESSMENT: 10 MARKS
Periodic Test: 5 Marks

Mathematics Activities: Activity file record + Term end assessment of one
activity & Viva 5 Marks

Note: For activities NCERT Lab Manual may be referred.
Assessment of Activity Work:

In first term any 4 activities and in second term any 4 activities shall be performed
by the student from the activities given in the NCERT Laboratory Manual for the
respective class (XI or Xll) which is available on the link : http://www.ncert.nic.in/
exemplar/labmanuals.html a record of the same may be kept by the student. A
term end test on the activity is to be conducted.

Xvii



The weightage are as under:

e The activities performed by the student in each term and record keeping :
3 marks

e Assessment of the activity performed during the term end test and
Viva-voce : 2 marks

Prescribed Books:

1. Mathematics Part | - Textbook for Class XllI, NCERT Publication

2. Mathematics Part Il - Textbook for Class XII, NCERT Publication

3. Mathematics Exemplar Problem for Class XII, Published by NCERT
4. Mathematics Lab Manual class XllI, published by NCERT

XIX
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CHAPTER 1

RELATIONS AND FUNCTIONS

A relation Rin a set A is a subset of A x A.

Thus, RisarelationinasetA=c AxA.

If (@, b) ¢ R then we say that a is related to b and write, a R b.

If (a, b) ¢ R then we say that a is not related to b and write, a R b.

If number of elements in set A and set B are p & q respectively, Means n(A) = p, n(B) =

g, then

No.
No.
No.
No.
No.
No.

Q.

Ans:

of Relation of A x A = 2¢*

of Relation of B x B = 2

of Relation of A x B = No. of Relation of B x A = 2r

of NON-EMPTY Relation of A x A = (2°° — 1),

of NON-EMPTY Relation of B x B = (27 — 1),

of NON-EMPTY Relation of A x B = No. of Relation of Bx A = (29— 1)
If A={a, b, ¢} & B = {1, 2} find the number of Relation R on (i) A x A (ii) Bx B
(i) Ax B

As n(A) =3, n(B) = 2, so

No. of Relation Ron A x A=23*3=2%=512

No. of Relation Ron B x B=2%2=24=16

No. of Relation Ron B x B=2%2=2%=64

DIFFERENT TYPES OF RELATION

Empty Relation Or Void Relation

A relation R in a set A is called an empty relation, if no element of A is related to
any element of A and we denote such a relation by ¢.

Example: Let A={1, 2, 3, 4} and let R be a relation in A, givenby R={(a, b): a +
b = 20}.

[Class XII : Maths] 1



e Universal Relation

Arelation Rin a set A is called an universal relation, if each element of A is related
to every element of A. Example: Let A = {1, 2, 3, 4} and let R be a relation in A,
given by R ={(a, b): a+ b > 0}.

¢ |dentity Relation
Arelation R in a set Aiis called an Identity relation, where R = {(a, a), ac A}.

Example: Let A={1, 2, 3, 4} and let R be a relation in A, given by R={(1, 1), (2,
2),(3,3), (4,4)}.

¢ Reflexive Relation
A relation R in a set A is called a Reflexive relation, if (a, a)e R, for all ag A.
Example: Let A ={1, 2, 3, 4} and let R be a relation in A, given by
R={(1,1),(2,2), (3, 3), (4, 4)}.
R={(1.2),(2,2),(3,3). (4, 4), (1, 2)}
R={(1,1),(2,2),(3, 3),(4,4), (2,3), (1, 3), (3, 1)}.

o Symmetric Relation

Arelation Rin a set A is called a Symmetric relation, if (a, b)e R, then (b, a)e R for
all a, be A.

Example: Let A ={1, 2, 3, 4} and let R be a relation in A, given by
R={(1,1),(2,2), (3, 3)}.
R={(1.2),(2,1), (3, 3)}.
R={(1.1).(2,2),(3,3), (4. 4).(2,3), (1, 3). 3, 1), 3, 2)}.
o Transitive Relation
A relation Rin aset A is called a Transitive relation,
if (a, b)e R& (b, ¢)e Rthen (a, c)e Rforall a, b, ce A
OR
(a, b)e R&(b, c)e Rforalla,b,ce A
Example: Let A= {1, 2, 3, 4} and let R be a relation in A, given by
R={(1,1), (2, 2), (3, 3)}. (According to second condition)
R={(1,2),(2,1),(1,1), (2, 2)} . (According to First condition)
R={(2.3).(1,3). (3, 1). (3. 3), (2, 2), (1, 1)}.

[Class XII : Maths]



e Equivalence Relation

Arelation Rin a set Ais said to be an equivalence relation if it is reflexive, symmetric
and transitive.

FUNCTIONS

Functions can be easily defined with the help of concept mapping. Let X and Y be any
twon non-empty sets " A function from X'to Y'is a rule or correspondence that assigns to each
element of set X, one and only on element of set Y. Let thte correspondence be 'f’ then
mathematically we write f: X — Y where y =f(x), xe Xand y¢ Y. We say that'y is the image
of 'x" under f (or x is the pre image of y).

e A Mapping f: X — Y'is said to be a function if each element in the set X has its
image in set Y. If is also possible that there are few elements in set Y which are not
the images of andy element in set X.

o Every element in set X should have one and only one image. That means it is
impossible to have more than one image for a specific element in set X.

e Functions cannot be multi-valued (A mapping that is multi-valued is called a relation

from X & Y) e.q.
Set X SetY Set X SetY
Function Function
Set X SetY Set X SetY

B
1/

Not Function Not Function

[Class XII : Maths] 3



TESTING FOR A FUNCTION BY VERTICAL LINE TEST

Arelation f: A — Bis a function or not, it can be checked by a graph of the relation. If it
is possible to draw a vertical line which cuts the given curve at more than one point then the
given relation is not a function and when this vertical line means line parallel to Y-axis cuts the
curve at only one point then it is a function. Following Figures represents which is not a
function and which is a function.

AY YAL
X / > X <
o K
X f >
o) X
Y Y
Not Function Not a Function
Functions
YA ylk
X > X >
o) X o) X
Y Y

Number of function : Let X and Y be two finite sets having m and n elements respec-
tively. Thus each element of set X can be associated to any one of n elements of set Y. So,
total number of functions from set X to set Yis nm.

Real valued function: If R, be the set of real numbers and A, B are subsets of R, then
the function f: A — Biis called a real function or real valued function.

DOMAIN, CO-DOMAIN AND RANGE OF FUNCTION

If a function fis defined from a set A to set B then (f: A — B) set A is called the domain
of fand set B is called the co-domain of f.

The set of all -images of the elements of A is called the range of f.
In other words, we can say

Domain = All possible values of x for which f(x) exists.
4 [Class XII : Maths]




Range = For all values of x, all possible values of f(x).

W

B
a > p
b > q
c > r
d s

From the figure, we observe that
Domain=A={a, b, c, d},
Range = {p, g, 1},
Co-Domain={p, q,r, s}=B
EQUAL FUNCTIONS

Two function fand g are said to be equal functions, if and only if
(i) Domain of f= Domain of g
(i) Co-domain of f= Co-domain of g

(i) f(x) = g(x) for all xe their common domain

TYPES OF FUNCTIONS

One-one function (injection): A function f: A — B is said to be a one-one function or
an injection, if different elements of A have differentimages in B.

e.g.Letf: A— Band g: X— Ybe two functions represented by the following diagrams.

Clearly, f: A— B is a one-one function. But g : X — Y is not one-one function because
two distinct element x, and x, have the same image under function g.

[Class XII : Maths] 5



Method to check the injectivity (One-One) of a function
(i) Take two arbitrary elements x, y (say) in the domain of f.

(i) Solve f(x) = f(y). If f(x) = f(y) gives x = y only, then f: A— B is a one-one function (or
an injection). otherwise not.

If function is given in the form of ordered pairs and if two ordered pairs do not have same
second element then function is one-one.

If the graph of the function y = f(x) is given and each line parallel to x-axis cuts the given
curve at maximum one point then function is one-one. (Strictly Increasing Or Strictly Decreas-
ing Function). e.g.

Ya Ya
(0, 1)
X > X X \>x
© / © fxy=a*(0<a<1)
Y Y
f(x)y=ax+b

Number of one-one functions (injections): If A and B are finite sets having m and n
elements respectively, then number of one-one functions from Ato B="P_ifn>mand 0ifn
<m.

If f(x) is not one-one function, then its Many-one function.

Onto function (surjection): Afunction f: A — Bis onto if each element of B has its pre-
image in A. In other words, Range of f = Co-domain of f. e.g. The following arrow-diagram
shows onto function.

Number of onto function (surjection): If A and B are two sets having m and n elements

n
respectively such that 1< n>m, then number of onto functions from A to Bis Z(—1) C.r
r=1

6 [Class XII : Maths]



Into function: A function f: A — B is an into function if there exists an element in B
having no pre-image in A.

In other words, f: A — Bis aninto function if it is not an onto function e.g., The following
arrow diagram shows into function.

Method to find onto or into function:

(i) Solve f(x) = y by taking x as a function of y i.e., g(y) (say).

(i) Now if g(y)is defined for each y & co-domain and g(y) € domain then f(x) is onto and
if any one of the above requirements is not fulfilled, then f(x) is into.

One-one onto function (bijection): Afunction f: A — Bis a bijection if it is one-one as well
as onto. In other words, a function f: A — B is a bijection if

(i) ltisone-onei.e., fix)=fly)=> x=yforallx, ye A.
(i) Itis onto i.e., for all y € B, there exists x € A such that f(x) = v.

Clearly, fis a bijection since it is both injective as well as surjective.

BIJECTIVE FUNCTION

[Class XII : Maths] 7



One-one (injective) Function

¢ No two elements of A have same image in B
(i) n(A)< n(B)
(it) fix,) = f(x,)

=X, =X,

N

~ n S0 T )

A W N =

Onto (Surjective) Function
¢ All the elements of B have atleast one pre-image in A.
(i) n(A) = n(B)

(i) Range = Codomain

Bijective Function

¢ Afunction which is both one-one & onto.
(i) n(A) = n(B)
(ii) Range = Codomain

e If n(A) = a = n(B), no. of bijections = a!.

[Class XII : Maths]



TYPE OF FUNCTIONS

Name of Definition Domain | Range Graph
Function
1. | Identity The function f: R — R defined R R y
Function | by fix)=xAxe R P
P
X
) X
y
2. | Constant The function f: R — R defined R {c} Ya
fx)=c
Function by fix)c Axe R ]
C
X — o X
vy
3. | Polynomial | The function f: R — R defined
Function | by f(x)= P, + Px+ Py +.....+ P X,
where ne Nand P,
P, P,....,P.€e RAxe R
4. | Rational The function f defined by
. _ P(x)
Function X) = Qlx) where P(x) and Q(x)
are polynomial functions, Q(x) # 0
5. | Modulus The function f: R — R defined by R [0, 0) A
. X, x20 f (x) = —x f(x)=x
Function fx)=1x1=1Z% x<0AXER
X X
o
vy
[Class XII : Maths] 9




6. | Signum Thefundionf: R — R defined by {-1,0, 1} y
-1,x<0
[Ll,x;tO {1 0 (0, 1)
Function fix) = ﬁ = ﬁ x>
[0, x=0 0,x=0 X < 5 > X
(0, 1)
y
7. | Greatest The function f: R — R defined by z
X,Xe Z
Integer fix)=[x] = % int eger less than
|equaltox,xe Z
Function
8. | Linear The functionf: R > R R
Function defined by f(x) =mx+c¢, xe R
where m and ¢ are constants
ONE MARK QUESTIONS

. Consider the set A={1, 2, 3}, then write smallest equivalence relation on A.

. Consider the set A containing n elements then, write the totoal number of injective
functions from A onto itself is.

. Let Z be the set of integers and R be the relation defined in Z such that a R b if
(a—b) is divisible by 3, then R partitions the set Z into how many Pairwise disjoint
subsets.

. Letthe relation R be definedin Nby a R b if 2a + 3b = 30. Find R.

. Iff(ix) = (4 - (x=T7)3), then find f'(x).

. Let R be the equivalence relation in the set Z of integers given by R = {(a, b) : 2
divides a — b}, then Find the equivalence class [0].

. LetA={1,2,3,...n}and B = {a, b}. Find the number of surjections from A to B.

. Consider the non-empty set consisting of children in a family and a relation R
defined as arb if a is sister of b, Then check R is Transitive or not.

10 [Class XII : Maths]



10.

1.

12.

13.

14.

15.
16.

17.

18.
19.
20.
21.
22.

23.

24.
25.
26.
27.

1
If f: R—> Rbe given by f(x) = (3-x° )5 , then find (fof)(x).

x=1

Letfix)= 7 1; x#—1, then find =1 (x).

1
If If f: R— R be given by f(x) = (p—xP )B , p= 0, where p = 0, then find f(f(x)).

Find the maximum number of equivalence relations on the set A ={1, 2, 3}.

[ x,if x is rational

Letf: [0, 1] — [0, 1] be defined by f(x) = i then find (fof)(x).

1-x, if x is irrational’

If f={(5, 2), (6, 3)),g ={(2, 5), (3, 6)}, write fog.
Let f: R — R be the function defined by f(x) = 4x — 3V xe R. Then write .
Letf: R — R be defined by f(x) = 3x — 4, then find f'(x).

1 . 1
If f(x) = X2 — ~7» then find f (ij + f(x?).

Show that the function f: R — R defined by f(x) = x? is not injective.
Show that the function f: N — N given by f(x) = 3x is not Surjective.
Find the value of (fog) (x) — (gof)(x), = e*and g(x) = log x.

Find the largest Equivalence Relation on A={a, b, c}.

Set A has 3 elements and the set B has 4 elements. Find the number of injective
mappings that can be defined from A to B.

Letf, g: R — R be defined by f(x) = 2x + 1 and g(x) = x— 2, Vx e R, respectively.
Then, find gof.

Let f: R — R be the function defined by fix) =2x — 3 V¥ xe R. write .
If A={a, b, c, d} and the function f={(a, b), (b, d), (c, a), (d, c)}, write f~".
If f: R— Ris defined by f(x) = x2— 3x + 2, write f(f(x)).

Find the maximum number of reflexive relation on the set A = {a, b}.
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28.

29.
30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

If A is the set of students of a school then write, which of following relations arte
Universal, Empty or neither of the two.

R, ={(a, b) : a, b are ages of students and |a — b| > 0}
R, ={(a, b) : a, b are weights of students, and |a - b| < 0}
R, ={(a, b) : a, b are students studying in same class}
If f: A — Bis Bijective function such that n(A) = 10, then find n(B).
IF f: R — Bgiven by f(x) = sin x is onto function, then write set B.

Let A={a, b, c}. How may relation can be defined on A x A? How many of these are
reflexive?

1-x
If f(x) = 1+ x then find (fof)(x).
. . ) 4x
Find the inverse of the function, f(x) = .
3+ 3x

LetA={1, 3, 5}, then find the number of equivalence relations in A containing (1, 3).

4x + 3
If f(x) = “ox-4

2
4 X # 3 then find inverse of f such that (fof)(x) = x.

IfA={a, b, c, d}and f={(a, b), (b, d), (c, a), (d, )}, show that fis one-one from A
to A. Find f .

Let A={1, 2, 3}. Find whether the function f: A > A defined as f={(1, 3), (3, 2), (2,
1)} has inverse. If yes find f~'.

1
Find (fog)(x) and (gof)(x), if f(x) = x*+ 2 and g(x) = 1~ 7= .

3
Letf: R— Rdefined by f(x) =2x—3 and g : R —» R defined by g(x) = % Show

that fog =/, = gof.
Letf, g: R — R be defined by f(x) = x? + 1, then find the pre-images of 17 and — 3.

Letf, g: R — R be two functions defined as f(x) = |x| + xand g(x) = [x| - x V xe R.
Then, find fog and gof.

12
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Show that the relation R on defined as R = {(a, b) : a < b’} is not transitive.

2
X
If the function f: R—{1, — 1} > A defined by f(x) = PR is Surjective, the find A.

Give an example to show that the union of two equivalence rtelations on a set A
need not be an equivalence relation on A.

How many reflexive relations are possible in a set Awhose n(A) = 4. Also find How
many symmetric relations are possible on a set B whose n(B) = 3.

Iff:R—>R,g:R— R, given by f(x) = [x],g (x) = |x|, then find
fo (2020 )+ of(—2021j
(2) 799 2021 ) 9%\ 2020

b 0{2020)_],0 (2021)
(b) 9% 2021 )~ "9 2020
Let W denote the set of words in the English dictionary. Define the relation Rby R

={(x, y) e W x W such that x and y have at least one letter in common}. Show that
this relation R is reflexive and symmetric, but not transitive.

Show that the relation R in the set of all real numbers, defined as R={(a, b): a< b%
is neither reflexiv Nor symmetric.

Consider a Bijective function f: R, — (7, «) given by f(x) = 16x* + 24x + 7, where R
+ is the set of all positive real numbers. Find the inverse function of f.

Iff: R—[-1,1], f{x) =sin x & g: [- 1, 1] - Range of g, g(x) = 1 — x2, then show
2
that (gof)(x) = [f[g— x)} .

Are the following set of ordered pairs functions? If so, examine whether the mapping
is injective or surjective

() {(x, y): xis a person, y is the mother of x}

(ii) {(a, b): ais a person, b is an ancestor of a}.
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52.

53.

54.

55.

56.

57.

X

Show that the function f: R - R decined by f(x) = v oxe R, is neither one-

x?+1
one nor onto.

Let R be the set of real numbers and f: R — R be the function defined by f(x) = 4x
+ 5. Show that fis invertible and find .

Show that the relation R inthe set A={3,4, 5,6, 7} givenby R={(a,b) : |a—b]is
divisible by 2} is an equivalence relation. Show that all the elements of {3, 5, 7} are
related to each other and all the elements of {4, 6} are related to each other, but no
element of {3, 5, 7} is related to any element of {4, 6}.

If the function f: R - R be defined by f(x) =2x—3and g: R— Rby g(x) = x*+5,
then find the value of (fog)™ (x).

Check whether the relation R in the set Z of integers definedas R={(a, b):a+ b
is ""divisible by 2 "} is reflexive, symmetric, transitive or Equivalence.

(Parta, b, c, e, f, g) Show that that following Relations R are equivalence relation in
A. (for Remaining Parts) Check whether the following Relations are Reflexive,
Symmetric or Transitive.

(a) Let Abe the set of all triangles in a plane and let R be a relation in A, defined by
R={(T,, T,): T,is congruent T}
(b) Let Abe the set of all triangles in a plane and let R be a relation in A, defined by
R={(T, T,): T,is similar T}
(c) Let A be the set of all lines in xy-plane and let R be a relation in A, defined by
R={(L,,L)): L, is parallel to L }
(d) Let A be the set of all lines in xy-plane and let R be a relation in A, defined by
R={(L,, L,): L,is perpendicularto L,}
(e) Let Abe the set of all integers and let R be a relation in A, defined by
R={(a, b): (a— b) is even}
(f) Let A be the set of all integers and let R be a relation in A, defined by
R ={(a, b): |a— b| is a multiple of 2}
(g) Let Abe the set of all integers and let R be a relation in A, defined by
R ={(a, b): |a— b| is a divisible by 3}

14
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58.

59.

60.

61.

62.

(h) Let A be the set of all real numbers and let R be a relation in A defined by
R={(a, b): a< b}

(i) Let A be the set of all relal numbers and let R be a relation in A defined by
R={(a, b): a< b?}

(j) Let A be the set of all real numbers and let R be a relation in A defined by
R ={(a, b): a< b%}

(k) Let A be the set of all natural numbers and let R be a relation in A defined by

R ={(a, b): ais a factor b}
OR
R ={(a, b) : bis divisible by a}
(I) Let A be the set of all real numbers and let R be a relation in A defined by
R={(a, b): (1 + ab) >0}

Let S be the set of all real numbers. Show that the relation R ={(a, b) : a®> + b>*= 1}
is symmetric but neither reflexive nor transitive.

Check wheter relation R definedin Ras R={(a, b) : a>—4ab+3b?>=0, a, b,c R}
is reflexive, symmetric and transitive.

Show that the function f:(—wo, 0) — (-1, 0) defined by f(x) = X € (o, 0) is

1+ x|’

one-one and onto.
FIVE MARKS QUESTIONS

For real numbers x and y, define x R y if and only if x — y +./2 is an irrational

number. Then check the reflexivity, Symmetricity and Transitivity of the relation R.

Determine whether the relation R defined on the set of all real numbers as
R={(a,b):a,beRanda-b+ [3e S}

Where S is the set of all irrational numbers) is reflexive, symmetric or transitive.
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63.

64.

65.

66.

Let N be the set of all natural numbers and let R be a relation on N x N, defined by
show that R is an equivalence relation.

(iY(a, b)R(c, dy>a+d=b+c
(ii) (a, b) R(c, d) < ad = bc

i) 6,6 Rl @y o 1422221
(iii) (a, b) R(c, )<:>a d b0

(iv) (a, b) R(c, d) < ad(b + c) = bc(a + d)

LetA=R-{1}.If f: A— Ais a mapping defined by f(x) = f(x) = ))((_1 , show that f
is bijective.

Find f-'. Also find

(@) x, if f-(x) = % (b) F(2)

Let f: N — R be a function defined as f(x) = 4x2 + 12x + 15. Show that f: N — S,
where Sis the range of is invertible. Also find the inverse of f. Hence find ' (31).

CASE STUDIES

A person without family is not complete in this world because family is an integral
part of all of us. Human beings are considered as the social animals living in group
called as family. Family plays many important roles throughout the life.

Mr. D.N. Sharma is an Honest person who is living happily with his family. He has
a son Vidya and a Daughter Madhulika. Mr. Vidya has 2 sons Tarun and Gajender
and a daughter Suman while Mrs. Madhulika has 2 sons Shashank & Pradeep and
2 daughters Sweety and Anju. They all Lived together and everyone shares equal
responsibilities within the family. Every member of the family emotionally attaches
to each other in their happiness and sadness. They help each other in their bad
times which give the felling of security.

A family provides love, warmth and secuity to its all members throughout the life
which makes it a complete family. Agood and healthy family makes a good society
and ultimately a good society involves in making a good country.

16
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On the basis of above information, answer the following questions:

Consider Relation R in the set A of members of Mr. D.N. Sharma and his family at
a particular time

(i) IfR={(x, y): xand ylive in the same locality}, then R is
(@) Reflexive only
(b) Reflexive and Symmetric
(c) Equivalence Relation

(i) R={(x, y): xis exactly 7 cm taller than y}, then R is
(@) Reflexive only
(b) Symmetric only
(c) Transitive only
(d) Neither Reflexive, symmetric nor Transitive

(i) R={(x, y): xis wife of y}, then Ris
(a) Reflexive only
(b) Symmetric only
(c) Transitive only
(d) Neither Reflexive, symmetric nor Transitive

(iv) R={(x, y): xis father of y}, then Ris
(@) Equivalence Relation
(b) Symmetric only
(c) Transitive only
(

d) Neither Reflexive, symmetric nor Transitive
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vy R={(x, y): xis Brother of y}, then Ris
(@) Reflexive only
(b) Symmetric only
(c) Transitive only
(d) Neither Reflexive, symmetric nor Transitive

67. LetAbe the Set of Male members of a Family, A = {Grand father, Father, Son} and
B be the set of their 3 Cars of different Models, B = {Model 1, Model 2, Model 3}

GRAND FATHER MODEL 1

FATHER

SON

On the basis of The above Information, answer the following questions:
(i) How many Relations are possible on A x B?
(@ 3 (b) 9
(c) 8 (d) 512
(i) How many Functions are possible on A x B?
(@) 3 (b) 9
(c) 27 (d) None of these
(i) How many One-one Functions (Injective) are possible on A x B?
(@ 3 (b) 6
()9 (d)y 12
(iv) How many Onto Functions (surjective) are possible on A x B?
(@) 6 b) 9
(c) 27 (d) 81
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(vy How many Bijective functions are possible on A x B?

(a 1 (b) 3
(c) 6 d) 9
ANSWERS

ONE MARK QUESTIONS

1. {(1,1), 2,2), (3,3) 2. nl 3. Three 4. {(3,8),(6,6), (9,4), (12, 2)

5. f(x)= (4_X)% +7 6. [0]={0,+2,44,46..} 7. (2"-2) 8. Yes, Transitive

9. (fof)(x)=x 10. f'(x) = g 1. f(f(x))=x 12. Five

13. f(f(x)) = x 14. fog(x) ={(2,2),(3,3)}

15. Fi(y) = yf’ 16. Fi(x) = X—;“ 17. Zero 20. Zero

21. AxA 22. 24

23. (gof)(x) = 4x2 + 4x — 1 24. ;”(}/):"T+3 25. {(b,a),(d,b), 26. x*—6x%+ 10x2 - 3x
(a.c).(c,d)}

27. Four 28. R1:Universal relation 29.n(B)=1030. B=[1,1]

R2: Empty relation

R3: Neither universal

Nor empty
. 4y
31. No. of Relations = 51232. (fof)(x) = x 33. fi(y)= 4-3y
4x +3
1 _
34. Tow 35. f(x)= 6x_4

TWO MARKS QUESTIONS

36.F = {(b,a),(d,b),(a,c) 37. F={3,1),(23).(1,2)} 38. (fog)(x) = (ﬁjz +2

X2 12
HUIHA)=
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[ 0,x>0
40.Pre-Image of 17 =4, -4 41. (fog)(x) = i4x <0 43 A=R-[-1,0)

(gof)(x)=0,Axe R

45. Reflexive Relations = 4096  46. (a) 2 49. Fi(y)= y%z‘?’
(b)0
1
-5 =
51.(a) Yes it's a Function, 53. fi(y)= yT 55. (fog)'(x) = [%7)3
Not Injective but Surjective
(b) No, its not a function
56. Equivalence Relation 57. (d) Symmetric (h) Reflexive and Transitive

(i) Neither Reflexive, Symmetric nor Transitive
(j) Neither Reflexive, Symmetric nor Transitive
(k) Reflexive & Transitive

(I) Reflexive and Symmetric

FIVE MARKS QUESTIONS

-2
61. Reflexive only 62. Reflexive only 64. f'(x)= %

@x=7 (b)f'(2)=
65. F1(x) = 7“"26’3 and £(31) = 1

CASE STUDIES BASED QUESTION

66. (i) option (d) (i) option (d) (iii) option (c)
(iv) option (d) (v) option (c)

67. (i) option (d) (i) option (c) (iii) option (d)
(iv) option (a) (v) option (c)
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CHAPTER 2

INVERSE TRIGONOMETRIC FUNCTIONS

y=sin"1(x)
P T z N
/// ? _1 \\\
7 T 1] 7!5_\\\\ //
7, 2 \\\",,
yzx/’ y=Sin(X)
Function Domain Range
- sin” 1.1 [—n nl
y=sin—x [_ ’ ] 2 ’2|J
y = COS—1 X [_1 ’ 1] [Oa TC]
=tan™' x R (j Ej
V= 272
y =cot' x R (0,m)
T
y=sec'x R-(-1,1) [0, n]_<5}
= coses™ R— (-1, 1 [_“ LA
y = coses™ x -(=1.1) 5ol —{0}
iy = XA
e sin™' (sin x) = x, when x & [ 2,2U

e cos™ (cos x) = x, when x € [0, ]
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tan (tan x) = x, when x € (E EJ
- 2'2

cot™ (cot x), when x € (0, m)

!

cosec™ (cosec x) = x, when x € [—Z;U — {0}

sec™ (sec x) = x, when x€ [0, T] — {%}

sin (sin™ x) = x, when x € [-1, 1]

cos (cos™ x) = x, when x € [-1, 1]

tan (tan™' x) = x, when xe R

cot (cot™' x) =x, when xe R

cosec (cosec™ x) = x, when xe R— (-1, 1)

sec (sec™' x) = x, when xe R—-(-1,1)

sin”' x + cos™ x = %,when xe [-1,1]

tan~" x + cot™" = %,xe R

sec—1 x +cosec™ x = g,when xe R—(-1,1)

sin~' (=x) = —sin™" (x), when x € [-1, 1]
cos™ (- x) =m - cos™" (x), when x e [-1, 1]
tan”' (- x) =—tan”' (x), when xe R

cot” (- x) =m —cot’ (x), when xe R

coseec™ (— x) = —cosec™" (x), when xe R— (-1, 1)

22
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X+y
1-x

e tan™' x +tan™ y = tan—1 ( J when xy <1

<

X =
e tan™' x—tan™' y=tan—1 (1

<

x ]whenxy>—1

<

2x
1-x

e 2tan™'(x) =tan—1 ( 2 ] when [x]| <1

2x
1+ x

e 2tan™ (x) =sin—1 ( 2 j when |x] < 1

2

1-x
2},whenx>0

1+ x

e 2tan (x) = cos—1 (
ONE MARK QUESTIONS

1

1. Find tha principal value of sin™ (Ej + cos-1(2 )
; oo . . 3m

2. Find the principal value of sin™' sin——|.

14
3. Find the principal value of cos™ (COSTTC).

X+y
4. Write the condition on xy, for which the result tan™' x + tan™' y = tan™ [mj is true.

y
5. Write the condition on xy, for which the result tan-' y = tan™' (—j is true.

1+ xy

1
6. If cos(cos™ 3t sin™ x) = 0, then find the value of x.
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10.

1.

12.

13.
14.

15.

16.

17.

18.

19.

3
If sin (sin™ 57 cos™ x) =1, then find the value of x.

Express cot™ (—x) for all xe Rin terms of cot™ (x).

Find the domain of the function cos™ (2x—1).

Find the domain of the function f(x) = Sin~' \/x _ 1.

7
Find the value of cot (cos 1£].

n n
Find the minimum value of n for which tan™ = > R ne N.

Find the value of x, If 3tan™' x + cot™ x = x.

Find the principal value in each of the following:

(@) sin” (sinz—;) (b) cos—1 (msz—;j+sin1(sin2§)
(c) tan™ (tan%) (d) sin- (sinz—sn)

(a3 )4 cos [ cos T
(e) tan™’ tan4 +COos '| cos 5

4
Iftan”' x+tan”' y = ?n then find the value of cot™ x + cot™' y.
Find the value of the expression sin [cot—1 (cos(tan™" 1))].

If Sin”" x+ Sin~'y = % , then find the value of Cos™" x + Cos™ y.

Find the value of sin (2 sin~* (0.6)).

If tan' x = % = for some xe R, then find the value of cot™ x.

24
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20. If cos™ x + cos™ y + cos™" z = 3x, then find the value of (x + y + z + xyz).

3
21. Ifsin"'x+sin”"y+sin' z= 7“ then find the value of (x® + y® + z° — 3xyz).
22. Find x, such that cos™ (x) + cos™ (x?) =0

23. Find x, if s 1(5)+cosec1(§)—E
. FINd X, IT SIN— 5 4 —2

24. Find the range of f(x) = sin™' x + tan™" x + sec™ x.

25. Ifthe function fix) = cot™!\/x(x + 3) cos 'V x? + 3x + 1 is defined on the set A, Find
A.

TWO MARKS QUESTIONS

26. Match the following:

If cos™' a+ cos™' b=2r &sin™' ¢+ sin”' d == then

Column1 Column 2
A | abcd P 0
B a?+ b2+ ct+ d? Q 1
C (d—a)+(c-b) R 2
D a+b+ci+ P S 4

27. If cot™'./cos a + tan! \/cos a = x then, Match the following:

Column1 Column 2
A Sin x P 0

Cos 2x Q 1
C | Tan(x/2) R -1

28. If6 =cot” 7 + cot™ 8 + cot™ 18 then find the value of cot 0.
29. If P=tan?(sec™ 2) + cot? (cosec™ 3), then find the value of (P> + P+ 11).
30. If P=Sec?(tan™' 2) + cosec? (cot™' 3), then find value of (P? - 2P).
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31.

32.

33.

34.

35.

36.
37.
38.

39.
40.

@)

(©)

41.

If tan~' 4 + tan™' 5 = cot™ (P), then find the value of P.

1 1,3
Find the value of Sin (ECOt 1(Z)) :

Solve for x: tan-" /x(x +1) + sinTWx? + x+1= g

Find the value of x, such that Sin" x = % + Cos™' x

. . . Y
Find x, if sin”" x—cos™ x = 2

If tan~' 3 + tan~' x = tan™' 8§, find x.
If tan~ (cot x) = 2x, find x.

Solve for x:

@) cos’1(cos5?n)+ sin’1(sin5§) =x

(b) cos‘1(cos%)+ sin‘1(sini—n) =x

Find the value of sin (2 tan™ (.75)).

Simplify the following:

_ sin x / 2 _
tan 1( j (b) tan‘{—”x 1J,x¢0
X

1+cos x

cos{2tan1( 1_—X)—|
*x /|

THREE MARKS QUESTIONS

tan " +tan"'2+tan"'3

= ot "+cot 1 2+cot 13’ then find the value of P.

26
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42. Find the value of cot (E—Zcot‘1 3].
43. Prove that:
. _4( 8 . 43 _1( 36 (77
(@ sin |- [sin | — |=cos | — |=tan" | —
17 5 85 85
(b) cot™" (7) + cot" (8) + cot™" (18) = cot™ (3)

(c) 2tan”’ (%j+ tan™! Gj: tan”! (%)

(d) tan™' (1) +tan™' (2) +tan™' (3) ==

_4[ J1+sinx+/1-sinx X n
(¢ cot ( J‘z”‘g(o’ )

J1+ sinx —/1-sinx

() tan
—1( X 4 X=y | 7
(g) tan ;j—tan (?yj—z

(h) cos™ (% J+ sin”’ (% )+ tan™’ (%)

(k) sin ((2 tan™! (% DZ%
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X
44. (a)lfy= cot’1(«/cos x)—tan™ («/cosx) then Prove that sin y = tan? (E]

(b) Prove that tan(EJrlcos‘1 ij +tan(£—1cos‘1 ij:%
4 2 b 4 2 b) a

2,/a’ +b?
(c) Prove that tan(%+%tan‘1 %)+tan(%—%tan‘1 ij _oNg b

b b

1 faj —1 =
(d) Prove that cos[tan~" {sin(cos™ x)}] 242

52
45. (a) Find x such that: (tan™ x)? + (cot™" x)? = %

(b) If a,, a,, a,,.....a, are in A.P. with common difference is ‘d ', then find

tan{tan [ —9 htan 9 Joostan [
1+a,a, 1+aya, 1+a,.a,

(c) Find x: tan”’ ! +tan‘1( 1 )+ ..... +tan™ ; =tan' x
. 1+1.2 1+2.3 1+n.(n+1)

46. Solve for x:

(@) cos(tan™' x) = sin(cot1%j, x>0
(b) sin(cot” (x + 1)) = cos(tan™" x)

(c) sin"(1-x)—2sin"'x= %

(d) sin~'x+sin™ (1 —x)=cos™ x

(e) tan‘(i—ij:%tan‘(g) x>0

(f) 2tan™' (cos x) =tan™' (2 cosec x), x# 0
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47. (a) Prove that: cot™” (M}CON(M}CO“(ZXHJ =0, (0<xy, yz, zx<1)
' ' X-y y-z z-x , Yz,

-

(b) Prove that: tan 5

\/1+cosx+\/1—cosxj X (Onj
2

= X
J1+c0s x —/1-cos x )

|
N

(c) Prove that: t@n

J1+sinx +,/1-sinx =£,Xa(0,£)
2 4

J1+sinx—1-sinx

. =5—1,cos‘1 X
(d) Prove that: 4 2

tan! 1+ X +4/1-x
J1+x—1-x

(e) Prove that: tan‘1(£j—tan‘1[x_y)=E
y xty ) 4

() Solve for x : sin”' (6x) + sin_1(6\/§x)=g

(9) Solve for x : sin™* (6x) + sin‘1(6\/§x)=%

FIVE MARKS QUESTIONS

48. Prove the Following:

(@) Ifcos™ x+ cos™y+ cos™ z=r, then prove that x> + y2 + 22 + 2xyz =1

(b) If cos—1 0031(£)+ COS1(XJ= a, then prove that —X2 +_y2 2y cos a =
a b ’ aZ2 p?2 ab
sin? a,

1 X _
(c) If cos 1(5J+ cos 1%) =0, then prove that 9x2 + 4y? — 12xy cos 0 = 36 sin2 0

(d) Iftan™ x+tan' y + tan™' z =&, then prove that x + y + z= xyz

(e) lftan”' x+tan"'y+tan' z= g then prove that xy + yz+ zx = 1
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49.

50.

(f If cot’ x + cot' y + cot™ z=m, then prove that xy + yz+ zx + = 1

(g) Ifsin” x +sin™" y + sin”' z =x, then prove that x\/1—x2 +y\/1_y2 +z\/1— 72 =
2xyz

Prove the following:

p

= a T _1( sina.cosp
(a) Prove that: 2 tan 1[tan§tan(z—§n:tan 1[—J

cosa +sinp

cosa+cosb j

(b) Prove that: 2 tan1(tan2tan9j:cos1
: 2 2 1+cosacosb

an-! a_btanﬁ _cos™! acosx+b
(c) Provethat:2 a+b 2 a+bcos x

3sin2x |

1
5+30032x|J

U=x

—1 41
(d) Prove that : tan [ +tan [Ztanx

CASE STUDIES

On National Mathematics Day, December 22, 2020, Mathematics Teachers of DOE
organized Mathematical Rangoli Competition for the students of all DOE schools
to celebrate and remembering the contribution of Srinivase Ramanujan to the field
of mathematics. The legendary Indian mathematician who was born on this date in
1887.

30

[Class XII : Maths]



Team Aof class Xl students made a beautiful Rangoli on Trigonometric Identities as
shown in the figur Above, While Team B of class Xl students make the Rangoli on

the graph of Trigonometric and inverse Trigonometric Functions. As shown in the
following figure.

y = cos (x)

On the basis of above information, Teacher asked few questions from Team B. Now
you try to answer Those questions which are as follows:

(i) What is the principla Branch of sin™" x?

-7 nW -T T
@ [75u ®) (75)
(c) (0,m) (d) [0, ]
(i) What is the Principal Branch of cos™ x?
—T n? - T
@ [?EU ®) (?5)
(c) (0,m) (d) [0, ]
(i) What is the one Branch of cosec™ x other than Principal Branch?
- 3
(a) Héﬂ - {0) (b) B%ﬂ {0}
o 0o o by
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(iv) If the Principal Branch sec™ x is [0, =] — {kr}, Then is the value of k?
(@0 (b) 1

(c) 0.5 (d) 0.25

(v} Whatis the Principal Branch of tan~" x?

- ] -T T
@ [75u ®) (75)
(c) (0,7) (d) [0,7]

ANSWER

ONE MARK QUESTIONS

1. 6 2. 5 3. 3 4, xy <1
1 3
5. xy>-1 6 X=z 7.x=§ 8. cot™ (—x) =n—cot™ (x)
7 .

9. [0, 1] 10. [1, 2] 1. 54 12. n=4(Minimum)
13, x=1 14. (a)7 b ) 2 (o) 2

. X= - (@) (b) n () & @ 5 (e) 3
15, = 16. |2 17. = 18 22

"5 3 "2 " 25

27
19. o 20. (-4) 21. Zero (0) 22. x=1
n 3n

23. x=3 24, Range:{Z,T} 25. A ={0, - 3)

TWO MARKS QUESTIONS
26. A Q,B>S,C>SD>P 21.A-QB->R C—>Q 28.3
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29. (PP+P+11)=143

-19

30. (PP-2P)=195 31.P= ——

9
1
2 5 30. x=0or—1 34, @
1 i
35. x=1 36. 5 37. 5
1
38. (a)0 (b)m 39. i—g 40. (a)g (b) tanz X () x
THREE MARKS QUESTIONS
(n-1)d n
4. P=2 42. (+7) 4. (@) x==1 ) 1,05 © 7.2
4. (@)x=>  (b)x= 2 =0 (d)x=0or~ -2 Hx==
S@x=5  Bx=5  ©@©x=0  (dx=0or5 (e)x= = (Hhx=7

-1

1
47. (f)x=§ (g)x=§

CASE STUDY QUESTION

50. (i) option (a) (i) option (d)

(iv) option (c) (v) option (b)

(iiif) option (b)
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CHAPTER 3

MATRICES

Matrices are defined as a rectangular arrangement of numbers or functions. Since itis a
rectangular arrangement, it is 2-dimensional.

A two-dimensional matrix consists of the number of rows (m) and a number of columns

(n). Horizontal ones are called Rows and Vertical ones are called Columns.

M A T|—» ROW1
A=l H S 1|— ROW2
D O E|{—» ROW3

COLUMN 1 l COLUMN 3
COLUMN 2

ORDER OF MATRIX

Tht order of matrix is a relationship with the number of elements present in a matrix.

The order of a matrix is denoted by m x n, where m and n are the number of Rows and
Columns Respectively and the number of elements in a matrix will be equal to the product of
mand n.

TYPES OF MATRICES

ROW MATRIX

A matrix having only one row is called a row matrix.

Thus A = [aij]mxn is a row matrix if m = 1. So, a row matrix can be represented as A =
[aij]m. Itis called so because it has only one row and the order of a row matrix will hence be
1 x n. For example,

A=[1 2 3 4]is row matrix of order 1 x 4. Another example of the row matrix is

B =10 9 4] which is of the order 1 x3.
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COLUMN MATRIX

A matrix having only one column is called a column matrix. Thus, A= [aij]mxn is a column
matrix if n = 1. Hence, the order is m x 1. An example of a column matrix is:

0o (M
A= 2 ,B=
3l H

In the above example, A and B are 3 x 1 and 4 x 1 order matrices respectively.
SQUARE MATRIX
If the number of rows and the number of columns in a matrix are equal, then it is called

a square matrix.

Thus, A= [aij]mxn is a square matrix if m = n; For example is a square matrix of order 3 x 3.

12 3]
A=|4 5 6
7 8 9

For Additional Knowledge: The sum of the diagonla elements in a square matrix A is
called the trace of matrix A, and which is denoted by tr(A);

tr(A)=a,+a,+..ta,
ZERO OR NULL MATRIX

If in a matrix all the elements arte zero then it is called a zero matrix and it is generally
denoted by O. Thus A = [aij]mxn is a zero-matrix if a, = 0 for all j and j; For example

°F oo
A= 0"3{0 |
el

Here A and B are Null matrix of order 3 x 1 and 2 x 2 respectively.
DIAGONAL MATRIX

If all the non-diagonal elements of square matrix, are zero, then it is called a diagonal
matrix. Thus, a square matrix A = [aij] is a diagonal matrix if a = 0, when izj;
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2 0 0] 2 0 0] 0 0 0]
A=]0 3 0,B=/0 0 0‘ ,C=(0 0 0‘
0 0 4 0 0 4 0 0 4

001
“lo 0

A, B & C are diagonal matrix of order 3 x 3, and D is a diagonal matrix of order 2 x 2.
Diagonal Matrix can also be denoted by

A =diagonal [2 3 4],B=diag[2 0 4],C=[0 0 4]
Important things to note:
(i) A diagonal matrix is always a square matrix

(i) The diagonal elements are characterized by this genertal form: a; where i =.
This means that a matrix can have only one diagonal.

SCALAR MATRIX

If all the elements in the diagonal of a diagonal of a diagonal matrix are equal, it is callled
a scalar matrix. Thus, a square matrix A = [a,./.] is a scalar matrix if

= [a,.j.] is a scalar matrix if

(0 0]
A=la]= ik; i= where, k is constant.

For example A & B are scalar matrix of order 3 x 3 and 2 x 2 respectively.

2 0 0]
-7 0]
A_ 0 2 O,B: |
= 0 -7
00 2|

UNIT MATRIX OR IDENTITY MATRIX

If all the elements of a principal diagonal in a diagonal matrix are 1, thenitis called a unit
matrix. A unit matrix of order n is denoted by / . Thus, a square matrix A = [a,./.]mxn is an identity
matrix if

[0;i#]
A=la]= i1;i:j
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For example /, & /, are identity matrix of order 3 x 3 and 2 x 2 respectively.

100
! 1 0]
L=[0 1 0=y

> o o A

e All identity matrices are scalar matrices
e All scalar matrices are diagonal matrices

e All diagonal matrices are square matrices

TRIANGULAR MATRIX

A square matrix is said to be a triangular matrix if the elements above or below the
principal diagonal are zero. There are two types of Triangular Matrix:

UPPER TRIANGULAR MATRIX

A square matrix [a,.j] is called an upper triangular matrix, if a,= 0, wheni>j.

is an upper triangular matrix of order 3 x 3.
LOWER TRIANGULAR MATRIX

A square matrix is called a lower triangular matrix, if a,= Owheni<j.

D 0 0]
A=|0 D 0
E O El

is a lower triangular matrix of order 3 x 3.

Transpose of a Matrix: Let A be any matrix, then on interchanging rows and columns
of A. The new matrix so obtained is transposes of Adonated ATor A’.

[order of A =m x n, then order of AT =n x m]
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Properties of transpose matrices A and B are:

(@ (ANT=A (b) (KA)" = kAT (k = constant)

(c) (A+B)=AT+B" (d) (AB)"'=B". AT

Symmetric Matrix and skew-Symmetric matrix
e Asquare matrix A = [a,.j] is symmetric if AT=Ai.e. a;=a,Vv iand j
e Asquare matrix A = [ay.] is skew-symmetric if AT=—-Ai.e. a,=-a,

(All diagonal elements are zero in skew-symmetric matrix)

ONE-MARK QUESTIONS

1. Write the number of all possible matrices of order 2 x 2 with each entry 1, 2 or 3.

2. Find the order of the following Matrices. Also find the total number of elements in

each matrix.
‘M 0 0] ' o] 2]
A=A T O B{ | c=1°
(@) Hos L) (b) 2 3l (c) 7
1 2 2]
2 39 iy
(d D=1|5 3 (e)E:L2|J
6 1 3]

3. Give an example of a 2 x 2 Non-zero matrices A, B & C such that
(@) AB=0ObutBA= 0O (b) AB=0Oand BA=0
(c) AB=ACbutB=C

4. Give an example of a 3 x 3 matrix which is
(a) Upper Triangular as well as Lower Triangular Matrix
(b)
(c) Skew-Symmetric Matrix
()

Symmetric Matrix

Neither Symmetric nor Skew-Symmetric Matrix

() Symmetric as well as skew-symmetric

[Class XII : Maths]



10.

1.

(a) How many Matrices of order 2 x 2 are possible with entry 0 or 1. How many of

these are diagonal matrices. List them.

(b) How many Matricesof order 3 x 3 are possible with 0 or — 1. How many of

these are Diagonal matrices?

(c) If there are five one’si.e. 1,1, 1, 1, 1 & four zeroes i.e. 0, 0, 0, 0, Thus how
many symmetric matrices of ordr 3 x 3 are possible with these 9 entries?

1 x*-2 3]
Find ‘x’, if A = 7 o 7 s symmetric Matrix.
3 7 -5
0 x2+6 1]
2
Findx,ifA=|—9X X°=9 7| jg skew-symmetric Matrix.
-1 -7 0]
2y-7 0 O]
Find (x+ ), IfA= 0 x=3 0 is a diagonal matrix.
0 0 7
2 0 y—x]|
Find the value of xy, If A= X+y-2 3 0 is a diagonal matrix
0 0 4 |

1 2][3 1] [1 5]
For | , 3|J 1 2|J: 3 8IJ,whatwiII be the result if we apply

@ R,>R,+R,
(b) C,>C1-C,

If Ais matrix of order m x n and B is a matrix such that AB’and B’A are both defined,

then find the order of matrix B.
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12.
13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

If Ais a skew-symmetric matrix, then (A2?)” = kA?, find the value of k.
If Ais a Symmetric matrix, then (A®)™ = kA3, find the value of k.

If Ais a square matrix such that A2 =, then find the value of (A—/)* + (A +[)* - 7A.

3 21
@I A=, | find for A= kA -2/

1 0]
(b) If[x 1]{_2 O|J = O, then find x.

3
IfA=| X~ 16 is an Upper-Triangular matrix, then find the Value of (x + y — z).
-y z

If all entries of a square matrix of order 2 are either 3, — 3 or 0, then how many Non-
zero matrices are possible?

If all the entries of a 3 x 3 Matrix A are either 2 or 6, then how many DIAGONAL
matrices are possible?

If all the entries of a 3 x 3 Matrix B are either 0 or 1, then how many SCALAR
matrices are possible?

If all the entries of a 3 x 3 Matrix C are either 0 or 1, then how many IDENTITY
matrices are possible?

Amatrix ‘X has ‘p’ number of elements, where p is a prime number, then how many
orders X can have?

Let A and B are two matrices, such that the order of Ais 3 x 4, if AB and BA’ are
both defined then find the order of B'.

If A=diag (3—57), B=diag (-1 2 4) then find (A + 2B).

Find the value (x + y) from the following matrix equation:

3 M o F )

40
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25.

26.

27.

28.

29.

30.

31.

32.

In the following matrix equation use elementary operation R, - R,— 2R, and write
the equation thus obtained.

5206 SHG )

If Ais a square matrix, then show that
(@) (A+ A7) is symmetric matrix.

(b) (A—A")is symmetric matrix.

(c) (AAT)is symmetric matrix.

Show that every square matrix can be expressed as the sum of a symmetric & a
skew-symmetric matrix.

If A & B are two Symmetric matrices of same order, then show that
(a) (AB — BA) is skew-symmetric Matrix.
(b) (AB + BA) is symmetric Matrix.

. Verify that (A + B) C = AC + BC.

LN

1 0] -1 1] 3 3

(b) fA+B=|, 1|J and A-2B=| —1|J then show that A = | 2 lj
3 3

i 0] 0 /]
IfA=], _1| and B = i ||, show that AB = BA

i 0]
5 4] 1 -2]
Find a matrix X, for which | , 1|J X= 1 3 |J

If A and B are symmetric matrices, show that AB is symmetric, if AB = BA.
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33. Match the following:

Possible Number of Matrtices (A,) of order 3 x 3 with entry 0 or 1 which are

(@) Condition No. of matrices
(1) A, is diagonal Matrix P 20
(2) A, is upper triangular Matrix Q 2
(3) A, is identity Matrix R 2
(4) A is scalar Matrix S 26
Cosx -Sinx| Cos nx -Sin nx|
34. IfA= {Sinx Cosxu then prove that A" = {Sin nx Cos nx|J forallne N.

35. Express the following Matrices as a sum of a symmetric & skew-symmetric matrix.

(Note: Part (b) & (c) can be asked for one marker, So Think About This!)

(1 2 3] 12 5]
@ A=|2 5 7‘ byA=|2 5 7‘
-2 -4 -5]] 5 7 -5l
[0 2 -3]
© A=|2 0O 4‘
13 -4 ol

2 3]
36. Show that the Matrix A = L 2|J satisfies the equation A2 —4A + /= 0.

1 1]
37. Find the values of x & y, if A = L 1|J satisfies the equation A2 + xA + y/ = 0.

2 3]

i 2|J such that f (x) = x2 —4x + 7

38. Find f(A), If A= {

42
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(5 4]
39. Find the inverse of 1 1|J using Elementary Transformation.

[cosx -sinx|

|, using Elementary Transformation.

40. Find the inverse of | sinx cosx'|

THREE MARKS QUESTIONS

10 0]
41. LetP={> 1 9 and 0 =[q) be two 3 x 3 matrices such that @ = P* + I,, then
9 3
Q21+ 031
Provethat | — — | =
g32

42. Construct a 3 x 3 matrix A = [a,./.] such that

i+ji>j

; (2";i>j
—i=j i
@ 7 ©)a,= " 1~
li=jsi<] [350<]
[i2+ )20 ] |2i-3]
= ’ _12i-3/]
©) au—ﬂ 0 i) () a,= "5

i
(e) a;= {YIJ , Where [.] represents Greateds Integer Functio

cos® isinf |

43. IfA= Lsine cosb'|’

then prove by principle of Mathematical induction that A” =

[cosne isinnod |
]

isinn® cosnod
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44.

45.

46.

47.

48.

49.

2 3
IfA= [1 2|J , evaluate A® — 4A% + A.

Cosx -Sinx 0]
If £ (x) = Sinx Cosx 0
0 0 1]

, then prove that f(x). f(y) = fix + y).

Hence show that f(x). f(—x) = /, where / is the identy martix of order 3x3.

1 T x| X+y
If f(x) = /1 2 lx 1 |J , prove that f(x).f(y) = f[1+xyj' Heance show that f(x).
fl—=x) =1, Where [x] < 1.

FIVE MARKS QUESTIONS

0 2y =z

Findx, y&zifAT=A"'and A= x y -z
X -y z

.Also Find How many triplets of (x, y,

i
z) are possible. (Note: AA"=A"A=)

1 2 2]

(a) Find the inverse of 2 12
2 2 1)

using Elementary Transformation.

1 2 3]

(b) Find the inverse of 2 5 7
-2 -2 -5l

using Elementary Transformation.

(a) If Ais a symmetric Matrix and B is skew-symmetric Matrix such that A + B =

2 3] 1 2]
5 —1|J then show that AB = | _, —4|J'

4 1] 50 |a bl
(b) IFA=| g _2|JandA o d|J then show that (a + b+ c + d + 398) = 0

44
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CASE STUDIES

50. Two farmers Ramkishanand Gurcharan Singh cultivates only three varieties of rice
namely Basmati, Permal and Naura. The Quantity of sale (in kg) of these varieties

of rice by both the farmers in the month of Septembert and October are givenby the
following matrices A and B.

Basmati Permal Naura

A(September sales) = 1000 2000 3000|T Ramakrishan
5000 3000 1000'|GurcharanSingh

Basmati Permal Naura

B (October sales) = 5000 10000 GOOOﬂRamakrishan
20000 10000 10000'|GurcharanSingh

Based on the above information answer the following:

(i) Find the combined sales in September and October for each farmer in
eachvariety.

Basmati Permal Naura

(a) Total sales = 6000 3000 9000 |Ramakrishan
7000 13000 2000|JGurcharanSingh

Basmati Permal Naura

(b) Total sales = 6000 12000 9000 |Ramakrishan
7000 13000 2000|JGurcharanSingh

Basmati Permal Naura

(c) Total sales = | 6000 12000 9000 | Ramakrishan
25000 13000 2000|JGurcharanSingh

Basmati Permal Naura

(d) Total sales = 6000 12000 9000 |Ramakrishan
25000 13000 11000|JGurcharanSingh
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(i) Find the decrease insales from September to October.

Basmati Permal Naura
4000 8000 9000 |Ramakrishan

(@) Net Decrease in sales = |
7000 13000 2000'|GurcharanSingh

Basmati Permal Naura
4000 8000 3000 |Ramakrishan

(b) Net Decrease in sales = |
15000 13000 2000'|GurcharanSingh

Basmati Permal Naura
4000 8000 3000 |Ramakrishan

(c) Net Decrease in sales = |
15000 7000 9000'|GurcharanSingh

Basmati Permal Naura
4000 8000 3000 |Ramakrishan

(d) Net Decrease in sales = |
15000 13000 9000|GurcharanSingh

If Ramakrishan sell the variety of rice (per kg) i.e. Basmati, Permal and Naura at
Rs. 30, Rs. 20 & Rs. 10 respectively, While Gurcharan Singh Sell the variety of rice
(per kg) i.e. Basmati, Permal and Naura at Rs. 40, Rs. 30 & Rs. 20 respectively.

(i) Find the Total Selling Price received by Ramakrishan in the month of September.

(@) Rs.1,10,000 (b) Rs.2,10,000
(c) Rs. 3,00,000 (d) Rs.3,10,000
(iv) Find the Total Selling Price received by Gurcharan Singh in the month of
September.
(@) Rs.1,10,000 (b) Rs.2,10,000
(c) Rs. 3,00,000 (d) Rs.3,10,000
(v) Find the Total Selling Price received by Ramakrishan in the month of September
& October.
(@) Rs.4,00,000 (b) Rs.5,00,000
(c) Rs.5,10,000 (d) Rs.6,10,000
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ANSWERS

ONE MARK QUESTIONS

1. 81 2. (@) Order=3x3;9 3. Open ended question
(b) Order=2x2; 4 (So Any Suitable Answer)
(c)Order=3x1;3
(d) Order =4 x 3; 12
(e)Order=2x1;2
4. Open ended Question (So Any Suitable Answer)

5. (a)16;4 (b)512;8 (c)12

6. x=x3 7. x=3 8. x+y=17 9. xy=1
1 2][3 1—|_ 1 5] 1 2] 2 2—|_ -4 5]

10 @ |3 8|1 274 13 ® 2 33 3|75 8
11. mxn 12. k=1 13. k=1 14. A
15. (a)k=1 16. x+y—-z=8 17. 80 18. Zero

(b)x=2
19. 2 20. 1 21. Two 22. (4 x 3)

. 2 31 0Y)(8 -3
23. diag(1—-115) 24. x+y=11 25. 3 22 ~1/7\—7 2

TWO MARKS QUESTIONS

-3 -14]
28. 3 3. X=| 4 17|J

33. (1)>R, (2)>S, 3)>P, (4)>Q

12110 Oé—|
2 2
253 0011 12 5] [0 0 0]
_+ —
35. (a) 2 2 (b)25 7/+/0 0 O
1 3 -5 -1 5 7 -5]] [0 O O
— — -5, |— — 0
2 2 L2 2 I
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0 00][0 2 -3]
(C)OOO+—20 4

0 00| |[3 -4 ol
0 0] 1 4]
37. x=-2,y=0 38. | O|J 39. | _4 5|J 40.
THREE MARKS QUESTIONS
1 -1 -2] 1.9 27] 0 5 10]
42 @3 1 —1) by |4 4 27 |5 0 13
14 5 1] 8 8 9 10 13 0l
14 7]
5 5 5
12, 10 0]
@5 5 €% " 0‘
3 3 3 1 1
2 0 =2
L5 5
0 o|—| _+L y:+i z:i' .
44. 0 0] 47. x= = 6”7 /6 \/518Tr|plets
3 2 2]
5 5 5
2 32 32
4. | % 5 5 by |4 1 ‘1‘
2 2 3 2 0 1l
L5 5 51

CASE STUDY QUESTION

50. (i) option (d) (ii) option (c) (iii) option (c)

(iv) option (d)  (v) option (c)

sinx |
—-sinx cosx |

Cos X

48
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CHAPTER 4

DETERMINANTS

a b
A determinat of order 2 is written as | A |= ‘c d‘ where a, b, ¢, d are complex numbers

(As complex number include real number). It denotes the complex number ad — bc .

Even though the value of determinants represented by modulus symbol but the value of
a determinant may be positive, negative or zero.

In other words,

a b ) )
| A= c d” ad - bc (Product of diagnal elements - Product of non-diagonal elements).

Determinant of order 1 is the number itself.
We can expand the determinants along that row or column which contains maximum
number of zeroes.

MINORS AND COFACTORS

MINOR OF AN ELEMENT

If we take an element of the determinant and delete/remove the row and column contain-
ing that element, the determinant of the elements left is called the minor of that element. Itis

denoted by M,.j. For example let us consider a determinant | A |

a b c
|Al=|d e f|=
p q r

[Class XII : Maths] 49



a C
f
r
p r
a b d
r
p r P
a b
d e, .
q
p r

Hence, a determinant of order two will have 4 minors & a determinant of order three will
have 9 minors.

COFACTORS OF AN ELEMENT g

Cofactor of the element g; is C; = (~1)+ M;; ; where i and j denotes the row and col-

umn in which the particular element lies. (Means Magnitude of Minor and Cofactor of a; are

equal).
o Property: If we multiply the elements of any row/column with their respective
cofactors of the same row/column, then we get the value of the determinant.

For example,
|Al=211Cy1 + @12C12 + 813 +Cy3
|A|=a31C31 + @3pCsp + @33 + Ca3

o Property: If we multiply the elements of any row/column with their respective
cofactors of the other row/column, then we get zero as a result.

FOI’ examp|e, a1 1C21 + a12022 + a13 + C23 = 0 = a11C31 + a12C32 + 313 + C33

Note that the value of determinant of order three in terms of Minor & Cofactor can be
written as:

|A[=214C11 +842C1p + 843 + Cyg
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Clearly, we see that, if we apply the appropriate sign to the minor of an element, we have
its cofactor. The signs form a check board pattern.

PROPERTIES OF DETERMINANTS

e The value of a determinant remains unaltered, if the row and columns are inter

changed.
|Al=| AT |
a p x| la b c
b q y=lp q r
c r z| |[x y z

¢ |f any two rows (or columns) of a determinant be interchanged, the value of
determinant is changed in sign only. e.g.

a p x| la x p |by gq
b q yj=b y q=ja x p
c r z|{ |c z r| [c z r

o [f all the elements of a row (or column) are zero, then the determinant is zero.

a 0 x |0 00O
b 0 y|=lp g r|=0
c 0 z| x y z

¢ [fthe all elements of a row (or column) are proportional (identical) to the elements
of some other row (or column), then the determinant is zero.

a ka x| [mp mq mr
b kb yl=|p ¢ r{=0
c ke z X y z

¢ [fall the elements of a determinant above or below the main diagonal consist of
zeros (triangular matrix), then the determinant is equal to the product of diagonal
elements.

a 00 |a x yl |la 00
b 0/=|0 b z|=|0 b O]=abc
0 0 ¢f 00c
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¢ If all the elements of one row/column of a determinant are multiplied by k (A
scalar), the value of the new determinant is k times the original determinant.

ka kp x ap x
kb kq y|l=Kk?’lb q y
kc kr z c r z
ka kp kx a

p X
kb kq kyl=k’b q y
kc kr kz c r z

| kKA |= k™ | A|, where nis the order of determinant.

atx p ml |la p m/ [x p m
o |0ty g ni=b q ni+ly q n
ctz r o| |[c r ol |z r o

p m| |atoap+tpm p m
g n|+|btaq+pn q n
r o| |(ctar+Bo r o

O T 9O

A determinant remains unaltered under an operation of the form C; — C; +a.C; +BCy

where j, k # i oran operation of the form R; > R; +aR; +BR, where j k=i

AREA OF TRIANGLE

Area of a triangle whose vertices are (x4, y4), (X5, ¥») and (xs, y3) is given by

P 1
A=|—|x 1
|2 1 Y2

Xy Y3

(sq. units)
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ADJOINT OF A MATRIX

Let A= [a,-j]mx,, be a square matrix and C,-j be cofactor of &; in |A|.

Ci1 Cy Cyyl
Then, (adJA)= [CU] = adJA = C12 C22 C32
Ciz Co3 Cgsll

o A-(adjA)=(adjA)- A=|A|
e (adjAB)= (adjB)- (adjA)

e |adjA|=|A|"", where nis the order of a matrix A.

SINGULAR MATRIX
A matrix A is singular if | A|=0 and itis non-singularif | A|= 0
2 3 . . .
|Al= ‘1 4‘ = 5% 0 So A is non-singular matrix.

2 8

A=
1 4

‘ =8-8=0, So Ais singular matrix.

INVERSE OF A MATRIX

A square matrix A is said to be invertible if there exists a square matrix B of the same

order such that AB = BA = 1 then we write A~ =B, (A‘1 exists only if | A|= 0)

1 1 Ciy Cy Cyq
A_1 = —(adJA) = C12 C22 C32
Al Al o2 2
13 Coz  Casl]
e (ABY'=B".A"1 e (A=A o (ATY'=(AhT
L
(] A'A71:A71A=I (] IA |_|A|

e |A-adjA|=| A|” (where nis the order of matrix A)
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9.

.2
.If A, B, C are the angles of a triangle, then find the value of sin"B  cotB

ONE MARK QUESTIONS

. If A'is a matrix of order 3 x 3, then find the value of |3A|.

. What is the sum of the products of elements of any row of a matrix A with the co-

factors of corresponding elements.

. What is the sum of the products of elements of any row of a matrix A with the co

factors of elements of other row.
sin?A cotA 1

1
sin?C cotC 1

2 25 210

fA=|0 3 3°|, thenfindthevalue |A~"|.

0 0 1

sinA cosA sinA+cosB

. Find the value of |sinB cosA sinA+cosB

sinC cosA sinA+cosB

2
ax X 1 a b c

JIf =|by y2 1,|x y z|,thenfind the relation between A and B.

cz 7z 1 |yzZ xz xy

. Find the value of k, if the area of a triangle with vertices (-3, 0), (3, 0) & (0, k) is 9 sq.
units.
If Ais a square matrix of order 3 x 3 such that | A |= k, find the value of | -A |.

10. A & B are square matrices of order 3 each, | A| =2 & |B"| = 3. Find |-4 AB|.

11. If Ais an invertible matrix of order 3 and |Adj A| = 25, then write the value of |5A|.

12. If Ais an invertible matrix of order 2 and |A| = 4, then write the value of |A™|.

13. For what value of k, the matrix [

10 ]

3k+2 —5|J is singular matrix.
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14. Using determinants, find the area of triangle with vertices A(2, 0), B(4, 5), C(6, 3).

2 5
15. For what value of k, the matrix L{ 10@ has no inverse.

16.If A= 35 ,find A.(Adj A).
4 7
2 3 4
17.1f A=|0 1 5| find A.(Adj A).
0 0 6
cosO -sin0 )
18.1f A=| | , then for any natural number n, find the value of |A"|.
sin® coso

19. For what value(s) of a, the points (a,0), (2,0) and (4,0) are collinear?

20.For A= 3 _4ﬂ write A",
1 1]
TWO MARKS QUESTIONS
0 a -»b
21. Without expanding the determinants prove that|-a 0 -c|=0
b ¢ O

X+1 X+2 Xx+a

22. Without expanding at any stage, prove that [x+2 x+3 x+b|=0; wherea, b

x+3 x+4 Xx+c

and c are in A.P.

1 -2 5

23. There are two values of a which makes determinant |-2 a -1|= 86, then find

0 4 2a

the sum of these numbers.
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24.

25.

26.

27.

28.

20.

30.

31.

32. Using properties of determinants prove that, | ab b?+1 be |=1+a’>+b%+c

Let A be a 3 x 3 matrix such that |A| = -2, then find the value of [2A7"] + 2 |A].

4 3

If A= 4 5|} then find the value of k, such that A7 = kA
-4 3] )

If A= 4 5|J then find the value of k, such that A3 = k/
[a b c] [yr—zqg cq-br bz-cy]

If A=|x y 2z ,B=|zp-xr ar-cp cx-az| .Find|B|if|Al =4
lp q rl] |xq-yp bp-aq ay-bxl|
fa b c]| [yr—zq cq-br bz-cy]

If A=|x y 2z|,B=|zp—xr ar—cp cx—az| .Find|A|if|B|=25
lp q rl] |xq-yp bp-aq ay-bxl|

x> +3x x-1 x-3
Find the value of E,if | x+1 2-x x-3 =Ax* +Bx® +Cx® + Dx+ E
x-3 x+4 3x

1 2! 3!
Prove that | 2| 3! 4!|=4!
3! 41 5!
THREE MARKS QUESTIONS
p b c
Ifazpb=qg,c#rand|a q c|=0findthe valueof P + q + r )
bt p-a q-b r-c
a

a’+1 ab ab
2

ca cb  c?+1
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1 a a?
33. Using properties of determinants, prove that |1 b b?|= (@a-b)b-c)(c-a)

1 ¢ ¢

34. If Ais a square matrix of order 3, such that |Adj A| = 25, then find the value of

(@Al (b) |- 2A7|
(c) | 4A7| (d)|5A]
(e) AAdj A (f) |A.Adj A
(@) | A%
35. If Aiis a square matrix of order 3, such that |A| = 5, then find the value of
(@) | 3A] (b) |- 2A7|
(c) [4A7 (d) |Adj Al
(e) |A.Adj A| (f) |JA.Adj A]
(9) 1A%
1 2020 2019 ] 2 0 O]

36.1fA=]0 1 2018|,B=|2019 1 0] thenfind the value of
0 0 3 2018 2018 A1l

(a) |AB (0) [(AB)|
(c) |A2.B°| (d) [3(AB)"]
(e) |Adj (Ab)|

37. Find matrix X such that 2 3ﬂx 7 _21: 4 3ﬂ
120701 111

38. Using properties of determinants, prove the following

a’+1 ab ac
(@) | ab  b2+1 bc |=1+a°+b?+c?
ca cb  c¢®+1
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0 99 9938
b | -99 0 ~97 |=0

() |[c?a® ca c+a|=0

—bc  b?+bc c?+bc
(d) a’+ac -ac c’+ac =(ab+bc+ca)3

a’+ab b®+ab -ab

1 1+p 1+p+q
(e)|2 3+2p 4+3p+2q (=1
3 6+3p 10+6p+3qg

0 a -b
(f |-a 0 —-c|=0
b ¢ O
a b c ]
(@) |b ¢ b :3abc—a3—b3—03:—E(a+b+c[(a—b)2+(b—c)2+(c—a)2]
c a a

—a(b? +c? - a?) 2b° 2c3
(h) 2a° —b(c? +a% - b?) 2c® =abc(a® +b? +¢?)°
2a° 2b3 —c(a®+b%?-c?)
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(b+c)®  a? a’

()| b®> (a+c)* b® |=2abc(a+b+c)
c? ¢ (a+b)
a+b+2c a b
() c b+c+2a b =2(a+b+c)®
c a c+a+2b
1 X X+1
k)| 2x x(x —1) x(x+1)  |=6x2(1-x?)

3x(1-x) x(x—-ND(x-2) x(x+1)(x-1)

39. Find matrix X such that

2 3] [7 -2] 2 31, [7 -2
(a)XL 2|f{1 1|J (b)L ZUX_L 1|J

2 3] [7 -2] [1 0]
©) {1 2|JXL 1|f[0 1l

40. Without expanding at any stage, prove that

e, "¢, "™c, b’c?> bc b+c
2,2 _
@|"c, "c; ™cy|=0 (p)|¢@ ca c+a =0
nCS nc4 n+1 C4 azbz ab a-+ b

(2019% +20197%)? (2019% +20197%)? 1
(c) |(2020% +20207%)? (2020 +20207%)?> 1|=0
(2021 +20217%)? (2021 +20217%)? 1

V13443 23 26
V154426 2415 52 [=0

(d)
3+4/65 6 J130
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a b-y c-z
41.1f la—x b ¢ —z|=0, then using properties of determinants, find the value of
a-x b-y ¢

a

Xy Z,wherex,y&z;«tO

b+c c+a a+b
42.If a, b, c are real numbers such that [c+a a+b b+c|=0 show that either
a+b b+c c+a

atb+c=0ora=b=c.

a a’ 1+a°
43.Ifa, b, care all distinctand [b b?> 1+b%|=0, find the value of (abc).

c ¢ 1+¢°

c
rl,B=A? suchthat (a—b)2+(p-q)2 =9, (b—c) +(q—r)> =16
I

44 If A=

- T O
- O O
—_

and (c-a)? +(r - p)? = 25 then find |B.

FIVE MARKS QUESTIONS

3 4 5]
45. Find the inverse of the matrix |2 -1 8| and hene solve the system of equations:
5 -2 7l

3x+4y+5z=18
5x-2y+7z2=20

2x—-y+8z=13
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46. (a) Aschool wants to award its students for regularity and hardwork with a total cash
award of Rs. 6,000. If three times the award money for hardwork added to that given
for regularity amounts to Rs. 11,000 represent the above situation algebraically and
find the award money for each value, using matrix method.

(b) Ashopkeeper has 3 varieties of pen A, B and C. Rohan purchased 1 pen of each
variety for total of Rs. 21. Ayush purchased 4 pens of A variety, 3 pens of B variety &
2 pen of C variety for Rs. 60. While Kamal purchased 6 pens of Avariety, 2 pens of B
variety & 3 pen of C variety for Rs. 70. Find cost of each variety of pen by matrix
method.

1 2 -3]
2 3 2
3 -3 -4l

47.Find p-1, where . Hence use the result to solve the following system

of linear equations:

X+2y+3z=-4
2x+3y+2z=2
3x+3y+4z=11

1 2 =3]

48. Find p-1, where A = 2 3 2 Hence, solve the system of linear equations :
3 -3 -4

X+2y+3z=38
2X+2y+4z=6

-3X+2y+4z=-6

4 -1 2]

-1 2 =2 . Hence use

49. Find p-1 using Elementary Transformation, where A =
3 -3 4]

the result to, solve the system of linear equations :

4x-y+3z=6
—X+2y—-3z=-2

2x -2y +z=1
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4 4 4]

1
50.1fA=|~7 1 3| andB =]
5 -3 | 2

-1 1]
-2 -2

‘ find AB. Hence using the poroduct solve
1 3]

the system of eq.
X—-y+z=4, x-2y-2z=9, 2x+y+3z=1

1 3 -2] 1 -2 -3]
51. Find the product of matrices AB, where A ~ 30 _1‘ ,B~ -2 4 7 and
2 1 01 -3 5 9

use the result to solve following system of equations :
x—-2y-3z=1, -2x+4y+5z=-1, -3x+7y+9z=-4

1 -1

1
52.IfA~ 121 Find 4-1 & use it to solve the following system of equations :
1 3 5

X—y+z=1
-X+2y+3z-4=0
X+y+5z=7
53. A family wanted to buy a home, but they wanted it to be close to both the children’s
school and the parents’ workplace. By looking a map, trhey could find a point that is

equidistant from both the workplace and the school by finding the circumcenter of the
triangular region.

FES <l

62

[Class XII : Maths]



If the coordinates are A (12,5), B (20, 5) and C (16, 7) on the basis of this answer the
following :

(a) Using the concept of Determinants, Find the equation of AC.
(@) x-2y =0 (b) x+2y =22
(c) x-2y=2 (d) x-2y=2

(b) Using the concept of Determinants, Find the equation of BC.
(a) x—2y =30 (b) x—2y =10
(c) x+2y =30 (d) x+2y =20

(c) What will be the area of TRIANGULAR REGION ABC (in sq. Units).
(@)2 (b)4
(c)6 (d)8
(d) If O (16, 2) is the circum-centre of AABC, then find the Area of AAOC (in sqg. Units).

(a)10 (b)8
(c)6 (d)4

(e) If any point P (2, k) is collinear with point A (12, 5) and O (16, 2), then find the value
of (2k —15).
(a)-10 (b) 10
(c)2 (d)o

54. For keeping Fit, X people believes in morning walk, Y people believes in yoga and Z
people join gym total no of people are 70. Further 20%, 30% and 40% people are
suffereing from any disease who believe in morning walk, yoga and gym respectively.
Total no. such people is 21. If morning walk cost Rs 0 cosr Rs. 400/ month and total
expenditure is Rs 23000.

Solve the above problem using Matrices and Answer the following

(a) If we foremulater this problem, then which of the equation is NOT possible :
(@ X+Y+2Z=70 (b) 2X +3Y +4Z = 21

() 2X +3Y +4Z =210 (d) 5Y +4Z2-230=0
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11 1]
Al2 3 4
0 5 4

(b) If matrix ' represents the coefficent of X, Y and Z in above 3 corrected

Equation, then

] -8 1 1] ] -8 1 1]
-1_ - -1_ -
10 -5 11| 10 -5 ]
] -8 1 1] ] -8 1 1]
1 _ - 1 _ -
10 5 1| 10 -5 ]

(c) On solving above system of equations using matrix method, find the numer of person
who prefer morning walk.

(a)10 (b) 20
(c)30 (d)40
(d) On solving above system of equations using matrix method, find the total number of
person who prefer GYM.
(a)10 (b) 20
(c)30 (d)40

55. An amount of Rs 600 crores is spent by the government in three schemes. Scheme
A is saving girl child from the cruel parents who don’t want girl child and get the
abortion before her birth. Scheme B is for saving of newlywed girls from death due to
sowry. Scheme C is planing for good health for senior citizen. Now twice the amount
spent on scheme C together with amount spent on Scheme Ais Rs 700 crores. And
three times the amount spent on Scheme A together with amount spent on scheme B
and Scheme C is Rs. 1200 crores.

If we assume invest (In crores) Rs. X, Rs. Y and Rs. Z in scheme A, B and C respec
tively.
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Solve the above using matrices and answer the following :
(a) If we formulate this problem, then which of the equation is NOT correct :
(@ X+Y+Z-600=0 (b) X +2Z =700

(€) X+2Y =700 (d)3X+Y+Z-1200=0

11 3]

(b)lfmatrix:1 01
12 1

' represents the coefficient of X, Y and Z in above 3 corrected

]

Equation, then

1‘—2 5 1] 1‘—2 5 1]
-1 _ -1 _

(a) A = 0 -2 2) (b) A 0 -2 2)

L2 -1 ] 2 1

2 5 1] 2 5 1]

At=Mo 22 At=Mo 2 2
(c) 4 (d) T4

2 1 1 2 -1 |

(c) On solving above system of equations using matrix method, find the amount spent (in
crores) in Scheme A.

(a) 100
(c) 300

(b) 200
(d) 400

(d) On solving above system of equations using matrix method, find the amount spent (in
crores) in Scheme B.

(a)100
(c) 300

(b) 200
(d) 400

(e) On solving above system of equations using matrix method, find the amount spent (in
crores) in Scheme A.

(a)100 (b) 200

(c) 300 (d) 400
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ANSWER

ONE MARKS QUESTIONS

1. 27 |A| 2. |A| 3.0 4.0
1
5. 5 6. 0 7.A=B 8. +3
1
9. (k) 10. (—384) 1. +25 12. 7
10
13. (=1) 14. 7 sq. units 15. k=4 16. 0 1
12 0 O
17. 0 12 0 18. 1 (one) 19. acan be any real number
0 0 12

1 4
20. | 4 4

TWO MARKS QUESTIONS

23. sum=4 24. 0 (Zero)
25. 5=+ 26. k =-1
27. 16 28. +5
29. (-39)

THREE MARKS QUESTIONS

31. 2
+64

34. (a) £5 (b) 740 (€ —5- (d) +625
(e) +51 ) +125 (9) +125
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35. (a)135 (b) —40 © % (d) 25
(e)5/ ) 125 () 125
36. (a)6 (b) % (c) 72 (d) 162
(e) 36
C1[2 31]
37 %7911 -1
16 -25] 1 7] 15 —17]
39. (a) X:L 4l o X:{—s sy © 25{ 3 12]]
41. 2 42. (1) 4. 144

FIVE MARKS QUESTIONS

45. x=3,y=1z=1

46. (a) Award money given for Honesty = Rs 500,Regularity = Rs. 2000 anmd Hard
work = Rs. 3500

46. (b) Cost Pen of Varietry A = Rs. 5, Variety B = Rs. 8, Variety C =Rs. 8

47. x=3,y=-2,z=1 48. x=0,y=1,2z=2
50. x=3,y=-2,z=1 51. x=-4,y=-1,z=-1

52. x=-4,y=-3,z=2

CASE STUDY QUESTION

53. (a)option (iv) (b) option (iii) (c) option (iv) (d) option (i)
(e) option (ii)

54. (a) option (ii) (b) option (i) (c) option (ii) (d) option (iii)
(e) option (ii)

55. (a) option (iii) (b) option (ii) (c) option (iii) (d) option (i)

(e) option (ii)
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CHAPTER 5

CONTINUITY AND DIFFERENTIABILITY

POINTS TO REMEMBER

A function f(x) is said to be continuous at x =c iff )lci_r)rcl f(x) =f(c)
e lim,_ .- f(x) = lim,_+ f(x) = f(c)
f(x) is continuous in (a, b) iff it is continuous at x =c Vce (a,b).
f(x) is continuous in [a, b] iff
(i) f(x) is continuous in (a, b)
(i) limy o+ f (x) = f(@)
(i) limy,p- fF(x) = f(b)
Modulus functions is Continuous on R
Trigonometric functions are continuous in their respective domains.
Exponential function is continuous on R
Every polynomial function is continuous on R.
Greatest integer function is continuous on all non-integral real numbers
If f (x) and g (x) are two continuous functions at x = a and if ¢ € R then
(i) f(x) £ g (x) are also continuous functions at x = a.

(i) g (x) .f(x), f(x)+c, cfix), ]| f(x)| are also continuous at x = a.

(iii) %is continuous at x = a provided g(a) # 0.

A function f (x) is derivable or differentiable at x = ¢ in its domain iff
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f(X) f(C) FGO-£()

lim,_, - = lim,_, .+ =———=, and is finite

The value of above limit is denoted by f’(c) and is called the derivative
of f{x)atx=c.

4yt
dx dx dx

° —(u V) = u — + V. g_u (Product Rule)
d (u) _ ve-ug :

L4 = (;) = % (Quotient Rule)

. If y= f(u) and u=g(t) then & =L x = f'(w)g'(t) (Chain Rule)

° If y =f(u), x=g(u) then,
dy dy du_f'(w)

X —
dx  du’ dx g’(u)

° Rolle’s theorem: If f (x) is continuous in [a, b] derivable in (a, b) and f
(a) = f(b) then there exists at least one real number ¢ € (a, b) such that
f(c)=0.

° Mean Value Theorem : If f (x) is continuous in [a, b] and derivable
in(a, b) then there exists at least one real number ¢ € (a, b) such that

v fB) = f(a)
@) =———

Every differentiable function is continuous but its converse is not true.

ONE MARK QUESTIONS

1.  Let f(x) = sin x cos x. Write down the set of points of discontinuity of
f(x).

2. Givenf (x) = —, write down the set of points of discontinuity of f (f(x)).
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10.

11.

12.

13.

14.

15.

Write the set of points of continuity of
f) =lx—1]+|x+1]

Write the number of points of discontinuity of f(x) = [x] in [3, 7].
Ify = elog (xs), find ﬂ.

dx
If f(x) = x2g(x)and g(1) = 6, g'(x) = 3, find the value of f'(1).

If y=asint, x = a cos t then find Z—y
X

Find value of f(0), so that —e’+2* may be continuous at x=0.
X
X*+7 is discontinous.

Find the values of x for which f(x) =—————
X +3x°-x-3

If y = tan"'x + cot'x + sec™'x, cosec 'x then find dy/dx

If y = log, e find gy
dx

y =log,x + log,a + log,x + log,a, then j_y =7?
X
1

(b) xloga

+xloga (c) I0£+ X (d) None of these

1
(a) -+ xloga
X X loga

Ify =5 . x’, then find dy
dx

What is derivative of sin”(2xy/1— x2) W.r.t. Sin™" (3x — 4x°) ?

) d
Ify= \/sinx+\/sinx+ SINX + v w0, then find (2y—1)d—i

TWO MARKS QUESTIONS

sin x

Differentiate sin (x*) w. r. t. e

y = x’ then find &
dx
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10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

If y=x*+x%+ 3"+ 3° find @
dx

If y = 2sin™ (cosx) + 5 cosec™ (secx). Find &
d
X

If y = ¢ [og (s~ logx] g g dy
dx

Differentiate Sin™" [x ~/x]w.r. t. x.

Find the derivative of [x+2| w.r.t. x

Find the domain of the continuity of f(x) = sin"'x —[x]

Find the derivative of cos (sin x*) w.rt. x at x = \/g

d
If y=e°**"* Prove that % = x’(2x+3) ™.

Differentiate sin’(6*+1) w.r.t. 67

. dy .1 \/;—1) 1[\/;+1J
Find —if = 8In + secC
ax " Y (\/;H 1

If X + y* = 1 verify that ﬂd—x= 1
dx dy

Find ¥ when y = 10"
dx
2

Findy = ‘f'dd—y
ind y =x"find '3

Find dy if y= cos™ (sinx)
ax Y

Iff(x) =x+7,and g(x)=x-7,x € R, them find di (fog) (x).
X

Differntiate log (7 logx) w.r.t x

If y = f(x*) and ' (x) = sinx’. Find ay

dx
Find j—iify = sin"'J/x
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THREE MARKS QUESTIONS

1. Examine the continuity of the following functions at the indicated points.

0 feo)= {xz cos (%)i * 8 atx =0
) _

n  fe={ 7T ate=1

1

(I f(x>={ef‘1 Xx#F 0 x=0

ex+1
0 ,x=0
x—cos(sin~1x) X 1
_ ) 1—tan(sin~1x) V2 _ i
(IV) f) = 1 x:iatx_x/i
V2 V2
2. For what values of constant K, the following functions are continuous at
the indicated points.
VIFRx—VI=Kx .
. _ x < —
(i) fe) = 2xx+1 x>0 atx =0
x—1
e*-1
(ii) f(x) = {log (1+2x)x #0 atx =0
K X= 0
1—cos4x
x2 x<0
iy  fx)= K x=0 atx=0
Lx >0
16+/x—4
3. For what values a and b
x+2 N
+2] Cifx< -2
fx) = a+b ifx=-2
x+ 2 i -
+ 2 ifx > =2
[x + 2|

Is continuous at x = =2
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4. Find the values of a, b and c¢ for which the function

(sin[(a + 1)x] + sinx

X x<0
fG) = ¢ x=0
Vx+bx2—vx x>0

bx3/2

Is continuous at x = 0

s p- [tz

Find the value of A, fis continuous at =0 ?

1-sin®x ; x < z

3co %x ,ZT

6. Letf)={ a ; x=2
b(1-sin ) T

(m-2x)2 ; X > P

If £(x) is continuous at x = % find a and b.

3 <1
o=

Is everywhere differentiable, find the value of a and b.

8. Find the relationship between a and b so that the function defined by
ax+1, x<3| . )
f(x)= is continous at x =3.
bx+3, x>3

9. Differentiate tan™* (%xz) w.r.t cos™*(2xvV1 — x2) where x # 0.

— xx : dy
10. Ify =x*, then find T

11. Differentiate (x cosx)* + (x sin x)% w.r.t. x.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

If (x + y)™*" = x™. y™ then prove that % = %

If (x — y).e x-y = a, prove that y(j—y) +Xx =2y
X

If x = tan Glog y) then show that

d2y dy
1+ x) =+ (2x—a)—=0
( X)dxz(x a)—-

Ify = xlog (#) prove that x3 &y _ (xd—y — y)z.

dx?

2x+1.3x

Differentiate sin~! [ ] w.rt x.

1+(36)*

IfV1—x6 4+ /1 —y5 =a(x®—y?%), prove that

d 2 6
=X 12 \where —1 <x < 1 and —1 <y < 1 [HINT: put X’sin A and
dx  y%\1-x°

v sin B]

If f(x) =/x2+1,9g(x) = % and h(x) = 2x — 3 find f’[h’(g’(x))].

y2+4

d
If x =secO —cosf and y = sec™@ — cos™0, then prove that 2= n |=
dx x“+4

d
If x¥ + y* + x* = m" , then find the value of ﬁ .

a? i
If x = a cos30,y = a sin30 then find —32/ atx =—
dx 6

—1 [V1+sinx —V1-sinx
V1+sinx 4+ V1-sinx

d
Ify = tan ]where 0 <x <2 find=>
dx
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2 2 d’? b*
23. 12 4+ 2 = 1,then show that —=2 = ———.
a® b dx ay

24, Verify Rolle’s theorem for the function

f(x) = e*sin2x [0, g]

25. Verify mean value theorem for the function
fx) =vVx?—4 [2,4]

26. If the Rolle’s theorem holds for the function
f(x) =x3+4bx*+ax+5o0n [1,3] with ¢ = (2 +\/%)
Find the value of a and b.

27, lf=[x+Vx?+1 ]m , show that (x% + 1)y, + xy; —m?y = 0.

3x+41—x°

28. Differentiate sin™?! — | wrt x
29 If x¥Y = e*™Y, prove that dy _ _logx
) P dx  (1+log )2

30. If f:[-5,5] = R is a differentiable function and f’'(x) does not vanish

anywhere, then prove that f(—5) # f(5).

I
31. If )/"+y " = 2x then prove that (x*> —1)y, +xy, =m’y.
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ANSWERS

ONE MARK QUESTIONS TWO MARKS QUESTIONS

] - ] 2xcos(x?)
' ' cos x 5"
yZ
2. -2,-3 2. —
2% x[1-ylogx]
3. R 3. X*[1 +log x] + 3x* + 3 log 3
4, Points of discontinuity of f(x) are 4,5,6,7
Note- At x = 3, f(x) = [x] is continuous because lim,_ 3+ f(x) = 3 = f(3)
4. -7
4 1
5. 5x 5. _7
6. 15 6. 3| x
2N1-x?
7. -cott )
7 2x(x"+2)
X*+2
8. -1+log2
8. (-1,0) U (0,1)
9. x=-1,1,-3 9. 0
1. Sin (20° +2),0£0
10. 0
12. 0
2 10% X
. 2xcos (x) 14, 10" x10 1OXIog10[Ll+Iog10Iogx}
X
12. (d) 15. X [(1+Iogx)z+%]
13, 5 (x’log5 + 5x) 16. -1
17. 1
14. 2/3 18. L
cosx xlogx
15. (C) L4
2y -1) 19. 2x sinx

,Where 0 <x<1

1
20. 4x\1 = xy/sin”"x

76 [Class XII : Maths]




© © N o a0 A~

11.

16.

18.

20.

21.

22.
26.
28.

THREE MARKS QUESTIONS

N Continuous
()} Discontinuous

() Not Continuous at x = 0

(IV)  Continuous

0  K=-1

n K=/
am K=8
a=0, b=-1
-3 1
a=7,b=R—{O},c=E
A=-1
a=1, b=4
2
a=3,b=5
3a-3b=2

1

2
x* x** {(1 +logx)logx + %}

14+x cotx—log(x sin)*

(x cosx)*[1 — x tanx + (logx cosx)] + (xsin x)l/x [

[ ] log6
1+(36)*
2
V5
dy _ x*(1+logx)+yxY~1—y*logy
dx xYlogx + xy*X~1
52
27a
_1

2
a=11, b=-6

1

1-x2
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CHAPTER 6

APPLICATION OF DERIVATIVES

IMPORTANT POINTS TO REMEMBER

Rate of change: Let y = f(x) be a function then the rate of change of y
d
with respect to x is given by ﬁ = f'(x) where a quantity y varies with

another quantity x.

{d—y} or f' (x1)represents the rate of change of y w.r.t. x at x = x;.
X = X

dx
- M

Increasing and Decreasing Function

Let f be a real-valued function and let I be any interval in the domain of f.
Then f is said to be

a) Strictly increasing on I, if for all x; x, € I, we have
x1 <x3 = f(xg) < fxz)

b) Increasingonl|, ifforallx; x, € I, we have
x1 <x = f(xg) < fxz)

c) Strictly decreasing in I, if for all x; x, € I, we have
x1 <x3 = f(x) > fx2)

d) Decreasingonl, ifforallx; x, € I, we have
x1 <x = f(x1) = fx2)

Derivative Test: Let f be a continuous function on [a, b] and
differentiable on (a, b). Then
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a) f is strictly increasing on [a, b] if f'(x) > 0 for each x<(a, b).

b) f isincreasing on [a, b] if f'(x) = 0 for each x€ (a, b).

c) f is strictly decreasing on [a, b] if f'(x) < 0 for each x€ (a, b).

d) f is decreasing on [a, b] if f'(x) < 0 for each x€ (a, b).

e) f is constant function on [a, b] if f'(x) = 0 for each xe (a, b).
e Tangents and Normals

a) Equation of the tangent to the curve y = f(x) at (x1,y,) is
dy
y—y1= [—] (x —x1)
dx (x1,y1)
b) Equation of the normal to the curve y = f(x) at (xq,y,) is

-1
Y= Y1 =[dy—(x—x1)
dxl(xpy1)
e Maxima and Minima
a) Let f be a function and c be a point in the domain of f such that either
f {(x)=0 or f ‘(x) does not exist are called critical points.
b) First Derivative Test: Let f be a function defined on an open interval
I. Let f be continuous at a critical point cin I. Then

i. f (x) changes sign from positive to negative as x increases
through c, then c is called the point of the local maxima.

ii. f (x) changes sign from negative to positive as x increases
through c, then c is a point of Jocal minima.
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iii. f ’(x) does not change sign as x increases through c, then c is
neither a point of /ocal maxima nor a point of /ocal minima.

Such a point is called a point of inflexion.

c) Second Derivative Test : Let f be a function defined on an interval |

and let c € I. Let f be twice differentiable at c. Then

i. x = ¢ is a point of local maxima if f '(¢) = 0 and f "(¢c) < 0. The
value f (c) is local maximum value of f.

i. x=cis a point of local minima if f '(c) = 0 and f"(c) > 0. The
value f(c) is local minimum value of f.

iii. Thetestfailsif f(c)=0and f"(c)=0.

ONE MARK QUESTIONS

Find the angle 6, where 0< 6<§, which increases twice as fast as its

sine.

Find the slope of the normal to the curve x =acos®6 andy =

asin®@atf = %
A balloon which always remains spherical has a variable radius. Find
the rate at which its volume is increasing with respect to its radius

when the radius is 7cm.

Write the interval for which the function f (x) = cosx,0 < x < 2mis

decreasing

80
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10.

1.

12.

13.

14.

15.

16.

17.

For what values of x is the rate of increasing of x> —5x? + 5x + 8 is

twice the rate of increase of x 7

Find the point on the curve y = x* — 2x + 3 where the tangent is

parallel to x-axis.

Write the maximum value of f(x) = 10% Jif it exists.

Find the least value of f(x) = ax +%,where a>0, b>0 and x>0.
Find the interval in which the function
f(x)=x—e" + tan<27n> increases

Find the value of a for which the function f(x) = x2 — 2ax + 6,x > 0 is

strictly increasing.

Find the minimum value of sin x + cos Xx.

Show that f(x) = cos 2x is Decreasing on < %)

Find the absolute maximum of x*° — x2° on the interval (0,1).

Find the angle between y2 =xand X’ = y at the origin.

Find the local minimum value of f(x) if f(x) =3 + | x|, x € R.

The distance covered by a particle in t sec.is given by x = 3 + 8t — 4t2. What will be its

velocity after 1 second.

If the rate of change of volume of a sphere is equal to the rate of change of its
radius, then find r.
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10.

1.

12.

13.

14.
15.

16.
17.
18.

19.
20.

TWO MARKS QUESTIONS

Find the co-ordinates of the point on the curie y*> = 3 — 4x, where

tangent is parallel to the line 2x + y -2 =0
The sum of the two numbers is 8, what will be the maximum value of

the sum of their reciprocals.

Find the maximum value of f(x) = 2x*> — 24x + 107 in the internal [1, 3]

If the rate of change of Area of a circle is equal to the rate of change its
diameter. Find the radius of the circle.

The sides of on equilateral triangle are increasing at the rate of 2 cm/s.

Find the rate at which the area increases, when side is 10 cm.

If there is an error of a% in measuring the edge of cube, then what is the percentge
error in its surface?

If an error of k% is made in measuring the radius of a sphere, then what is the
percentage error in its volume?

Find the point on the curve y? = x where taget makes 45° angle with x—axis.
Find the slope of targettothe curve x=3t2+1,y=t*—1atx =1

If the curves y = 2e* and y = ae* interect orthogonally, then find a.

Find the point on the curve y? = 8x for which the abscissa and ordinate change at the
same rate.

Prove that the function f(x) = tan x — 4x is strictly decreanig on T

3'3)

Find the point on the curve y = x3 where the slope of the tangent is equal to the x co-
ordinate of the point.

Use differentials to approximate the cube root of 66.
Find the maximum and minimum values of the function f(x) = sin (sin x)
Find the local maxima and minima of the function f(x) = 2x3 — 21x? + 36x — 20.

Ify =alog x + bx? + x has its exteme values at x = -1 and x = 2, then find a and b.
2 2
Find the equation of the target to the hyperbola X—2 - };—2 =1 at the point (x,, y,).
a

If the radius of the circle increases from 5 into 5.1 cm, then find the increase in area.

Find the equation of the normal to the curve y = 2x® + 3 sin x at x = 0.

82
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THREE MARKS QUESTIONS

1. In a competition, a brave child tries to inflate a huge spherical balloon
bearing slogans against child labour at the rate of 900 cm?3 of gas per
second. Find the rate at which the radius of the balloon is increasing,

when its radius is 15 cm.

2. An inverted cone has a depth of 10 cm and a base of radius 5 cm.
Water is poured into it at the rate of %c.c. per minute. Find the rate at

which the level of water in the cone is rising when the depth is 4 cm.

3. The volume of a cube is increasing at a constant rate. Prove that the
increase in its surface area varies inversely as the length of an edge of

the cube.

4. A kite is moving horizontally at a height of 151.5 meters. If the speed of
the kite is 10m/sec, how fast is the string being let out when the kite is
250 m away from the boy who is flying the kite ? The height of the boy

is 1.5 m.

5. A swimming pool is to be drained for cleaning. If L represents the
number of litres of water in the pool t seconds after the pool has been
plugged off to drain and L = 200(10 — t)2. How fast is the water
running out at the end of 5 sec. and what is the average rate at which
the water flows out during the first 5 seconds?

6. A man 2m tall, walk at a uniform speed of 6km/h away from a lamp
post 6m high. Find the rate at which the length of his shadow
increases.

7. A water tank has the shape of an inverted right circular cone with its
axis vertical and vertex lower most. Its semi- vertical angle is
tan~1(0.5). water is poured into it at a constant rate of5m3/h. Find the
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10.

11.

12.

13.

14.

15.

rate at which the level of the water is rising at the instant, when the
depth of Water in the tank is 4m.

A spherical ball of salt is dissolving in water in such a manner that the
rate of decrease of the volume at any instant is proportional to the
surface area. Prove that the radius is decreasing at a constant rate.

A conical vessel whose height is 10 meters and the radius of whose
base is half that of the height is being filled with a liquid at a uniform
rate of 1.5m3/min. find the rate at which the level of the water in the
vessel is rising when it is 3m below the top of the vessel.

Let x and y be the sides of two squares such thaty = x — x?. Find the
rate of change of area of the second square w.r.t. the area of the first
square.

The length of a rectangle is increasing at the rate of 3.5 cm/sec. and its
breadth is decreasing at the rate of 3 cm/sec. Find the rate of change
of the area of the rectangle when length is 12 cm and breadth is 8 cm.

If the areas of a circle increases at a uniform rate, then prove that the
perimeter various inversely as the radius.

Show that f(x) =x3—6x%2+18x+5 is an increasing function for
allx € R. Find its value when the rate of increase of f(x) is least.

[Hint: Rate of increase is least when f'(x) is least.]

Determine whether the following function is increasing or decreasing in

the given interval: f(x) = cos (Zx + %) %ﬂ <x< %n.

Determine for which values of x, the function y=x* —% is increasing
and for which it is decreasing.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

Find the interval of increasing and decreasing of the function
1

fl) ==

Find the interval of increasing and decreasing of the functionf(x) =

sinx —cosx, 0 < x < 2m.

Show that f(x) =x%e™*,0<x <2 is increasing in the indicated

interval.

4 sin 6
2+cosf

Prove that the function y = — 0 is an increasing function of

. T
6 in [0_ E]
Find the intervals in which the following functionis decreasing.

flx) = x*—8x3 +22x% — 24x + 21

3 5
Find the interval in which the function f(x) = 5xz — 3x2,x > 0 is

strictly decreasing.

Show that the function f(x) = tan~!(sinx + cos x),is strictly increasing
the interval (O, E).
4

.2
Find the interval in which the function f(x) = cos™! (Liz) is

increasing or decreasing.
Find the interval in which the function given by

()_3x4 4x3 32_|_36x_l_11
f) == —5 =3 5

(i) strictly increasing

(i) strictly decreasing
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Find the equation of the tangent to the curve Z—z—y— = lat the point

2
b2
(V2a,b).
Find the equation of the tangent to the curvey = x? — 2x + 7 which is

(1) Parallel to the line 2x —y+9=0
(2) Perpendicular to the line 5y — 15x = 13
Find the co-ordinates of the point on the curve vx + \/§ = 4 at which

tangent is equally inclined to the axes.

Find a point on the parabola f(x) = (x — 3)? where the tangent is
parallel to the chord joining the points (3,0) and (4,1).

Find the equation of the normal to the curve y = e?* + x2 atx = 0.
also find the distance from origin to the line.

Show that the line % +% = 1 touches the curve y = be */a at the point,
where the curve intersects the axis of y.

At what point on the circle x? + y? — 2x — 4y + 1 = 0 the tangent is
parallel to

(i) X — axis
(ii) Y — axis

Show that the equation of the normal at any point ‘6’ on the curvex =
3cosf — cos30,y =3sinf —sin36 is
4(y cos®0 — xsin36)=3 sin 4 6.

Show that the curves xy = a? and x? + y? = 2a? touch each other.

For the curve y = 5x — 2x% if x increases at the rate of 2 Units/sec.
then how fast is the slope of the curve changing when x=37?
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35.

36.

37.

38.

39.

40.

2
2 =1 and xy = c?to interest

Find the condition for the curve Z—z—b

orthogonally.

Show that the curves y =a* and y = b*, a > b > 0 intersect at an

logl5| )

1+log loghb
Find the equation of the normal to the curve ay? = x3 at the point
(am?,am?3).

angle of tan™! (

Find the equation of the normal at a point on the curvex? = 4y, which
passes through the point (1, 2). Also find the equation of the

corresponding tangent.

Find the point on the curve 9y? = x3 where the normal to the curve
makes equal intercepts with the axes.

Show that the tangents to the curve y = 2x3 — 3 at the point where x =
2 and x = -2 are parallel.

Use differentials to find the approximate value of (Ques. 41 to 46)

41.

43

45.

47.

48.

(66)"/3 42. 401
1/0.037 44 253
(3.968)°/2 46 (2657)'/3

Find the value of log,,(10.1) given that log,oe = 0.4343.

If the radius of a circle increases from 5 cm to 5.1 cm, find the increase

in area.
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49.

50.

51.

52.

53.

54.

55.

56.

57.

If the side of a cube be increased by 0.1%, find the corresponding

increase in the volume of the cube.

Find the approximate value of f(2.01) where f(x) = x> — 4x + 7.

. . 1 . . .
Find the approximate value of T Using differentials.

The radius of a sphere shrinks from 10 cm. to 9.8 cm. Find the

approximately decrease in its volume.

Find the maximum and minimum values of f(x) = sinx +%cos 2x in
Vs
03]

Find the absolute maximum value and absolute minimum value of the

2
following question f(x) = G— x) +x3 in[-2, 2.5]

Find the maximum and minimum values of f(x) = x°° — x2% in the
interval [0, 1]

Find the absolute maximum and absolute minimum value of

f(x)=x—-2)Vx—1in [1, 9]

Find the difference between the greatest and least values of the

function f(x) = sin 2x — x on [—%%]

FIVE MARKS QUESTIONS

Prove that the least perimeter of an isosceles triangle in which a circle
of radius r can be inscribed is 6v3 7.

If the sum of length of hypotenuse and a side of a right angled triangle
is given, show that area of triangle is maximum, when the angle

between them is %

88
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10.

11.

12.

13.

Show that semi-vertical angle of a cone of maximum volume and given

slant height is cos™! (%) .

The sum of the surface areas of cuboids with sides x, 2x and g and a

sphere is given to be constant. Prove that the sum of their volumes is
minimum if x = 3 radius of the sphere. Also find the minimum value of
the sum of their volumes.

Show that the volume of the largest cone that can be inscribed in a

sphere of radius R is % of the volume of the sphere.

Show that the cone of the greatest volume which can be inscribed in a

given sphere has an altitude equal to g of the diameter of the sphere.

Prove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of
the cone.

Show that the volume of the greatest cylinder which can be inscribed in

a cone of height h and semi-vertical angle « is 24—77rh3tan2a. Also

show that height of the cylinder is g

Find the point on the curve y? = 4x which is nearest to the point (2,1).

Find the shortest distance between the line y — x = 1 and the curvex =
2

y-.
A wire of length 36 m is to be cut into two pieces. One of the pieces is
to be made into a square and the other into a circle. What should be

the length of the two pieces, so that the combined area of the square
and the circle is minimum?

Show that the height of the cylinder of maximum volume that can be
2r

inscribed in a sphere of radius r is 7

Find the area of greatest rectangle that can be inscribed in an ellipse

X2 y2
;-i-ﬁ— 1.
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1.

10.
1.

13.

14.

15.
16.

17.

TWO MARKS QUESTIONS

1
——=unit
2n

Answers
ONE MARK QUESTIONS

17.
18.

19.
20.

89

1
— units
T

10\/§cm2/s
2a%
3k %
)
L4’2

0

%
. (2, 4)
. (0,0)

_ 4.042

sin 1, —sin 1

. Local maxima at x =1

Local minima at x = 6
a=2,b=-%

%o Wo

a? b2

ncm’

x+3y=0

THREE MARKS QUESTIONS

1.

o0 ~ N

1
—cm/s
T

EE cm/min
8 m/sec.
3000 L/s

3 km/h
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10.

11

13.
14.
15.

16.

17.

20.

21.

23.

24.

35 m/h

88

i m/min
497 '

1 — 3x + 2x?

. 8 cm’

S€C

25

Increasing

Increasing forall x > 1
Decreasing forall x < 1

Increasing on (o, e)
Decreasing on [e, «)

Increasing on

%))
4 4

Decreasing on [%n.%n]

(-0, 1]U[2,3]

[1,00]

increasing on [0, o)

Decreasing (-oo, 0]

(i) Strictly increasing
[-2,1] U [3, )

(ii) Strictly decreasing

(<00, -2 U [1, 3]

25.

26.

28.

20.

31.

34.

35

37.

38.

39

41.

42.

43.

44,

\V2bx —ay —ab =0

(1) y—2x—-3=0

(2) 36y +12x —227=0
(4, 4)

7 1

G 3)

2y+x-2=0, =

(i) (1,0)and (1, 4)

(ii) (3,2) and (-1, 2)

decrease 72 units/sec.

a? = b?

2x + 3my — 3am* — 2am? =

0

x+y=3

(+ £5)

4.042

y=x-—1

20.025

0.1924

5.03
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45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

7.904
2.984

1.004343
T cm

0.3%
7.08

0.198
80mcm3

3 . 1
max. value =, mim value =

ab. Max.= 157 , ab. Min. = =7
8 4

55.

56.

57.

max.value=0,

min.val e-_3[2]2/3
value = — |2

ab. Max =14 atx=9

. _ -3 _ 5
ab. Mln.—matx— "

FIVE MARKS QUESTIONS

4.

10.

1.

13.

1813 + i i
3

(1,2)

3v2
8
144 367
T+4 4

2ab sq. Units.

92
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Q.Nol.

(1)

(ii)

(iii)

(iv)

(v)

Q.No2.

APPLICATION OF DERIVATIVES
CASE STUDY QUESTION ON

Spring

. oy

A

Raman is playing with a spring by throwing in the air which is moving
along the function f(x)=3x"-4x’-12x’+5

From the given study answer the following questions.
Find the critical point of x which touches the x- axis :
(a 012 (b) 0,-1,2

(¢) 0,1,-2 (d) 1,2,-2

Find the interval in which spring is strictly increasing:
(@ (LOURx» (b)) (1,00U2,x)

© (1) ) (0)

Find the interval in which spring is strictly decreasing:
(@)  (-0,-1)N(0,2) (b) (-o0,-1)U(0,2)

(¢  (-=2) d (L2

Find the value of x at which spring has local maxima
(@ 2 (b) -1

(¢ 1 (d 0

What is the maximum height caused by the spring?
(a) 10 (b) 72

(¢ 5 d O

Attempt any four parts from each question. Each part caries one mark
During the Deepawali festival season famousbrand of Sweets Company
design a metal box for its products to be gift packed as shown below. The
metal box with a square base and vertical sides is to contain 1024
cm’. The material for the top and bottom costs ¥ 5 per cm” and
the material for the sides costs 22.50 per cm’
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Based on the above information answer the following:
(1) If x represents the side of a square base and y the length of vertical sides,

then the cost of making the top and bottom is

(a) W2
(b) 2x
(c) %X
(d =0x’
(i1) Area of the four sides is :
(a) 4y’em’
(b)  4x’cm’
(c) 4xycm’
(d 4x’y’em’
(111) If x represents the side of the square base and y the length of vertical
sides, then the relation between the variables is :
(2 102 () 1234
(c)  1024x (d  1024x’
(iv) Cost of making box C expressed as function of x is :
(@) C=10x'+1024 (b)  C=5x+ 1024
()  C=10x+ % d) C=5x+ 1(35
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(V)

Q.No3.

(b)

(c)

(d)

(e)

The company decided to make the box with least cost. For this to happen
the side of the square base x should be

(a) 2cm (b) Scm

(c) 8cm (d) 16cm

A Square sheet of cardboard with each side ‘a’cm is to be used to make an
open top box by cutting a small square of cardboard from each of the

corners and bending up the sides.

X a = du x
o

(a)  VolumeVcm’ of the box is given by :

(1) V(x)=4ax’-4x’+a’x (i1) V(x)=4x’-4ax’+a’x
(iii) V(x)=4a’-4x’+a’ (iv)  V(x)=dax+4x™+a’x
Perimeter of the given net of box is given by:

(1) P(x)=8x-2a (i1) 2x

(i)  8a-2x (iv) 4a

The rate of change of Volume with respect to ‘x’is given by:
(i)  12ax’-8x+a’ (i)  12ax’-8ax+a’

(i) -8x (iv)  12ax’+8x+a’

The local maximum volume of the box at x is given by:

@ & (0 2

© = @ 2

The maximum volume of the box ata=3 is given by :

(1) 4 (i) 6

(i) 27 (iv) 2
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Q.No4. There is aright circular cone of maximum volume that can be inscribed

inasphere of radiur.

A

v

Based on the above information answer the following questions.
(1) Whatis the volume of cone (V) ?

() 4 7Ch+2hT)
(b) L m(-h+2h)
© % a(-h*+2h’r)

(d) 4 7Ch+2hT)

(iv) Whatis relation between hand r
(a) 2h=4r
(b)  3h=4r
(c) 2h=3r
(d)  3h=2r
(V) Whatis the value of OD ?
(@) r-h
(b)  h-r
(c) r-h/2
(d  hr2
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Question 5
In the following picture, you see that there can be various types of cylinders

inscribed in a fixed cone ofheight h and radius r

(1) State whether true or false: The volume of all such cylinders will
be same.

(i1) Let x be the radius of the cylinder and y be the distance from the top ofthe
cone to the top of the inscribed cylinder. Then the relation between
h,r,xandyis:

Y
h
X
y_Xx h-y _ x
@) h r (®) h
y X
(©) by . (d)  none of these
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(iii)

(iv)

)

Question 6-

(@)

The function for volume of such a cylinder inscribed in a cone is:
(@) V)=nrh

(b) V)=nry

© VE=ny

(d  VE=nx’h(1-3)

Arelation of curved surface of the cylinder in terms of radius of cylinder

as one variable only is

(a) C(x)=nrh b o= (rx)

(b) C(x)=2mnxy (b) C(x)=2nxy

The curved surface area of the cylinder will be maximum when x is
equal to

@ % ® &

© 3 @

Shashank wants to make project for State Level science exhibition. For
this he wants to make metal box with square base and vertical sides to
contain 1024 cm’ of water. Material for top and bottom costs Z 5 per cm’
and material for sides costs 2 2.50 per cm”.

Based on the information above answer the following:

=
3 |

- XD -

What will be the relation between x and y?
(@) xy=1024 (b) X'+4xy=1024
() x'y=1024 (d)  2x+4xy=1024

98
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(11) What will be the toatal cost (C) of the material used to construct the box?

(a) C=5x+20xy (b) X'+4xy
() 10x*+10xy (d) None of these
(ii1) What willbe total cost(C) of the box in terms ofx ?
(b)  C=10x+102%0
_ .2, 10240
(a) C=x+ —x
10240

(a) C=20x —

(iv) What should be the the dimensions of the box to minimize the cost ?
(a) X=16, y=8
(b) X=8, y=16

(c) X=8, y=8
(d X=8, y=4
V) What is the least cost of the box
(a) 1620
(b) %1024
(¢) %1920
(d %1780

Question 7—
Pradeep who is a student of a reputed public school is making a project
which his maths teacher has given . He has a piece of wire of length 36
cm which he has cut into two pieces . He is turning one piece to form a
square and other to form an equilateral triangle. In order to find the length
of each piece so that sum of areas of two be minimum he is facing
problem. He discussed and ask his friend Gajender to provide him the
solution. Based on the above informationhelp Gajender to answer the

following.
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(@)

(i)

(iii)

(iv)

The perimeter of square is X cm ; then each side of square is :

(a) xcm
(b)  9cm
(©) % cm
(d 36cm
Let the perimeter of square be x cm then the length of each side of an
equilaterial triangle is :
(a) (36-x)cm
(b) (12%) cm
(©) % cm
(d) 12cm
Ifx is the perimeter of the square then sum of area of two figures is:
(a)  x-2V3x+36\3
®  (S) x-2V3x
(c) (§+%) x-2\3x+36\3
) (Sg) X4 VBx+363
What is the length of square piece if the sum of areas of two figures be
minimum ?
144\3 py 144
(a) PNEET cm (b) 4319
144\3 o 23
(©) Nl cm (d) 4319
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V)

The side of an equilateral triangle is :

108 108
a cm b cm
@ 4343 ®) 4\3+6

54 108
c cm b cm
© 4\3+9 ®) 4\3+9

Question8- An architect design a garden for Central Greenery between flats for the

Privatesociety at Faridabad. The garden Is in the shape of rectangle inscribed in a

circle of radius 10m as shown in given figure. Based on the above information

answer the following:
Graveling
Path
S]]
(1) 2x and 2y represents the length and breadth of the rectangular path Then

(i)

(iii)

(iv)

relation between the variable is:

(@ x-y=10 (b)  xX+y=10

(c) x-y=100 d X +y’=100
Yy Yy

The area of the green grass A expressed as function of x is ;

(a) 2xV100-x’ (®)  4xV100-x
(©) 2xV100+x’ (b)  4xV100+x’

The maximum value of areais:

(a) 100m’ (b) 200m’

(c) 400m’ (d) 1600m’

The value of length of rectangle ,if A is maximumis :
@  10V2m (b)  20V2m

(c) 20m (b) 5\V2m
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(v) The area of gravelling path is :

(@  100(m+2)m’ (b) 100(n-2) m’

(c) 200(n+2)m’ (d)200(n-2) m’
Question- 9 An architect design a window for MNC in the form of a
rectanglesurmounted by a semi circle. The total perimeter of the window is 10 m.
Based on the above information answer the following:

A

x
= ¥

»

(1) The perimeter of window interms of x and y is

(a) 2xP2y+ = (b)) x4y
2 2
X

(c) 2xty+ 2X (d) xR2y+nx

(i1) The value of y in terms of  and x:
@  10-(%2)x ®  5-(%)x
(c) 5- (’%2) X (d)  None of these
(111) Area of the window through which light enters is :
(a) xytom (%) ’ (b) xytm (%) ’
() xytomx (d) 2xy+tam (%) ’
(iv) For maximum light, x should be :
10 20
@ ®) =7
10 20
© n+2 () +2
(v) For maximum light light height of the window is:
10 20
@) n+4 ®) n+4
30
(c) d (d) None of these
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Question 10- Acurve is given in parametric form as x=acos’0 y=asin’0

Sweety is confused in solving above problem to know few facts she talked to her

friend Suman to answer the correct options for following questions help her to solve:

(@)

(i)

(iii)

(iv)

V)

Which one is slope of tangent to this curve ?

(a) tan© (b) -tan 0

(c) cotb (d) -cot 0

What s slope of tangent at O=n % ?

@ o0 (b) 1

(c) -1 (d) None of these
Which one is slope of normal to this curve ?

(a) tan® (b) -tan 0

(c) cotb (d) -cot 0

What s slope of normal atf= %

(a O (b) 1

(c) -1 (d) None of these
Equation of tangent at 0=n % isgivenby :

(@)  2x+\2y+a=0
(b)  \2x+\2y-a=0
(©)  2x+\2y+a=0
(d)  2x+\2y-a=0
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QNo1

QNo2

QNo3

QNo4

QNo5

QNo6

QNo7

QNo38

QNo9

QNo10

@

(@)

(a)

@

@

@

(1)

(@

ANSWERS OF CASE STUDY BASED
QUESTIONS APPLICATION OF DERIVATIVES

b

d

ii)

true

(ii)

(i)

(b)

(i)

(i)

(i)

(i)

(if)

(i)

(i)

a

C

v

(iii)

(iii)

(©)

(iii)

(iii)

(iii)

(iii)

(iii)

(iii)

(iii)

b

i

(iv)

(iv)

(d)

(iv)

(iv)

(iv)

(iv)

(iv)

(iv)

(iv)

o

i

)

v)

(e)

V)

)

)

)

)

V)

v
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CHAPTER 7

INTEGRALS

POINTS TO REMEMBER

o Integration or anti derivative is the reverse process of Differentiation.
e Let=F(x) = f(x) then we write [ f(x) dx = F(x) + c.

° These integrals are called indefinite integrals and c is called constant of
integration.

° From geometrical point of view, an indefinite integral is the collection of
family of curves each of which is obtained by translating one of the
curves parallel to itself upwards or downwards along y-axis.

STANDARD FORMULAE

X]’l+1
1. [xMdx ={ n+1

+cCc n# -1

loge|x| + ¢ =1
(ax+b)n+1
2. J@x+brde=] @2 e n# -l
;loglax +bl+c
3. [sinxdx = —cosx +c.
4. Jcosxdx =sinx+c
5. [ tanx.dx = —log|cosx| + ¢ = log|secx]| + c.
6. [ cotx dx = log|sinx| + c.
7. [sec?xdx = tanx+c
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10.

11.

12.

13.

14,

15.

16.

17.

18.

J cosec? xdx = —cotx+c
[secx tanx dx = secx +c¢
J cosecx cotx dx = —cosecx + ¢

[ secxdx = log|secx + tanx| + ¢
X
= log|tan (E+_)| +c
[ cosecx dx = log|cosec x — cotx| + ¢
= log|tan§| +c
2

feXdx = eX+¢

ax
[a* dx = +c
loga

1] L dx=sinlx+c,lxl<1

1-x2

= —cos x+c

1 _
J—=dx=tan"'x+c
1+x
= —cot™Ix+¢c

flxl\/% dx = sec‘1x+c,|x| >1

= —cosec x4 ¢

a+x

a—Xx

1 1
J o= dx= —log

a2-—x2

+c

106
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19.

20.

21.

22.

23.

24,

25.

26.

[—= dx=Ztan"* X+
a a

a2+x2
fﬁdx= sin_1§+c=—cos'1§+c
fﬁdx: log|x + VaZ + xZ| + ¢
fﬁdxz log|x + Vx% —aZ| + ¢
[VaZ —x%dx = §m+az—zsin_1§+c
JVaZ 4o dx =2VaZ T x2 + L loglx +VaZ + 32| + ¢
JVRT—aZdx = IVxT—a? - Lloglx + VxZ —aZ| + ¢

RULES OF INTEGRATION

() 65+ e X)) dx = [fX)dx+ [ f,x)dxt.. ...

[ £ (x)dx
[k f(x)dx = k [ f(x)dx.
[ e {f(x) + f'(x)}dx = e*f(x) + ¢
INTEGRATION BY SUBSTITUTION

f'(x) _
f§dx = log|f(x)| + ¢

+
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' _ [fy)ntt
2. ] ' (x)dx = —

f'(x) _ (fx))ntt
3. f[f(x)]n dx = +c

-n+1

INTEGRATION BY PARTS
[ () ax =7 () [g (x) ax =[[ 7 () [g (x) x|

DEFINITE INTEGRALS
b
jf(x)dx = F(b) — F(a),where F(x) = jf(x) dx

DEFINITE INTEGRAL AS A LIMIT OF SUMS.

b
J- f(x)dx = }llim h [f(a) + f(a+ h) + f(a + 2h) + -+ f(a + n — 1h)]
-0
a
Where h =22 or [ f(x)dx = limy_o[h X2, f(a + rh)]
~h a - h-o r=11(a r )

PROPERTIES OF DEFINITE INTEGRAL

b

f(x)=—] f(x)dx
Jro=]

a

=

b b
. jf(x)dx=jf(t)dt.

2

b c b
3. jf(x)dx= jf(x)dx+jf(x)dx.
4. (i)jbf(x)dx=jbf(a+b—x)dx.
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(i) J- f(x)dx = J-f(a —x)dx
5. jf(x)dx =2 jaf (x)dx, if f(x)iseven function

6. J-f (x)dx = 0if f (x) is an odd function

—-a

2a ¢
_ )2 f (x)dx’ 1ff(Za - X) = f(X)
7 Jf(x)dx‘ J iff(2a—x) = —f ()
0

0

ONE MARK QUESTIONS

Evaluate the following integrals:

1. J(sin™* Vx + cos ™! Vx) dx

2. f_11 el dx
dx
3. fl—sinzx
4. f_ll x?2cos* x dx
1
5 I iogtogtionm ¥

1
> 1+x
6. f_Z% cosxlog (E) dx

7. f(ealogx + exloga) dx

Icos2x+2sin2 X

0082 X

dx
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

f_zz sin”x dx
/2
V10 — 4x + x2 dx
1.3
f_lx |x| dx
1
fsinzx c0s2x
2 dx
f—z 1+|x-1|

fe—logx dx

f:—zdx

'[ xX+1 ox

X
J oz 9%

VR
f%dx

[ cos? adx

1
fXCOSO(+1

[ secxlog(secx + tanx) dx

1
fcosa+xsina
sec?(logx
f—(x LI

X

e
| foems

1
fx(2+3 logx) dx

1-sinx
[ s gy
X+C0S X

110
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

f 1—cosx dx

sinx

fxe_1+ex_1
x€+eX

(x+1)
IT(X + logx) dx

T
Jo lcos x| dx

foz [x] dx where [x]is greatest integers function.

1
f V9—4x2 dx

a f(x)+f(a+b—x)

1 |x|
f—Z; dx
f_llx |x| dx
[xVx+2dx

fab f(x) dx + f; f (x) dx

f sinx dx

sin2 x

T
Jxlsinx| dx
4

f 1

secx+tanx

f sin?x
1+cos x

f 1—-tanx
1+tanx
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—_

10.

TWO MARKS QUESTIONS

Evaluate :

J‘e[log(x+1)—logx]dx 11. A log2x dx

12. .[(:/4\/1+sin2xdx

-[ x+1+~+x+2

j sinxsin 2xdx 13. _[:lzex (sinx — cosx )dx
- - a X —d
I[a+x+x +a ]dx 14. I4 (30_)(3/2) X
/2 5+ 3cosx 15. ' ox dx
Iy o e o herre
log|sin|
¥, opx 16.
J'a b tanx o

c’ .
.[ sin* x + cos* x
sin® x + cos® x

18. Altanx (1+tan’x)dx

17. dx

(g«

Iexzxdx
sin2x
2X X —d
2% 2% 2% dx 19 j(a+bcosx)2 "
. 1 2
Ism(2tan X)dx 0. .[X ;X+2dx
14 %2 X +1

THREE MARKS QUESTIONS

Evaluate :

() fxcosei Ertjf—le) dx
() [ dx

(i) [—————dx

sin(x—a) sin(x—b)

112
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f cos(x+a)
cos(x—a)

(v)  Jcos2x cos4x cos6x dx
(vi) f tan 2x tan 3x tan 5x dx
iy Jsin®x cos*x dx

wiiiy J cot®x cosec*x dx

ix) [ SINXCOSX__dx [Hint: Put a?sin®x + b?cos?x = t or t2

a?sin?x+b?cos?x

1
(x) f Jcos3x cos(x+a) dx

6

) f sin®x+ cos®x
(xi) sin2x cos2x
sinx+ cosx
(X”) f Vsin 2x dx
Evaluate :

(1) fx4+12+1 dx

. 1
(“) fx[6(logx)2+7logx+2] dx

1
i) Jomreoms X

iv)  [EHax

x*+1

1
R by ey ey L
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5x—2

(vi) f3x2+2x+1
2
. X
(V”) J‘xz+6x+1

wii) [ \/:;__szdx

(ix) [xV1+x—x2dx

(x) j-ﬂn4x dx

cos8x

(xi) f\/SeCX — 1 dx [Hint: Multiply and divided by
Vsecx + 1]

Evaluate :

. dx
3. () fﬂﬂ+ﬂ
3x+5
(ii) J.X3—X2—X+1
sin B cos 6

(iii) fcosze—cose—z do

) dx

(2-x)(x2+43)

X2 +x+2

I oyl

vy | (e r)(E+2) 4

(x2+43)(x2+4)
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.. dx
(V”) f (2x+1)(x2+4)

x?-1

x*+x2+1

(viii)

(ix)  [+tanxdx

dx

sin x—sin 2x

) J
4.  Evaluate:

()  [x®sinx®dx

iy Jsec’xdx

(i) [ e*cos(bx + c) dx

vy TsinT (o) dx

V) [ cos+/x dx

(viy Jx3tan"'xdx

(Vii) fezx (1+sin ZX) dx

1+cos 2x

(vili) f[lolgx B (loglx)z] dx
(ix)  [+V2ax —x2dx

(X) [ ex (+1) dx

(x+1)2

[Hint: Put 3x=tan 6]
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(xi)

(xii)

(xiii)

(xiv)

(xv)

(xvi)

Evaluate the following definite integrals:

[ x3sin™? (i) dx

f{log(logx) +— } dx

(logx)2

[(6x +5)V6 + x — x2 dx
Il L dx

x3+1

fran (52)

f dx
5+4 cosx

T .
f /4 Sinx+cosx
0 9416 sin2x

fon/z cos 2x logsinx dx

1 1-x2
X /—dx
fO 1+x?

1/ L
f V2 sin7!x .
0 (1-x2)/2

- .
f /2 sin 2x
0  sin*x + cos*x

f01 sin <2 tan~! 1j> dx
1-x

f“/z X + sinx
0 1+ cosx

logx =t

[Hint: Put x = e!]
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1 X
(viii) [ xlog (1 + E) dx
. 1y
(ix)  J_j*Ixcosmx|dx
(x) ffﬁ(cos ax—sinbx)? dx
6. Evaluate:

() Llx—21+Ix—3]+Ix— 4] dx

R A e

W e[ g

1+x2

. T X sinx
(IV) fO 1+cos?x dx

. /2 Xsinx cosx
(VI) f sin4x+ costx

'} X
Vil)  Jy TFcostnr psinEx

dx [Hint: use foa f(x)dx = foa f(a — x)dx
7.  Evaluate the following integrals:

. dx
() fﬂ/e 1+vianx

/2
(ii) I (sin|x|+cos|x|)dx
A

COS X

(lll)jeCOSX + e~ CosXx dX
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x X tan X
(iv) J —dx
0 secX + cosec x

8. Evaluate

P Y - |
(i)fsm Vx—cosTVx x€[0,1]

sin~1vx 4+ cos~1vx

3 1-+x
(ll)-[ 1+\/de

(iii) j

(X+z)

XZ

() .[ (xsinx + cos x)? dx

(v)fsin‘l\/z dx

Y/
3
( )j sinx + cosx
vi dx
) Vsin 2x
6

(Vn)fm 4X
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3/2

(viii) J- |x sinmx| dx

sin(x — a)
@ )fsm(x+ a)

2

| e o

( )jc055x+cos4x
X 1—2cos3x

FIVE MARKS QUESTIONS

9. Evaluate the following integrals:

>+4
(i)jx5 dx
X2 —X

(D f 3t 6e2t Titei—e &
("')J- 2X d
W xFDx=32

(iv )f 1 + sinx

sinx (1 + cos x)

T[/2

W) j (\/tan x + +/cot x) dx
0

1
()j 1—x2d
vi) | x i X
0
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10.

11.

/5

(wii) f cosXx

1+ cosx + sinx

Evaluate the following integrals as limit of sums:

4
@ @x+1)dx
l
2
(i) [ (x* + 3) dx
/
(iii) j(3x2 —2x+4) dx
4
(iv)'[(3x2 +e?¥) dx
0
1
) | 273 dx
/

(vi) f(3x2 +2x+1) dx

Evaluate:

) dx
M j (sinx — 2 cosx)(2 sinx + cosx)

log(1+x)
@ )J- 1+ x2

1'[/2

(iii) J- (2logsinx — log sin 2x) dx
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1
12. fx(tan'1 x)? dx
0

T/

13. J logsinx dx
0

1

1
14. Prove thatjtan‘1 (—
1—x + x2

0

1
) dx =2 ftan‘lxdx
0

Hence or otherwise evaluate the integral Itan‘l(l -X+ xz) dx.

T in2
15. Evaluate f0/2 i

Answers
ONE MARKS QUESTIONS

(R 9 0
2. 2e-2 G2VKE—4x+10
10. . +
3. tanx+c 3log|(x —2) +
4. 0 VxZ—4x+ 10| + ¢
5. logl|log|l +
ogllogl|log x|| + c 1. 0
6. 0
12. tanx — cotx + ¢
a+1 X
7. X 2 +c
a+1 loga
13. 3log.2
8. tanx + ¢

14.  log|x| +c
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

%(X+1)% —2(x+1)y2 +c

1
lOg|X+1|+m+C

2e&+c

xcosZo + ¢

log|x cosa+1]|
cosa

(log|secx+tan x|)?
2

C

log|cos a+xsin af

sina

tan|logx| + ¢

log|eX + ml +c
%long + 3logx| + ¢
log|x + cosx| + ¢
210g|sec§| +c

%loglxe +e*+c

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

(x+logx)?

%loglsecx +tanx| + ¢

22
log|1 + sinx| + ¢
X—sinx+c

log|cosx + sinx| + ¢

TWO MARKS QUESTIONS

1.

x+logx+c
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2 2

11. x _x
2. [(x+2 x+1)/] c 5 log2x 2 +C
3. 1} sin3x —SlnX:|+C 12. 1
2 3
1 x? X! ax 13. 1
4. ——+alog| x|+ +
a2 +1 loga
5. 0 14, 19
o) [2) "
6. (o (o
loal? +Io b e 15. tan” e —%
e Ie
2
2 log|sinx
7 £+Iog|x|_2X+C 16. | | iC
2 a 2
8. 2%e’ s 17. log|secx + tan x|
log(2e) + log |cosec x — cot x| + C
9. 2% 18. %(tanx)e’/2 +C
SN
19. —%ﬁog|a+bcosx|+—}+
10. —[cosZ@an’W)} b a+bcosx
+C 1
2 20. x—EIog‘x2 +1‘+tan‘1x+C
THREE MARKS QUESTIONS
i 1 —1.,2y_ 1
1. (i) > log [cosec(tan x?) XZ] +c

(i) %(XZ —xVx2—1) + %log|x +Vx2—1|+c

sin(x—a)
sin(x—b)

(iif)

+cC

sin(a—b)

(iv)  xcos2a—sin2a log|sec(x —a)| + ¢

3 1, 1.
(v) -X—-sin2x +—sin4x +c
8 4 32
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(vi)

(vii)

(viii)

(ix)

(x)

(xii)

(vi)

(i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

éloglsec 5x| —%loglsec 2x| — éloglsec 3x| + ¢

i[2x+ lsin2x —lsin4x —lsin6x] +c
32 2 2 6

cot®x = cot*x
(e oty
6 4

1

——+/a?sin?x + b2cos?x + ¢
a?-b?

—2cosec a \/cosa —tanxsina+c
tanx —cotx—3x+ ¢

sin~![sinx — cos x| + ¢

E (2x2+1)
\Etan NG +cC

2logx

lOg|3logx | te
—2 2 3/2
m+ 3tan X+ cC

ot {5 (s D)

210g|\/x—a+\/x—b|+c

E 2 —_11 -1 3x+1
6log|3x +2x+1|+3\/§tan (ﬁ)+c

X+3

x — 3log|x? + 6x + 12| + 2+/3tan™! (—) +c

V3
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(viii) —VAx — xZ + 4sin~! (";—2) +c

_ 1 1 5 . _q(2x-1
(ix) —3@+x=x)¥+-(2x-DVI+x—x2+sin 1( T/E )+c

(x) tan®x = tan’x
+
5 7

+cC

(xi) —log|cosx+%+\/coszx+cosx| +c

1 7
3. () log|lo—|+c
1 +1 4
iy log i_—l ——+c

(iii) _?Zloglcose—Zl—%log|1+cosel +c

0 Lloe P 4 2 a1 (X

(iv) " og 20?2 + 7\/§tan (\E) +c
_2)\2

(v) x+4log|(’;_21) +c

i) x+ %tan‘1 (%) —3 tan™! (g) +c

y 2 1 1. _
(vii) Elog|2x+ 1] —Eloglx2 + 4| + o, tan 1§+ C

X% —x+1

(i) %log

|+C

X2+x+1

tan x—V2 tanx+1

. 1 -1 (tanx —1) 1
(IX) tan T log tan x++v2 tanx+1

V2 V2tanx 2V2
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(x) —%loglcosx— 1] —%loglcosx + 1] +§log|1 —2cosx| +¢

4. (i)

(ii)

(i)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)

(xvi)

3

[—x3 cosx3 + sinx3] + ¢

[SS N

2 [secxtanx + log|secx + tanx|] + c
2

eax

a?+b?

[acos(bx + ¢) + bsin(bx + ¢)] + ¢
2x tan~ ! 3x — %log |1+ 9x?| +c
2[Vxsinvx + cos Vx| + ¢

x*-1 _ x3  x
( )tan Ix—=—+=-+c
4 12 4

1
Eezxtanx+ C

logx

— 2 _
(%) V2ax — xX + a?sin‘1 (%) +c

xlog|logx| — @ +c

> - -
~2(6 +x—x%)z + 8[Z2VE T x —2 + Zsin! (Z)| 4 c

1 -1 2 _ Lan—1 (22
3log|x+1| 6loglx x+1|+\/§tan (\/§ )+c
xtan‘lx—%log|1+x2|—xtan‘15+c

2
Ztan~? (ltanf) +c
3 3 2
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(ii)

(iii)

(iv)

(v)

(vi)
(vii)

(viii)

(ix)

(x)

(i)
(i)
(iv)
(v)
(vi)

(vii)

1 . 1 .

2T + —sin 2am — —sin 2bm
2a 2b

1

2

T

en/4 + e_n/4

1
~ 12
4
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(iif)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(xi)

=]

aTt

_ Vx—x2
2D Gin1 X + 2 );X —x+c

T

—2V1T—x+cos ' Vx+Vx—x%+c

sinx—xcosx

X sinx+cosx

(x+a)tan™?! \E —+ax+c¢

. _1vV3-1

2sin~!——
2

1 1 —sinx 1 1+/2sinx
= log|——| ——= log|———
8 1+ sinx 42 1—/2sinx
3 1
2=
T T2

(cos2a)(x + a) — (sin 2a) log|sin(x + a)| + ¢

—gloglx2 + 4| + gloglx2 +9|+c

—(%sin2x+ sinx) +c
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9. (i) x — 4log|x| + %loglx -1+ %loglx + 1] + log|x? +
(ii) 1|_71tan_1x+ C

CRNCEI

(iy  log

(et-2)?
(iv) 2x—§log|x+ 1|+%log|x—3|—2(zi3)+c
1 1—-cosx X
(v) 1 08 |1+cos 2(1+cos ) + tanE te
T
(vi) 2
(viiy o
(viii) T —log2
10. (i) 14
.. 26
(i) 3
iy 26
i) %(127 +eb)
1/ 5 1
v 5(-3)
(vi) 3
. 1 tanxX—2
nom 5108 2tanx+1| ¢
(ii) glogZ
1
(iif) glogE
12 = _Tilg2
16 4 2
13. ?logZ
14. log 2

15. \/%log|\/§+ 1|
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CHAPTER 8

APPLICATIONS OF INTEGRALS

POINT TO REMEMBER

AREA OF BOUNDED REGION

Area bounded by the curve y = f(x)

, the x axis and between the
ordinates, x = a and x = b is given by

Area =

[ rGoyax

Area bounded by the curve x = f(y), the y-axis and between the abscissas, y
=candy=dis given by

drea=|[" f(y)dy‘
y y
X = ﬂ;t\‘\\\\\\§i i x=fy)
= > = > X
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° Area bounded by two curves y = f(x) and y = g(x) such that 0<g(x) <f(x)
for all xe [a, b] and between the ordinates x = a and x = b is given by

Y
1 y = f(x)
A B
y=9(x)
0] a b >X
b
area= [/ [f () — g (0)]dx
k b
° Area of the following shaded region = Jf(x)dx + J‘f(x)dx
a k
Y

ONE MARK QUESTIONS

1. Find the areabounded by y=sin2 x,0<x< g and the coordinate axes.

2. Find the area bounded by y=cos 3x,0<x< % and the coordinate axes.

3. Find the area bounded by the line x+ 2y =8, x—axisand the lines x=1and x= 3.
4. Find the area bounded by the curve y = x°, x—axis and the lines x=0and x = 4.
5. Find the area bounded by the curve xy =2, x—axisand thelines x=1, x=2.
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1

0.

o &~ b

Find the area of region bounded by the curve y = X, x —axis and the lines x=—1,
x=1.

Find the area under the curves y = sin’ xbetween x =0, x = tand x— axis.
Find the area bounded by the curve y = x* x—axisand x=1, x=3.
TWO MARKS QUESTIONS
Using integration: Find the area of the circle x* + y* = 16.
Find the area of the parabols y* = 4a x bounded by its latus nectum.

Find the area bounded by the curve y = Jx 1,0<x<4,x—axisand thelines x =
0,x=4.

Find the area enclosed by the curve y = 2v1- X2 ,X € [0, 1]and the axes.

Find the area bounded by the curve x = atz, y = 2at between the ordinates
correspondingtot=1andt=2.

Find the area bounded by the region {(x, y): x> <y <|x[}.
Find the area bounded by the regiony = 9x2, y=1andy=4.

Find the area bounded by the curvey = 2x—x and x — axis

3n

Y
Find the area bounded by the are y = sin x between x = 5 andx= 3

Find the area bounded by the curvey =9 —x2, 0<x<3infirstquadrant.

THREE/FIVE MARKS QUESTIONS

Using integration: Find the area bounded by the curve 4y = 3x° and the line
3x-2y+12=0.

Find the area bounded by the curve x = y2 andthelinex+y=2.
Find the area of the triangular region whos verties are (1, 2), (2—2) and (4, 3).
Find the area bounded by the region {(x, y): X+ y2 <1<x+ %}

Find the area of the triangle formed by negative x — axis, the tangent and normal
tothe curve x° +y°=9at (-1,2v2).

Find the area of the region bounded by the lines x—2y=1,3x—y—-3=0and 2x +
y—12=0.

132

[Class XII : Maths]



10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Find the area of region {(x, y) :y’< 4x, 4x* + 4y°< 9}

Prove that the curve y = x¥’and, x = ) divide the square bounded by x =
0,y =0, x=1, y=1into three equal parts.

Find the area of the smaller region enclosed between ellipseb?x? +
a’y? = a?b? and the line bx + ay = ab.

Find the common area bounded by the circles x* + y? = 4 and(x — 2)> +

V=4

Using integration, find the area of the triangle whose sides are given by
2x+y=4,3x—-2y=6andx -3y +5=0.

Using integration, find the area of the triangle whose vertices are (-1,
0), (1, 3) and (3, 2).

Find the area of the region {(x, y) % + y?< 1 <x + y}.

Find the area of the region bounded by the curve x? = 4y and the line
x =4y —2.

Find the area lying above x-axis and included between the circle x* + )7
= 8x and inside the parabola y* = 4x.

Using integration, find the area enclosed by the curve y= cos x, y= sin
x and x-axis in the interval [0, 7/2].

Using integration, find the area of the following region:

{y):lx—1l<y < V5 -x2}
Using integration, find the area of the triangle formed by positive x-axis

and tangent and normal to the circle X* + y* = 4 at (1, v/3).

Using integration, find the area of the region bounded by the line x — y
+2 =0, the curve x = /y and y-axis.

Find the area of the region bounded by the curves ay? = x3, the y-axis
and the linesy =a and y = 2a.
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21.

22.

23.

24.

25.

26.

27.

28.

Find the area bounded by x-axis, the curve y = 2x? and tangent to the
curve at the point whose abscissa is 2.

Using integration, find the area of the region bounded by the curvey =

1+ |x+ 1| andlinesx =-3,x =3,y =0.
Find the area of the region {(x,y): y? = 6x, x?+ y? < 16}

Find the area of the region enclosed between curves y = |x — 1| andy =
3 —|x|.

If the area bounded by the parabola y* = 16 ax and the line y = 4 mx is

2
a
Esq unit then using integration find the value of m.

d d
Given % is directly proportional to the square of x and % =6 atx=2.Thenfind the

equation of the curve, when x =2 and y = 4. Also find the area of the region bounded by
curve between linesy=1andy = 3.

Find the area between x-axis, curve x = y2 and its normal at the point (1,1).

Using integration find the area bounded by the tangent to the curve y = 3x? at the point

X
(1, 3), and the Lines whose equations are y = gand x+y=4
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ONE MARKS QUESTION
1. 1 square units.

2

1 .
2. > square units.
3. 7 square units.
4. 64 square units.
5. 2log 2 square units.
6. 2/3 square units.
7. g square units.
8. 48.4 square units.
TWO MARKS QUESTIONS
1. 16 wsquare units.

8 2
2. 3@ square units.

28
3. "3 square units.
4. g square units.
5. % azsquare units.
6. 1 square units.

3
7. 29—8 square units.

4
8. 3 square units.
9. 2 square units.
10. 18 square units.

ANSWERS
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THREE/FIVE MARKS QUESTIONS

1. 27 square units.
2. % square units.
3. g square units.
4 (E_E_lsirﬁ §j square units.
4 5 2 5
5. 9x/§ square units.
6. 10 square units.
7 [E +2Z_2gipt (l)] 16. (2-+/2) square units.
: 6 8 4 3

-2 . 5t 1 .
9. (T)ab square units. 17. (Z_E) square units.

81 .
10. (? - 2\/§) square units. 18. 243 square units.

. 10
. 3.5 square units. 19. 3 square units.
12. 4 square units. 20. gaz [(32)1/3 _1] square units.
1 :
13. (TE*E) square units. 4
21. — square units.

9 3

14. 3 square units.
22. 16 square units.

15. — (8 + 3n) square units.
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23. w square units.

24. 4 square units.

25, m=2.

26. %(2)”3 [(3)"® —1] square units.
27. g square units.

56 .
28. 17 Square units.
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Chapter 9

DIFFERENTIAL EQUATIONS

KEY POINTS :

DIFFERENTIAL EQUATION : is an equation involving derivatives of the dependent
variable w.r.tindependent variables and the variables themselves.

- ORDINARY DIFFERENTIAL EQUATION (ODE) : A.D.E. involving derivatives of the

dependent variable w.r.t only one independent variable is an ordinary D.E.
In class XIl ODE is referred to as D.E.

PARTIAL DIFFERENTIAL EQUATION (PDE) : A.D.E involving derivatives w.r.t more
than one independet variables is called a partial D.E.

ORDER of a DE : is the order of the highest order derivative occurring in the D.E.

DEGREE of a D.E. : is the highest power of the highest order derivative occurring in
the D.E provided D.E is a polynomial equation in its derivatives.

SOLUTION OF THE D.E : Arelation between involved variables, which satisfy the
given D.E is called its solution.

Two Types of Solution of DE
1
[ I

General Solution Particular Solution
The solution which The solution free
contains as many from arbitrary
arbitrary constants constants

as the order of the

D.E.

FORMATION OF A DIFFERENTIAL EQUATION : We differentiate the function
successively as many times as the arbitary constants in the given function and
then eliminate the arbitiary constants from these equations.

ORDER of A D.E : Number of arbitrary constants in the general solution of a D.E.
Solution of a First Order First Degree D.E.
|

| | |
Variable separable Homogeneous Linear Differential
method D.E. equation
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e “VARIABLE SEPARABLE METHOD” : is used to solve D.E. in which variables
can be separated completely i.e, terms containing, x should remain with dx and
terms containing y should remain with dy.

d
e “HOMOGENEOUS DIFFERENTIAL EQUATION : of the form d_); =F(x,y)where

F(x, y) is a homogeneous function of degree 0
ie. F(ux,1y) =20 F(xy)
or F(Ax,Ly)=F(x,y)for some non-zero constant } .

To solve this type put y = vx

ax
Solve homogenous D.E of the trype O G(x,¥), we make substitution x = vy

d
o LINEAR DIFFERENTIAL EQUATION : A.D.E of the form d_§+ Py = Q where P

and Q are constants or functions of x only is known as first order linear
differential equation.

Its solution

y-(IF )= [Qx(LF )dx + C where

Pd
|. F = Integrating factor = el P

dx
Another form of Linear Differential Equation is WJF Pix=Q, where P, and

Q, are constants or functions of y only.

Its solution is given as

x.(1F) = [QX(LF.) dy +C, where IF.= el ¥
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ONE MARK QUESTIONS

. Write the order and degree of the following D.E.’s

2
. ay ¥\ _ Py AN
0 MJ)U S (i dxs”"g(dxj 0
1/3 3/2
[ dy [(d¥y . dy B ka?y
(iil) 1+dx_(dx2j (iv) {”(&)U =2

d’y (dy j1/4 1/5
—+| = +x'7=0
(V) dX2 dX

. (i) What will be the order of the D.E.

y =Ae* + Be**°

(if) What will be the order of the D.E. representing the family of circles with
centre (0, a) and radius a.

(iii) Write the integrating factors of the following D Eqn.

d_y+ COS X = Sin x b ﬂ+ log x = x
@ o Y (b) Y

dy . y

—+==1
() dx x

(iv) State whether the following statements are True or False.

(@) Integrating factor of the D.E.

d
(1—x2)d—};—xy=1 is J1_ x2

(b) Solution of D.E. xdy-ydx = O represents straight lines passing through
origin.

(c) Number of arbitrary constants in the particular solution of a differential
equation of order two is two.

d?x

—=0
dy2

(d) The differential equation of all non horizontal lines in a plane is
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TWO MARKS QUESTIONS

1. Write the general solution of the following D.Eqgns.

ax 5 o 2 dy 1-cos2x
i) 5, =% +X — () o = 15 cos2v
dy X dx 1+ cos2y

(i) (e*+e™*)dy=(e*—e )dx

d -
2. Given that d—iz e andy =0 when x = 5.

Find the value of x wheny = 3.

3. Name the curve for which the slope of the tangent at any point is equal to the
ratio of the abbcissa to the ordinate of the point.

4. Form the D.E for which y = a cos x + b sin x is a solution.

xd
5. Solve _y+y =eX,
ax

THREE MARKS QUESTIONS

2
- 2., d°y  xdy 2
1. (i) Show that y = e™" X is a solution of (1= X )—d 7= MY =0
X

(i) Show that y = acos(log x)+ bsin(log x) is a solution of

(iiiy Verify thaty = log (x ++/x2 + 42 ) satisfies the D.E.
(az +x2)y”+xy’ =0

(v) Form the D.E. having y = (sjn™" x)2 +Acos 'x+B, where Aand B are

arbitrary constants, as its general solution.

(vy Form the D.E. of all circles that pass through (0, 0) and whose centre lie on y-
axis.
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2. Solve the following D Egs.

(i) xdy —(y+2x%)dx =0
(ii) (1+ y2 ) tan™ " x dx + 2y(1+ x? )dy = 0

2

d
(iii) xzd—Z:x +xy +y?

d
(iv)d—ﬁ =1+x+y*+xy?, y=0when x=0

(V) xdy — ydx = /x? + y?dx y =0 when x — 1

. Solve each of the following D Egs.

(i) (1+x2)zy+2xy—4x2 =0,y(0)=0

dx
i (x+1)d—y:2e_y—1 y(0)=0
(ii) dx )

(iii) e tan ydx + (2—e* )sec® ydy =0, y(0)=n/4
(iv) (x2 = y?)dx + 2xydy =0

d 1
(v) (1+X2)d—§+2Xy=m’y=0 when y — 1

. Solve the following D.E.s.

(i) Find the particular solution of

2y /Y dx+(y-2xe*'?)dy =0,x=01if y =1
(ii) Xcos(xjd—y= yCOS(ZjJF X
x Jdx X
(i) (1+y2)+(x—e‘a"_1y)g—y= 0
X

2

d
(iv) Show that the Differential Equation d—i S is homogenous and

Xy — x?

also solve it.

2 . dy 1
X -1)—+2xy =——,| x| # 1
v) ( )dx V=2 1| |
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FIVE MARKS QUESTIONS

d .
Q.1 Solve y+a(xy)= x(sinx +log x)

Q.2 Solve (x dy —ydx)y sin (%} (ydx + xdy )x cos (%)

d
Q. 3 Find the particular solution of the D.E. (X — Y)d—}; = X+ 2y given that

y=0when x —1.

Q.4 Solve dy =cosx (2—ycosec x)dx, giventhat y =2 when x=x/2
Q.5 Find the particular solution of the D.E. (1+ y?)+ (x—eta”_1y)3—y =0
X

giventhat y =0 when x — 1

CASE STUDY QUESTIONS

Q. 1 Suppose a person named Devdutt saved Rs 10,000 from his earnings for his
daughter’s marriage.
So, he deposits this amount in a bank where principal amount increases
continously at the rate of 10% per year. Now based on the following
information answer the following questions.
(i) The following D.E. represents the above situation if P denotes the
principal at time t.

ap _ 10 oy 210
3) "5 =100 ®) 55 =100

ﬁsz d)N f th
c) g 10 (d) None of these

(i) The order and degree of the D.E. obtained in (i) is
(a) order : 2 degree : 1
(b) order : 1, degree : 2
(c)order : 1, degree : not defined
(d) order : 1, degree : 1
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(i) The most suitable method for solving D.E. obtained in part (i) is
(a) Ordinary method
(b) Method for Homogeneous D.E.
(c) Variables separable method
(d) None of these
(iv) Solution of the D.E. obtained in part (i) is given by

(a) ¢ = pet’/10 (b) p = cet’/19 C = arbitrary constant
(¢) p=ce'’! (d) c = pe'/!
(v) In how many years will Rs 10,000 double itself.
(a)10log,,2 (b) 2log g0
(c) 10 log €? (d)2log,, 10
Answers

ONE MARK QUESTIONS

1. () 0—>2,D—>1 (i) 0—5,D— Notdefined (i) 052,02
(ivy0>2,D—>2 (v) 0> 2,D— Notdefined
2. (i) Order =1 (i) Order=1
(logx
(iii) @81 x () e 2 (c) x
(iv) True (b) True (c) False (d) True

TWO MARKS QUESTIONS

6 3
1.(i) y=%+%—2/og | x| +C (i) 2(y— %)+ sin2y + sin2x — o
(i) y = log, |e* + e*| + C
6 .
s € 2+9 3. Rectangular hyperbola 4. ;)2/+ y=0

S. yx=e"+c
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THREE MARKS QUESTIONS
1. (iv) (1-x2)y"—xy-2=0

2. () y=2x2+cx

(iif) tan™ (1} log| x | +¢
X
(V) Y + X2 +y? = x?
3
3.) (1x2)y = 2
3
(iii) tany = 2 —e*
V) (1+x%)y =tan"' x—n/4

4. (i) e =_71Iog|y|+1

-1 1 —1
(iii) Xetan y :_62tan Yic

2
2 1 x -1
x“—=1)y =—=logl—|+c¢
(v) ( Jy =-log-—

FIVE MARKS QUESTIONS

2sinx 2cosx xlogx x

(v) y= tan(

1. Yy=—cosx+ >
X X

2. xycos(sz c
X

3. J3tan™ [Mj—%log | X% + xy+y2 |=

J3x

. —1 3
. ysinx=—cos (2x)+—
4.y 5 (2x) >

2 2

CASE STUDY QUESTIONS

1. ()a (i) d
(iv)b V) c

W) (X —-y?)y =2xy

(ii) %(tan‘1x)2 +log(1+y?)=c

(i) (2-¢€¥)(x+1)=1

(v) x?+y?=cx

(i) sin(y/x)=1log| x|+c

Y
——lo =C
) < glyl

(iii) ¢

X
X+—
2
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CHAPTER-10

VECTORS

POINTS TO REMEMBER

A quantity that has magnitude as well as direction is called a vector. It
is denoted by a directed line segment.

Two or more vectors which are parallel to same line are called collinear
vectors.

Position vector of a point P(a, b, c) w.r.t. origin (0, 0, 0) is denoted by

OP where OP = ai + bj + ck and |OP| = Va? + b2 + ¢2.

If A(x4,y1,21) and B(x,,y,,2,) be any two points in space, then

AB = (x2 —x)i+ (y2 —y1)j + (z, —z)kand

|E| = V(2 —x1)2 + (V2 —y1)? + (22 —2)?

Any vector a i s called unit vector if|a| = 1 It is denoted by a

If two vectors d and l; are represented in magnitude and direction by

the two sides of a triangle in order, then their sum d + B is represented
in magnitude and direction by third side of a triangle taken in opposite
order. This is called triangle law of addition of vectors.

If d is any vector and 1 is a scalar, then A d is vector collinear with @

and [A3| = |A|[3].

If 2 and b are two collinear vectors, then @ = A b where A is some
scalar.
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° Any vector a can be written as a = |d|awhere @ is a unit vector in the

direction of a.

° If @ and B be the position vectors of points A and B, and C is any point
which divides 4E in ratio m:n internally then position vector ¢ of point C
S b+n3 . . .
is given as C = T . If C divides 4B in ratio m:n externally,
- mb-n3
thenC = —
o The angles a, 8 and y made by ¥ = ai + bj + ckwith positive direction

of x, y and z-axis are called angles and cosines of these angles are
called direction cosines of#usually denoted as/=cosa, m=cosf,

n=cosy
a b C 2 2 2
Asol=—, m=—,n=—and[“+m“+n“=1
|| || ||
° The numbers a, b, ¢ proportional to |, m, n are called direction ratios.
° Scalar product or dot product of two vectors a and b is denoted as

a.b and is defined as a.b = |3||E| cos 6, 6 is the angle between

dand b.(0< 6 < n).

. Dot product of two vectors is commutative i.e. &.b = b .d
. a.b=0 © a=0,b=o0oral b.
. 3.3= 3% s0i.1=j.j=kk=1

If 3 = a,i+a,] + askand b = by} + b,j + bk then

5 B = a1b1 + azbz + a3b3.
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-

. . - g a. b
Projection ofd on b = ‘W and

- > 3 b))
Projection vector of a'along b = <( o )) b.
Cross product or vector product of two vectors a and b is denoted as
d X b and is defined as a X b= |ﬁ||b|sin 0 7. were 6 is the angle
between 3 and b (0 < 6 < m). And fiis a unit vector perpendicular to

both @ and b such that d@ . b and i from a right handed system.

Cross product of two vectors is not commutative e, dXb#bxa,
butd x b = —(b x 3).

ixb=0=3d=0b=0or | b.

"
axb=|a; a, aj
by by b;

axﬁ)>_

|d x b]

Unit vector perpendicular to both @ and b= + (

|5 X blis the area of parallelogram whose adjacent sides are a and b

|3 X b|is the area of parallelogram where diagonals are d and b.

N |-

If 5,_6 and cform a triangle, then area of the triangle
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1> 7 12 = 1,5 -
. =—|a><b|=—|b><c|=—|c><a|.
2 2 2
. Scalar triple product of three vectora, band ¢ is defined as 3. (b X E) and
is denotes as [ﬁb E]
° Geometrically, absolute value of scalar triple product [é)bé)] represents

o
volume of a parallelopiped whose coterminous edges are a’b and C.

° 3ib Care coplanar 4:[5 b _C)] =0
e [Ebée=[pbc¢d]=[¢dD]
. If 3= a,i+ a,j+ ask b= byi+ byj+ bsk and &= c,i+
c,j + csk then
a; dz ag
ab¢] = |by by bs
¢t C GC3
° Then scalar triple product of three vectors is zero if any two of them are

same or collinear.

ONE MARK QUESTIONS

1. IfAB = 31+ 2 j — k and the coordinate of A are (4,1,1), then find the

coordinates of B.
2. Leta= —21+j, b=1+2j and ¢=4i+3f Find the values of x
and y such that ¢ = x3 + yb.

3. Find a unit vector in the direction of the resultant of the vectors

i—j+3k 21+7—2k and i+ 2j -2k
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10.

11.

12.

13.

14.

15.

Find a vector of magnitude of 5 units parallel to the resultant of vector

Gd=20+3j+k andb = (i-2j-k)

For what value of A are the vector @ and b perpendicular to each other?

Where G = Al + 2j + k and b = 5{ — 9] + 2k

Write the value of p for which @ = 3% + 2j + 9k and b=1+ pj + 3k

are parallel vectors.

For any two vectors @ and b write when |& + E| = |& — E| holds.

0

Find the value of p if (2 + 6] + 27k) x (i + 3] + pk)

Evaluate: . (f x k) + (i x k).}

S

Ifd =20 —3j, b=1+j—k = 30—k, find [dbc]

If d=5i—4j+k b=—4i+3j—2k and é=1—2j—2k then

evaluate ¢. (d X b)

Show that vector i + 3j + k, 2 — j — k, 7j + 3k are parallel to same

plane.
Find a vector of magnitude 6 which is perpendicular to both the vectors

21— j+ 2k and 4i —j + 3k.

Ifd.b = 0, then what can you say about d and b?

If @and b are two vectors such that |@ x b| = @.b, then what is the

angle between d and b?
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Q.1.

Q.2.

Find the area of a parallelogram having diagonals 37 + j — 2k andi —

{—3j + 4k.

If 1,7 and k are three mutually perpendicular vectors, then find the
value of j. (k x 1).
P and Q are two points with position vectors 3d—2band d+b

respectively. Write the position vector of a point R which divides the
segment PQ in the ratio 2:1 externally.

Find A when scalar projection of @ = Ai + j + 4k on b =20+ 6j + 3k

is 4 units.

Find “a” so that the vectors p =31 —2j and ¢ =2{+aj be
orthogonal.

fad=1—j+k b=2i+j—k and &= Ai—j+ Ak are coplanar,
find the value of A.

What is the point of trisection of PQ nearer to P if positions of P and Q
are 31 + 3] — 4k and 97 + 8j — 10k respectively?
What is the angle between a and B, ifd.b =3 and |& X E| = 3+/3.

Represent graphicaley a displacement of 50 km, 60° south of west.

Ifthe vectors @ =Xi +yj +zk, b = jand¢ are such that 3, ¢and b from a right
handed system, than find C.

TWO MARK QUESTIONS

A vector 7 is inclined to x — axis at 45° and y-axis at 60° if | r | = 8 units.
find 7 .

if |a+h| =60, |a—b|=40and b =46 find | d |
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Q.3.

Q.4.

Q.5.

Q.6.

Q.7.

Q.8.

Q.9.

Q.10.

Write the projection of B+gon a where

=2 2j+kb=i+2j -2k and ¢=2i j+4k

If the points (-1, -1, 2), (2, m, 5) and (3, 11, 6) are collinear, find the

value of m.

For any three vectors Z,l; and ¢ write value of the following.

Gx(B+E)+bX(C+D)+EX(G+D)
If (@ x b)Y +(a.b)? = 144 and | @ | = 4. Find the value of | b |.

If for any two vectors a and l; ,

(@+b) +(@—b) = A[(@)* +(b)* Jthen write the value of 2 .

ifa,l; are two vectors such that |(Z+Z)| = |5 | then prove that 2 a+ ?5 is

perpendicularto b .
Show that vectors @ =3i—2j +k
b=1i-3j+5k3&=2i+j—4k form a right angle triangle.

If 2,5, ¢ are three vectors such that a+b+c =0and |a =5, |b | =12, | ¢

| = 13, then find @b +hc+ca

The two vectors i+ fand 3?—}'+4/Ac represents the two sides AB and AC

respectively of A ABC, find the length of median through A.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

If position vectors of the points A, Band C are 3, b and 43— 3b respectively, then
find vectors AC and BC .

If position vectors of three points A, Band C are —23 + 3b + 5¢, 3 + 2b + 3¢and 73
—C respectively. Then prove that A, Band C are collinear.

A A A
Ifthe vectori + pj + 3kis rota/:[ed ;\hrough an angle 6 and is doubled in magnitude,

thenitbecomes 4i + (4p — 2)j + 2k. Find the value of p.

— A A — A A
If AB=5i—-2j+ 4II2 and AC = 3i + 4k are sides of the triangle ABC. Find the length
of median through A.

A A A A A
Find scalar projection of the vector 7i + j + 4k on the vector 2i + 6] +3k. Also find
vector porojection

. A A A — A A A - -
Leta=3i+xj—kandb =2i+j+ yk one mutually perpendicular and |a| = |b|. Find

xandy.

—— — — — -

Ifa, b, c, are coplanar vectors, find the value of [23— b 2b—c 28—a]

—

& A A A A A A . -
Ifa=i—-2j+3kandb=2i+3j—-5k. Find the angle betweenaanda x b.

Using vector, prove that angle in a semicircle is 90°.
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THREE MARKS QUESTIONS

The points A,B and C with position vectors 3f — yj + 2k, 5{—j +

k and 3xi + 3j — k are collinear. Find the values of x and y and also

the ratio in which the point B divides AC.

If sum of two unit vectors is a unit vector, prove that the magnitude of

their difference is /3.

letd=4i+5/—k b=1—4+5k andé=31+j—k. Find a

vector d which is perpendicular to both a@ and b and satisfying d.é=21

If @ and b are unit vectors inclined at an angle6 then proved that

. 6 1y, =
(i) cos;—;|a+b|
i) sind =%|5—B|
0 a;B
(iii) tan; = a—13|

e

If a,b,c are three mutually perpendicular vectors of equal magnitude.

Prove that Zz+b+cis equally in clined with vectors 5,5 and E . Also find

angles.
For any vector d@ prove that |d x |2 + |d X f|? + |d x IAc|2 = 2|d|?
5.2 ) ) > > =7
Show that (@ x b) = |@|?|B| — (a.b) = |+% &b
a.b b.b
If & b and ¢ are the position vectors of vertices A,B,C of a A ABC, show

that the area of triangle ABC is % |d x b+bxXé+¢éx d|. Deduce the

condition for points d, b and & to be collinear.
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9. Let d, b and ¢ be unit vectors such thatd@.bh = @.¢ = 0 and the angle

between b and c is 7/6, prove that @ = +2(b x ¢).

10.  Ifd,b and ¢ are three vectors such that @ + b + ¢=0,then prove that
Axb=bxé=2¢xd.

1. Wd=i+j+k ¢=j—k
X

re given vectors, then find a vector b
satisfying the equations a ¢

a
b=¢andd.b=3.

12. Let &,Eand ¢ be three non zero vectors such that ¢ is a unit vector

perpendicular to both a and b. if the angle between d and bis /6,

prove that [5155]2 = % |El|2|l_9)|2

13.  If the vectors @ =ai+j+k f=1i+bj+k and y=i+j+ck are

+ ™=

coplanar, then prove thatﬁ ﬁ =1wherea#1,b#1landc #1

14. Find the altitude of a parallelepiped determined by the vectors
d, band ¢ if the base is taken as parallelogram determined by a and b

andifd=1+j+k b=21+4—kandé=1+j+ 3k

15. Prove that the four points (4§+53+12),—(j+f<), (3i+93‘+4f<) and

4 (—f + 3+ f<) are coplanar.

16. If |a] =3, |E| =4 and |c| =5 such that each is perpendicular to

sum of the other two, find |& +b+ E|

17. Decompose the vector 6 — 3] — 6k into vectors which are parallel and

perpendicular to the vector i + j + k.
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

-

If d, b and ¢ are vectors such that d.b = d.¢, axb=axc, a#0,

then show that b = ¢,

If @, b and Care three non zero vectors such thatd X b = ¢and b X ¢ = d.

b
Prove that @, b and ¢ are mutually at right angles and |E| = 1and|c| =

|al

Simplify [@ — b, b — ¢, ¢ —d

If [555] = 2, find the volume of the parallelepiped whose co-terminus

edges are 2d + b, 2b + &, 20+ d.

If d,Band ¢ are three vectors such that @ + b + ¢ = 0 and lda| =3,

|B| =5, |c| = 7, find the angle between d and b.

The magnitude of the vector product of the vector i + j + k with a unit

vector along the sum of the vector 2i+4j—5k and A+ 2j + 3k is

equal to V2. Find the value of A.

- 3 -

lfaxb=¢cxdanddx¢é=bxd, prove that (@a-— J)is parallel to

- -

(E—B),where&idandb * C.

Find a vector of magnitude v171 which is perpendicular to both of the

vectors d =1+2j—3k and b =3i—j+2k.

Prove that the angle betwen two diagonals of a cube is cos ' <%> :

If &:ﬁ—j and ﬁ:2f+j+312 then express [3 in the form of

[3: f&l + f&z , Where [31 is parallel to o and 52 is perpendicular to a. .
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Find a unit vector perpendicular to plane ABC, when position vectors

of AB,Care 31 —j + 2k, 1 — j — 3k and 41 — 3 + k respectively.

Find a unit vector in XY plane which makes an angle 45° with the

vector { + j at angle of 60° with the vector 3i — 4.

Suppose d@ = Al — 7j + 3k, b = Ai + j + 22k. If the angle between
g and b is greater than 90° , then prove that 1 satisfies the

inequality—7 < 1 < 1.

letv=21+j—kandw = i+ 3k. Ifilis a unit vector, then find the

maximum value of he scalar triple products u, v, w.

fad=i—k b=xi+j+(1—x)k and é=yi+xj+ (1 +x—yk

then prove that [555] depends upon neither x nory.

a, b and c are distinct non negative numbers, if the vectors ai + aj +

ck, i+ kand ci+cj+bl€ lie in a plane, then prove that c is the
geometric mean of a and b.
a a*® 1+ad

b b* 1+b3
c ¢ 1+¢3

non-coplanar, then find the value of abc.

If =0and vectors (1,a,a?),(1,b,b?) and (1,c,c?) are

If é’,B and ¢ be three non-zero vectors such that no two of these are collinear. If
the vectora+2b is collinear with Cand b + 6¢ is collinear with & (A being some
non-zero scalar), then find the value of 3 + 2b +6C.

If @ and b are two unit vectors such that E] +»b| =3 then find the value of
(22-5D). (35 +D).
Letd= 2/i\+/j\— 3/l\<,_5 =i+j+ Q and¢ =/i\—/j\+ k. Find a vector d such that a.d = 0,
b.d=2andcé.d=4.
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10.

11.
12.

13.

14.

15.

16.

17.

Answers

ONE MARK QUESTIONS

(7,3,0)
x=-1y=2

=4+ 2j - £)

\E (Gi+7)

A=—
5

7

dand b are perpendicular

i+ 4] +4k

Either @ =0 or 5 =0or ;Lz
45°

5\/3 sq. Units

1
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18. —d+4b T
a 23 \
A
19. A=5 24,
20. a=3
W< >E
50 km
21, gy 60°
v
22. 4 AA S
(5.?,4) 25. zj - xk
TWO MARK QUESTIONS
SN 6. 3
1. 4(W2i+ j+k)
7. A=2
2. 22
8. —
3. 2 9
4. m=8
10. -169
5.0
11. 242
12. AC =3(@-b), BC=4(-D)
=2
14. p=2.2
15. /33
16. % 3_3, 21+ 6] + 3K)
-_31 -4
17. x= 7 Y=
18. 0
T
19. 7
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11.

14.

16.

17.

20.

21.

22.

23.

25.

27.

28.

THREE MARKS QUESTIONS

x=3,y=3 1:2

cos L
3
b=20+27+2k
3" 3 3
4 it
75 units
5V2

(—i—j—k)+ (7t —2j—5k)

0

18 cu. Units

== (1014 7] — 4k)

29.

31.

34

35.

36.

37.

13 » |
1+
V170 /170

J59
—1
0
11
2
L N AN A
d=2i—j+k
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CHAPTER-11

THREE-DIMENSIONAL GEOMETRY

POINTS TO REMEMBER

° Distance Formula: Distance (d) between two points( x; , y; ,

z1)and(xz, ¥, 2;)

d=Cr; —x)%+ (v =y + (2, — 2,)?

° Section Formula: line segment AB is divided by P (x, y, z) in ratio m:n

(a) Internally (b) Externally

(m X, + nx; my,+ ny; mz, + nzl) (mxz —nXp my; —ny; mz;— "21)

) )
m+n ' m+n ' m+n m-—n m-—n m-—n

. Direction ratio of a line through (x4, y;,2;)and (x;,y,,z,) arex, —

X1, Y2 = V1,22 — 71

° Direction cosines of a line having direction ratios as a, b, c are:
a b c
=4 ——, M=t ——, n=4+ ———
— VaZ+bZ+c?’ — VaZ+bZ+c?’ — VJa?+b?+c?

e Equation of line in space:

Vector form Cartesian form
(i) Passing through point @ and (i) Passing  through point
parallel to vector b; # = @ + Ab ( x1,¥1,7z1 ) and having
direction ratios a, b, c;
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dandb; 7 =d + A (b — @)

X7X1 _Y7y1 _ Z7Z
a b c
(ilPassing through two points | (ii))Passing through two points

(x1,¥121) and (x, y,2,);

X—Xq — Y—YV1 — Z—Z1
X2—X1 Y2—YV1 Z3—2Z3
° Angle between two lines:
Vector form Cartesian form
() For lines 7#=a +Ab, and
- — . . x - z—Z
R _ |15y (i) For lines —= = X222 = %5y
T=a2 +Ilb2) COSQ— == 1 b1 C1
[1][B2|
) X=X Y—=Y2 Z—Zy
where ‘0’ is the angle a by | o
between two lines.
cos @

laya; + biby + cicy]

\/a%+b%+c%\]a%+b%+c§

(iii) Lines are perpendicular if
b, .b, =0

(ii) Lines are perpendicular if

a1a2 + b1b2 + Clcz = 0

(iv) Lines are parallel if 51 = kBZ ;

k=0

(i) Lines are parallel if

ap by o

a, by, ¢

° Equation of plane:

If p is length of perpendicular from
origin to plane and 7 is unit vector

normal to plane 7.7 = p

If p is length of perpendicular from
origin to plane and I, m, n ared.c.s of

normal to plane Ix + my +nz=p
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plane :(F —a).7=0

Passing through a and 7 is normal to

Passing through (x;,y,,2z;) and a, b, ¢

are d.r.s of normal to plane:

a(x=x) +bly—y) +c(z—2)=0

points 4, b, ¢:

Passing through three non collinear

F-a.[(b-a)xE-d)]=0

Passing through three non collinear

points(xy, y1, 21) (X2, Y2, 22) (X3, V3, Z3):

X=X Y= Z—Z
X =X1 Y2—Y1 Z2—Z1|=0
X3 —X1 Y3—YV1 Z3— 72

. X A
ordinate axes = + 2 + 2 =1
a b c

If a, b, ¢ are intercepts on co-

If x4, y1, 2z, are intercepts on coordinate

X zZ
axes —+2% + = =1
X1 Y1 Z1

Plane passing through
intersection of planes

and 7.1, =d, is

7_;. (ﬁl + /‘{ﬁz) = dl + Adz

no.)

line of

T_'). ﬁl = dl

(A=real

Plane passing through the line of

intersection of planes
alx + bly + CIZ + dl = 0 and
a2X + bzy + sz + dz = 0 iS

(ax + by +ciz+dy)
+ Aayx + by + ¢pz
+ dz) = 0

° Angle between planes:

Angle 6 between planes

7_'2. ﬁl = dl and F.ﬁz = dz is

Angle 6 between planes
a;x + b,y + ¢,z = d; and
ax +b,y+c,z=d,is
cosf
laya; + bib; + c16,|

Ja? + b? + c2JaZ + b2 + ¢
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Planes are perpendicular iffii; .7, = 0

Planes are perpendicular iff

a1a2 + b1b2 + CICZ = 0

Planes are parallel iffii; = A1, ; A+ 0

Planes are parallel if
a, by

a, by ¢

Angle between line and plane:

Angle 6 between line 7 =d + Ab

and plane 7.n1=d is sinf=
cos(90° — 6)
Ba
-~ [B]im Y
P
=4
> >
b0 A n
e -

Angle 8 between line

zZ—2Zq
and plane
by c1

X +byy+cz=4dis

sin @
a,a, + b;b, + c ¢,

Ja? +b? + c2JaZ + b2 + ¢

Distance of a point from a plane

The perpendicular distance p from
the point P with position vector d to

the plane 7 .71 = d is given by

ld .7 —d]|

The perpendicular distance p from the
point P (x,vy,,2z,) to the plane
Ax + By + Cz+ D = 0 is given by

_ |Axy + By, + Cz, + D|
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Coplanarity

Two lines # = @, + Ab; and
7 = d, + ub, are coplanar iff

(dy —d1) . (by X by) =0

a; by €1

Z—Z .
= == 2 are coplanar iff
2

X2 — X1
a;
as

Yo—=V1 Z2— 71
by C1 =0
b, 2

Shortest distance between two skew lines

The shortest distance between lines

#=d,+Ab,and 7 = d, + ub, is

_ (d, —dy). (51 X Ez)

d —
|by X b,

The shortest distance between

X—X - Z—Z
1_ Y—V1 — 1and
a; by c1
X—X2 — y=Y2 — Z—Zz;s
az bz Cp '
Xo—=X1 YVo—V1 Zp— 23
a; b, C1
a, b, 2
d =
vD
Where

D = {(a,b; — ayb;)? + (byc; — bycy)?

+ (c1a; — c2a4)%}
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10.

ONE MARK QUESTIONS

What is the distance of point (a, b, c) from x-axis?

What is the angle between the lines2x =3y = —z and 6x =-y =
—4z7?

Write the equation of a line passing through (2, -3, 5) and parallel to

Cox-1  y-2  z+1
line— = — = —,
3 4 -1

Write the equation of a line through (1, 2, 3) and parallel to 7~ (i —j+
3k) =5.

. . . x—1 y-3 z—1 x—2
What is the value of A for which the lines > = = and =

y+1 zZ .
Y = Eare perpendicular to each other?

Write line7 = (i — j) + A (2] — k)into Cartesian form.

If the direction ratios of a line are 1, -2, 2 then what are the direction

cosines of the line?
Find the angle between the planes 2x — 3y + 6z = 9 and xy — plane.

Write equation of a line passing through (0, 1, 2) and equally inclined to

co-ordinate axes.

What is the perpendicular distance of plane 2x —y 4+ 3z = 10 from

origin?
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11. What is the y-intercept of the plane x — 5y + 7z = 10?

12. What is the distance between the planes 2x+2y —-z+2 =0 and
4x+4y—2z+5=0.

13. What is the equation of the plane which cuts off equal intercepts of unit

length on the coordinate axes?

14. Are the planes x+y—-2z4+4=0 and 3x+3y—6z+5=0

intersecting?

15. What is the equation of the plane through the point (1, 4, -2) and
parallel to the plane—2x +y —3z=77

16. Write the vector equation of the plane which is at a distance of 8 units

from the origin and is normal to the vector (Zi +j+ ZlAc).

17. What is equation of the plane if the foot of perpendicular from origin to

this plane is (2, 3, 4)?

18.  Find the angles between the planes 7. (i —2j—2k) =1 and#. (3 —

6j +2k) = 0.

19. If O is origin OP = 3 with direction ratios proportional to -1, 2, -2 then

what are the coordinates of P?

20.  What is the distance between the line # = 2i — 2j + 3k + 1 (i +j+ 4-]2)

from the plane #.(—i+5j—k)+5=0.

21. Write the line 2x = 3y = 4z in vector form.
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22.

23.
24,

25.

. Xx—4 2y—4 k—z . .
The line 0 = > = = lies exactly in the plane 2x —4y +z=7.

Find the value of k.

Write direction ratios and direction cosines of z-axis.

Write direction ratios and direction cosines of the line XTH = Y__1 z+1=0.

-1
The cartesian equations of a line are x=ay + b, z = cy + d. Find direction ratios of

the line, also write its equation in vector form.

TWO MARK QUESTIONS

x+1 2y-1 2-z
4

What is the angle between the line and the plane 2x

+y—-2z+4=0
Find the equation of a line passing though (2, 0, 5) and which is parallel to

line 6x —2=3y+1=2z-2

Find the equation of the plane passing through the points (2, 3, —4) and
(1, =1, 3) and parallel to the x — axis.

Find the distance between the planes 2x + 3y -4z + 5 = 0 and
F(4i+6] -8k =11

The equation of a line are 5x — 3 = 15y + 7 = 3 — 10 z. Write the direction

cosines of the line

If a line makes angle a, B, y with Co-ordinate axis then what is the value of

sin? a + sin® B +sin?y

Find the equation of a line passing through the point (2, 0, 1) and parallel

to the line whose equation is r= A+ 3)f+ (7X—1)f+ (—3X+2)I€

The plane 2x — 3y + 6 z— 11 = 0 makes an angle sin~' ot with x — axis. Find

the value of (.

If 4x + 4y — cz = 0 is the equation of the plane passing through the origin
x+5_y_z-7

that contains the line ——
2 3 4

, then find the value of c.
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10. Find the equation of the plane passing through the point (-2, 1, —=3) and
making equal intercept on the coordinate axes.

11.  Write the sum of intercepts cut off by the plane Ar.(23'+}—?c)—5 =0 on the
three axis.
12. Find the condition thatthe linesx=ay +b,z=cy+dandx=a'y+b’,z=c'y+d’

may be perpendicular to each other.

13. If the line drawn from the point (2, 1, 3) meets a plane at right angles at the point

(-1, 3,-3), find the equation of the plane.

14. If the products of distances of the point (1, 1, 1) from the origin and the plane

Xx—y+z+k=0be5units, find the values of ‘k’.

THREE MARKS QUESTIONS
1. Find the equation of a plane containing the points (0, -1, —1), (-4, 4, 4)
and (4, 5, 1). Also show that (3, 9, 4) lies on that plane.
2. Find the equation of the plane which is perpendicular to the plane
7.(50+ 3j + 6k) + 8 = 0 and which is containing the line of intersection
of the planes 7. (1 + 2j + 3k) =4 and 7. (2i+j— k) +5 = 0.
3. Find the distance of the point (3, 4, 5) from the plane x + y+z =2

measured parallel to the line 2x =y = z.

4. Find the equation of the plane passing through the intersection of two
planes x + 2y + 3z—5=0and 3x -2y — Z + 1 = 0 and cutting equal
intercepts on x-axis and z-axis.

5. Find vector and Cartesian equation of a line passing through a point

with position vector 21 — j + k and which is parallel to the line joining

the points with position vectors—i + 4j + k and i + 2j + 2k.

6. Find the equation of the plane passing through the point (3, 4, 2) and
(7, 0, 6) and is perpendicular to the plane 2x — 5y = 15.
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10.

1.

12.

13.

14.

15.

Find equation of plane through line of intersection of planes 7. (21 +
6/) +12 = 0and 7. (31 — j + 4k) = 0 which is at a unit distance from
origin.

Find the image of point (3, =2, 1) in the plane 3x —y + 4z = 2.

Find image (reflection) of the point (7, 4, —3) in the Iine% = yT =

z—2
3

Find equation of a plane passing through the points (2, —1, 0) and (3,—
4, 5) and parallel to the line 2x = 3y = 4z.

Find the distance of the point (-1, -5, —10) from the point of

. . . X2 y+1 z—2
intersection of line . == and the plane x —y +z = 5.

Find the distance of the point (1, -2, 3) from the plane x —y +z =5,
Lx y z
measured parallel to the line - = = = —.
2 3 -6
Find the equation of the plane passing through the intersection of two
plane 3x — 4y + 5z = 10,2x + 2y — 3z = 4 and parallel to the linex =

2y = 3z.

Find the equation of the planes parallel to the plane x — 2y + 2z -3 =

0 whose perpendicular distance from the point (1, 2, 3) is 1 unit.

. .o x+1 y+3 zZ+5 . o x=2 y—4
Show that the lines IlneT = = = - and ||neT = e =

-6
ZTintersect each other. Find the point of intersection.
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16.

17.

18.

19.

20.

21.

Find the shortest distance between the lines:
7 = i+2j+ 3k +p(2t + 37 + 4k) and
T = (20 +4f + 5k) + A(31 + 4j + 5k).

. . . .o x+2 2y+3
Find the distance of the point (-2, 3, -4) from the IlneT == =

3z+4

measured parallel to the plane 4x + 12y —3z+ 1 = 0.

Find the equation of plane passing through the point (-1, -1, 2) and

perpendicular to each of the plane
7.(2043j—3k)=2and7.(51—4j+k) =6

Find the equation of a plane passing through (-1, 3, 2) and parallel to

. X y
each of the Ilnez = > = —and——

Show that the plane 7. (i - 3]+ 5/2) = 7 contains the line
7=(+37+3k)+ 2@t +)).
Check the co planarity of lines
7 =(—31+j+ 5k) + A(=3i + j + 5k).
7 = (=1 + 2] + 5k) + u(—1 + 2j + 5k)

If they are coplanar, find equation of the plane containing the lines.
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22.

23.

24.

25.

26.

27.

28.

Find shortest distance between the lines:

x+1  y+1  z+1

— = and

x-3 5-y z—=7
= and —— -
7 -6 1 1 2 1

Find the shortest distance between the lines:
T=10-Di+QA-2)j]+ B -2k
r=@+Di+Qu—-1j—Qu+1k

A variable plane is at a constant distance 3 p from the origin and meets
the coordinates axes in A, B and C. If the centroid of A ABC is (a, ,y),
then show thata ™2 + 72 + y =2 = p~2

A vector 71 of magnitude 8 units is inclined to x-axis at 45°, y axis at 60°
and an acute angle with z-axis. If a plane passes through a point

(\/Z -1, 1)and is normal to 7, find its equation in vector form.

Find the foot of perpendicular from the point 27 —j + 5k on the line
7 = (118 — 2j — 8k) + A(10% — 4f — 11k). Also find the length of the

perpendicular.

A line makes angles «, 8,v,d with the four diagonal of a cube. Prove

that cos?a + cos?f + cos?y + cos?§ = g

Find the equation of the plane passing through the intersection of
planes 2x +3y —z= -1 and x+y —2z+ 3 = 0 and perpendicular to
the plane 3x —y — 2z = 4. Also find the inclination of this plane with

xy-plane.
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29.

30.

31.

32.

33.

34.

35.

36.

Find the length and the equations of the line of shortest distance

. x—8 y+9 z—-10 x—15 y—29 z—-5
between the lines = = and = = —.
3 -16 7 3 8 -5
x—1 +1 x+1 -2
Show thatT = yT = ZandT = yT,Z = 2. do not intersect each
other.

Find the direction ratios of a normal to the plane, which passes through the
points (1, 0, 0), (0, 1, 0) and makes angle ©\4 with the plane x + y = 3. Also find
the equation of the plane.

Find the equations of the two planes passing through the points (0, 4, —3) and (6,
-4, 3), ifthe sum of their intercepts on the three axes is zero.

Find the coordinates of the foot of perpendicular and perpendicular distance
from the point P(3, 2, 1) to the plane 2x— y + z+ 1 = 0. Also find the image of the
point Pin the plane.

x—1=y+1=z—1 and

3 4 1
value of kand hence fnd the equation of the plane containing these lines.

x-3 y-k

If the line - = % intersect, then find the

x-1 y-2 z-3
3 4
and passes through the point (1, 1, 1).

Find the equation of the line which intersects the lines

and x+2:y—3:z+1

1 2 4
Find the equations of the two lines through the origin which intersect the line
XT_S = yT—S = % atangle of n/3.
ANSWERS
ONE MARK QUESTIONS

Vb2 + 2 13. x+y+z=1
90° 14. No
x-2 _y+3 _z-5 15. —2x+y—3z=8

3 4 -
7= (1+2]+3k) + 16.  7.(20+]+2k) =24
At -]+ 3k) 17. 2x+3y+4z=29
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18. cos™?! (E)

21

6 x-1_y+1_ z
o 19. (-1,2-2)
1 2 2
. e
8 cos~1(6/7) - ~
/ 21, 7=0+A(60+ 4] + 3k).
9. I=x==Z2 22. k=7
a a  a’
@ €R—{0} 23, <0,0,1>,0,0,1
10. 2 3 1
\/ﬁ 24 <31 _11 0>7 _7_10
J10'V10
11. -2 S~ A A AN A
25. <a, 1,c>,r=bi+dk + A(ai + ] + ck)
12. 1
6
TWO MARK QUESTIONS
1. 0° (line is parallel to plane ) 8. o= -
x-2 y z-5
2. L g -
1 > 3 9. C=5

10. Xx+y+z=-4

5
21 1. -
4. units 2
2429
5 gg;B 12. aa’+cc’+1=0
' 777
13. 3x—-2y+6z=27=0
6 2
. o o 14. K=4,-6
7. r=QRi+k)+A2i+7j-k)
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THREE/FIVE MARK QUESTIONS ;¢4

1. S5x—=7y+11z+4 =0
2. 7.(-51f—15j+50k) = 173

3. 6 units

»

5x+2y+5z2-9=0

5. 7=(2i—j+k)+A(2i—-2j+k)

x—2 +1 z-1
and == =2-=""
2 -2 1

6. 5x +2y—-3z-17=0

7. T(20+j+2k)+3=0 or
r.(—i+2/—2k)+3=0
8.  (0,-1,-3)
51 18 43
o (-3-7%)

10. 29x —27y-22z=85
11. 13

12. 1 unit

13. x—20y+27z=14

14. x—-2y+2z=0andx—2y+
22=06

5 (G-3i)

17.

18.

19.

21.

22.

23.

25.

26.

28.

29.

31.

32.

L
V6

= units
2
7.(98+ 17 + 23k) = 20

2x —7y+4z+15=0

x—2y+z=0

2+/29 units

NE
O

r.(V2i+j+k)=2

(1,2,3),V14

7x +13y + 4z =

9,cos™ ! (%)

SD = 14 units,

x—5 y—-7 z-3
2 3 6

<11, J_r«/§>,x+y+
«/52—1:0,x+y—«/§z—1=0

6x+3y—22=18,2x-3y=6z=6
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33.

34.

35.

36.

(1,3,0), /6, image (-1, 4, -1)

K=g,5x—2y—z—6=0
2
x-1_ y-1 z-1
3 10 17
X VY_ZggX_Y_2
1 2 A -1 1 2

Case Study Based Questions

Two birds are flying in the space along straightpath L, and L,

(Neither parallel nor intersecting) where, P
_x-3 y-8 z-3
S T
L _x+3 y+7 z-3
273 2 1 a

On the basis of this answer the following
(a) VectorformoflL,is
(i) 7F=(3i+8j+3k)+1(3i +j+k)
(i) r=(-3i -8 -3k)+A(3i — j—K)
(i) 7=(37 +8] +3k)+ 1 (31 — ] +K)
(V) 7 =(37 + 8 +3k)+ A (3] — j +2k)
(b) IfPQLL,andPQ._LL,and,thencoordinates Pare
(i)(3,8,3) (ii) (-3, 8,-3)

(iii) (3,-8, 3) (iv) (-3,-8,-3)
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(c) Directionsratios of PQ
i)2,1,5 (ii)2,5,~1
(i) 5, 1,2 (iv)5,2, 1

(d) Distance PQis

(i) 2v15 units (i) 24/30 units
(iii) 3+/30 units (iv) 3+/20 units

(e) Equation ofthe path PQis
o A AN A A A A
(i) r=(3i+8j+3k)+Ar(2i+5—k)
- A A A A A A
(i) r=(3i—8j+3k)+Ar(2i+5j—k)
- A A A A A A
(i) r=(3i+8j+3k)+A(2i—5j+k)
A A A A A A
(iv) T=(3i—8j—3k) +A(2i—5j—k)
2. Letthe point P (1, 2, 3) lies on the top of tower, which is standing (perpendicular)
ontheplane x+2y+4z=38.

On the basis of the given informations answer the following.

P(1, 2, 3)
Tower

[

Plane

(a) Equation ofthe line through P, perpendicular to the plane
(i) T=1+]+k+23+2)+3K)
(i) T=1+2)+ 4k + 11+ 2] + 3k)
(iii) T=1+ 2]+ 3k + A({+ 2} + 4K)

L NN A A A A
(iv) F=i—2j—3k+A(i —2j—4k)
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(b) Coordinates of foot of perpendicular Mare
(i)(2,-4,7)
(i) (2,4,7)
(iii) (2, 4,-7)
(iv)(=2,4,7)
(c) Heightoftoweris
(i) 21units
(i) 2v/21 units
(i) 17 units
(iv) 217 units
(d) Ifplane assumed as plane mirror then image of Pis
(i) (=2,-4,-7)
(ii) (4,8, 14)
(iii) (2, 4,7)
(iv)(3,6,11)
(e) IfN(4,5,6)isany pointon the plane, then angle between PMand MNiis
(i)60°
(ii)45°
(iii) 30°
(iv) 90°
ANSWERS
1. (@) (iii) (b)()) (c)(ii) (d)(iii) (e)(i)
2. (@) (iii) (D) (i) (c)(i) (d)(iv) (e)(iv)
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Chapter 12

LINEAR PROGRAMMING

KEY POINTS :

OPTIMISATION PROBLEM : is a problem which seeks to maximize or minimize a
function. An optimisation problem may involve maximization of profit, minimization
of transportation cost etc, from available resources.

A LINEAR PROGRAMMING PROBLEM (LPP) : LPP deals with the optimisation
(maximisation/minimisation) of a linear function of two variables (say x and y) known
as objective function subject to the condiotions that the variables are non negative
and satisfy a set of linear inequalities (called linear constraints). ALPP is a special
type of optimisation problem.

OBJECTIVE FUNCTION : Linear function z= ax + by where a and b are constants
which has to be maximised or minimised is called a linear objective function.

DECISION VARIABLES : In the objective function z= ax + by, x and y are called
decision variables.

CONSTRAINTS : The linear inequalities or restrictions on the variables of an LPP
are called constraints.

The conditions x >0, y > 0 are called non-negative constraints.

FEASIBLE REGION : The common region determined by all the constraints including
non-negative constraints x >0, y > 0 of an LPP is called the feasible region for the
problem.

FEASIBLE SOLUTION : Points within and on the boundary of the feasible region
for an LPP represent feasible solutions.

INFEASIBLE SOLUTIONS : Any point outside the feasible region is called an
infeasible solution.

OPTIMAL (FEASIBLE) SOLUTION : Any pointin the feasible region that gives the
optimal value (maximum or minimum) of the objective function is called an optimal
solution.

THEOREM 1 : Let R be the feasible region (convex polygon) for an LPP and let
z = ax + by be the objective function. When z has an optimal value (maximum or
minimum), where x and y are subject to constraints described by linear inequalities,
this optimal value must occur at a corner point (vertex) of the feasible region.
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e THEOREM 2 : Let R be the feasible region for a LPP. & let z = ax + by be the
objective function. If Ris bounded, then the objective function zhas both a maximum
and a minimum value on R and each of these occur at a corner point of R.

If the feasible region R is unbounded, then a maximum or minimum value of the
objective function may or not exist. However, if it exists it must occur at a corner
point of R.

o MULTIPLE OPTIMAL POINTS : If two corner points of the feasible region are
optimal solutions of the same type i.e both produce the same maximum or minimum,
then any point on the line segment joining these two points is also an optimal
solution of the same type.

FIVE MARKS QUESTIONS

Q. 1 Solve the following LPP graphically.

Maximize z = 3x + y subject to the constraints
Xx+2y >100
2x-y <0
2x+y <200
x,y >0

Q.2 The corner points of the feasible region determined by the system of linear
constraints are as shown below.

Y B (4, 10)
101 A
91 /
A(0,8) 8! C (6, 8)
7
6.
N D (6, 5)
41
3]
2]
1 E (4, 0)
X

123456
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Answer each of the following :
(i) Let z=3x-4y be the objective function. Find the maximum and minimum

value of zand also the corresponding points at which the maximum and minimum
value occurs.

(i) Letz=px+qy where p,q >0 be the objective function. FInd the condition on

p and q so that the maximum value of z occurs at B (4, 10) and C (6, 8). Also
mention the number of optimal solutions in this case.

Q. 3 There are two types of fertilisers A and B. A consists of 10% nitrogen and 6%
phosphoric acid and B consists of 5% nitrogen and 10% phosphoric acid. After
testing the soil conditions, a farmer finds that he needs at least 14 kg of nitrogen
and 14 kg of phosphoric acid for his crop. If A costs Rs. 6 per kg and B costs Rs.
5 per kg. determine how much of each type of fertiliser should be used so that
nutrient requirements are met at minimum cost. What is the minimum cost?

Q. 4 Aman has Rs. 1500 to purchase two types of of shares of two different companies
S1 and S2. Market price of one share of S1is Rs. 180 and S2 is Rs 120. He wishes
to purchase a maximum of ten shares only. If one share of type S1 gives a yield of
Rs 11, and of type S2 yields Rs 8 then how much shares of each type must be
purchased to get maximum profit? and what will be the maximum profit?

Q. 5 Acompany manufactures two types of lamps say A and B. Both lamps go through
a cutter and then a finisher. Lamp A requiires 2 hours of the cutter’s time and 1
hours of the finisher’s time. Lamp B required 1 hr of cutter’s 2 hrs of finisher’s time.
The cutter has 100 hours and finisher has 80 hours of time available each month.
Profit on one lamp Ais Rs. 7.00 and on one lamp B is Rs 13.00. Assuming that he
can sell all that he produces how many of each type of lamp should be manufactured
to obtain maximum profit and what will be the maximum profit?

Q.6 A dealer wishes to purchase a number of fans and sewing machines. He has only
Rs. 5760 to invest and has space for atmost 20 items. Afan and sewing machine
cost Rs 360 and Rs. 240 respectively. He can sell a fan at a profit of Rs. 22 and
sewing machine at a profit of Rs. 18. Assuming that he can sell whatever he buys,
how should he invest money to maximise his profit?

Q. 7 Aproducer has 20 and 10 units of labour and capital respectively which he can use
to produce two kinds of goods X and Y. To produce one unit of X, 2 units of capital
and 1 unit of labour is required. To produce one unit of Y, 3 units of labour and 1 unit
of capital is required. If Xand Y are priced at Rs. 80 and Rs100 per unit respectively,
how should the producer use his resources to maximize revenue?

Q. 8 A factory owner purchases two types of machines A and B for his factory. The
requirements and limitations for the machines are as follows :

Machine Area Occupied Labour Force Daily Output
(in units)
A 1000 m? 12 men 50
B 1200 m? 8 men 40
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Q.9

Q.13

He has maximum area of 7600 m? available and 72 skilled labourers who can
operate both the machines. How many machines of each type should he buy to
maximise the daily output?

A manufacturer makes two types of cups Aand B. Three machines are required
to manufacture the cups and the time in minutes required by each in as given
below :

Types of Cup Machines
I Il 1]
A 12 18 6
B 6 0 9

Each machine is available for a maximum period of 6 hours per day. If the profit
on each cup Ais 75 paisa and on B is 50 paisa, find how many cups of each
type should be manufactured to maximise the profit per day.

A company produces two types of belts A and B. Profits on these belts are Rs. 2
and Rs. 1.50 per belt respectively. A belt of type A requires twice as much time
as belt of type B. The company can produce at most 1000 belts of type B per
day. Material for 800 belts per day is available. At most 400 buckles for belts of
type A and 700 for type B are available per day. How much belts of each type
should the company produce so as to maximize the profit?

An aeroplane can carry a maximum of 200 passengers. A profit of Rs. 400 is
made on each first class ticket and as profit of Rs. 300 is made on each second
class ticket. The airline reserves atleast 20 seats for first class. However at least
four times as many passengers prefer to travel by second class than by first
class. Determine how many tickets of each type must be sold to maximize profit
for the airline.

A diet for a sick person must contains at least 4000 units of vitamins, 50 units of
minerals and 1400 units of calories. Two foods A and B are available at a cost of
Rs. 5 and Rs. 4 per unit respectively. One unit of food A contains 200 units of
vitamins, 1 unit of minerals and 40 units of calories whereas one unit of food B
contains 100 units of vitamins, 2 units of minerals and 40 units of calories. Find
what combination of the food A and B should be used to have least cost but it
must satisfy the requirements of the sick person.

Anil wants to invest at most Rs. 12000 in bonds A and B. According to the rules,
he has to invest at least Rs. 2000 in Bond A and at least Rs. 4000 in bond B. If
the rate of interest on bond Aand B are 8% and 10% per annum respectively,
how should he invest this money for maximum interest? Formute the problem as
LPP and solve graphically.
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ONE MARKS QUESTIONS

1. ThefeasibleregionforalLPPisalwaysa __ polygon.

2. A corner point of a feasible region is a point in the region whichisthe _ of
two boundary lines.

3. Regions represented by the equations x >0, y > 0 is which quadrant?

4. Half plane below the x-axis including the points on x-axis is represented by
which inequality?

5. State T/F
The solution set of the inequation 2x + y > 5 is open half plane not containing the
origin.

6. What do we call a feasible region of a system of linear inequalities if it can be
enclosed within a circle?

7. Ifina LPP, the objective function z = ax + by has the same maximum value on

two corner points A & B of the feasible region, then how many optimal solutions
will that LPP have?

8. What do we call the linear inequalities or restrictions on the variables in LPP?
9. When the optimal value of the objective function in a LPP may or may not exist.

10. If the feasible region of LPP is bounded, then name the method which is used to
find the optimal solution.

CASE STUDY QUESTIONS

Q. 1 Aman rides his motorcycle at the speed of 50 km/hr. He has to spend Rs 2/km
on petrol. But if he rides it at a faster speed of 80 km/hr, the petrol cost
incxreases to Rs 3/km. He has atmost Rs 120 to spend on petrol and one hr's
time. he wishes to find the maximum distance that he can travel.
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Based on the above information answer the following questions.

(1) If he travels x km with the speed of 50 km/hr and y km with the speed of 80
km/hr, then which of the following is false.

(a) Maximise x+ (b) 2Lt
Y 50 80
(c) XY <y (d) All of these
60 40

(2) Maximum distance man can travel is given by

2
(a) 547 km (b) 50 km

(c) 40 km (d) 52 km

(3) If he covers maximum distance then how much distance he travels with the
speed of 50 km/hr.
(a) 50 km (b) 40 km

(c) 48? km (d) 11% km

(4) What is the average speed during the whole journey for covering the
maximum distance.

2

(a) 80 km/hr (b) 557 km/hr
380 2

(c) - km/hr (d) 537 km/hr

Q. 2 Two tailors Aand B earn Rs 150 and Rs 200 per day respectively. A can sticth 6

shirts and 4 pants per day, while B can stitch 10 shirts and 4 pants per day. it is
desired to produce atleast 60 shirts and 32 pants at a minimum labour cost.

L

Tailor A Tailor B
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Based on the above information answer the following.

(1) If xandy are the number of days A and B work respectively then the
objective function for this LPP is

(@) min z=150x + 200y (b) 6x+10y > 60
(c) x+y=>8 (d) 4x+4y >32
(2) The optimal solution for this LPP is
(a) (10, 0) (b) (0, 8)
(c)(5.3) (d) (0, 6)
(3) Minimum labour cost will be
(a) Rs 400 (b) Rs 1250
(c) Rs 1600 (d) Rs 1350
(4) Inthis LPP, feasible region is
(a) Bounded (b) Un bounded
(c) None of these (d) All of these
(5) InalLPP, the feasible regionisalwaysa polygon.
(a) Convexo voncave (b) Concavo convex
(c) Concave (d) Convex
Answers

FIVE MARKS QUESTIONS

1. Max z=250 at x =50, y =100
2. (i)Max z=12 at (4, 0) and min z=-32 at (0, 8)

(i) p = q, infinite solutions lying on the line segment joining the points B and C.

100 kg of fertilizer A and 80 kg of fertilizer B, minimum cost Rs 1000
Maximum profit = Rs 95 with 5 shares of each type.

Lamps of type A = 40, Lamps of type B = 20 Max profit = Rs 540
Fans : 8, sewing machines : 12, max profit : Rs 392

X: 2 units, Y : 6 units, max revenue is Rs 760.

Type A: 4, Type B : 3

9. CupA:15,cupB:30

10.Max profit Rs 1300, No of belts of type A =200 and No of belts of type B = 600
11. No of first class ticket = 40, No of second class tickets = 160
12.Food A : 5 units, food B : 30 units

13.Maximum interest is Rs 1160 at (2000, 10000)

© N o g~ w
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ONE MARK QUESTIONS

1. Convex 2. Intersection 3. Istquadrant 4. y < 0
5. True 6. Bounded 7. Infinite 8. LInear constraints
9. Ifthe feasible region is unbounded

10.Corner point method

CASE STUDY QUESTIONS

1.0 (i) (@) (iif) (c) V) (c)
2. (iY@ (i) (c) (iif) (d) (v) (d) (v)d
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Chapter 13

PROBABILITY

KEY POINTS

Conditional Probability : If A and B are two events associated with the same sample
space of arandom experiment, then the conditional probability of the event A under the condition
that the event B has already occurred, written as P(A|B), is given by

P(AB) = (TDPBE;) , P(B)#0.
Properties :
(1) P(S|F) = P(F|F) = 1 where S denotes sample space
@ P((A U B)IF) = P(AIF) + P(BIF) - P((A N B)IF)
@) P(E'|F) =1 - P(E|F)

Multiplication Rule : Let E and F be two events associated with a sample place of an
experiment. Then

P(E N F) = P(E) P(F|E) provided P(E)= 0
= P(F) P(E|F) provided P(F) = 0.
If E, F, G are three events associated with a sample space, then
P(E N F N G)=P(E)P(FIE) P(GI(E N F))

Independent Events : Let E and F be two events, then if probability of one of them is not
affected by the occurrence of the other, then E and F are said to be independent, i.e.,

(@)  P(FIE)=P(F), P(E)+#0
or (b)  P(EIF)=P(E), P(F)=0
or (¢) P(E N F)=P(E)P(F)

Three events A, B, C are mutually independent if

P(A N BN C)=PA)P(B)P(C)
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P(A N B) = P(A) P(B)
P(B N C)=P(B)P(C)

and P(A N C)=P(A)P(C)

Partition of a Sample Space : A set of events E,, E,, ..., E, is said to represent a
partition of a sample space S if

(a) E, NE=0;i#j;ij=1,2,3..n
(bE; U E, U E5... U E, =Sand
(c) Each E;#¢ie P(E)>0V i=1,2,..,n

Theorem of Total Probability : Let{E,, E,, ..., E, } be a partition of the sample space S.
Let A be the any event associated with S, then

P(A) = D P(E)) PAE)
j=1

Baye’s Theorem : If £, E,, ..., E, are mutually exclusive and exhaustive events
associated with a sample space S, and A is any event associated with E/'s having non-zero
probability, then

P(A|E;)P(E))

P(E|A) =

D P(AIE)P(E)

i=1

Random Variable : A (r.v.) is a real variable which is associated with the outcome of a
random experiment.

Probability Distribution of a r.v. Xis the system of numbers given by

X. X1 X2 - Xn
P(X = x) : P4 P2 Pn
n
where p; >0, i=1,2,..,n, Zpi =1.

Mean of ar.v. X :
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Variance of ar.v. X :

c2=V(X)= Y (x-n) p;= DPixi - (Z:p,-x,->2

i=1 i=1

n
2
= 62=ZP/‘X/ —p?
i=1

Standard Deviation of r.v. X : is

o= Ve = 30w,
i=1

Bernoulli Trials : Trials of a random experiment are called Bernoulli trails, if they satisfy
the following conditions:

() There should be a finite no. of trials.
(ii) The trials should be independent.
(i) Each trial has exactly two outcomes : success or failure.
(iv) The probability of success (or failure) remains the same in each trial.

Binomial Distribution : Ar.v. X taking values 0, 1, 2, .., n is said to have a binomial
distribution with parameters n and p, if its probability distribution is given by

PX=x)="C,p*q"~*;x=0,1,2,...,n
where qg=1-p.

ONE MARK QUESTIONS

1 1
1. The probabilities of A and B solving a problem independently are 3 and n respectively.

If both of them try to solve the problem independently, what is the probability that the
problem is solved ?

2. The probability that it will rain on any particular day is 50%. Find the probability that it
rains only on first 4 days of the week.

3. Write the value of P(A|B) if P(A) = 0.4, P(B) = 0.8 and P(B|A) = 0.6.

4. Asoldier fires three bullets on enemy. The probability that the enemy will be killed by
one bullet is 0.7. What is the probability that the enemy is still alive ?
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10.

1.
12.

1 7 _ 1
. IfP(A) = > P(B) = 12 andP(A or B)= 1 State whether A and B are independent.

. A natural number x is chosen at random from the first hundred natural numbers. Find

1
the probability such that x + > <2.

. A bag contains 50 tickets numbered 1, 2, 3, ..., 50 of which five are drawn at random
and arranged in ascending order of magnitude (x; < x, < X3 < X, < x5). What is the
probability that x5 = 30.

. Let A and B be two events such that P(A) = 0.6, P(B) = 0.2 and P(A|B) = 0.5. Then find
P(A'|B).

. If X follows binomial distribution with parameters n =5, p and P(X = 2) = 9P(X = 3),
then find p.

The probability that a person is not a swimmer is 0.3. Find the probability that out of 5
persons 4 are swimmers.

Eight coins are tossed together. What is the probability of getting exactly 3 heads.

A flashlight has 8 batteries out of which 3 are dead. If two batteries are selected without
replacement and tested, then find the probability that both are dead.

TWO MARKS QUESTIONS

. A and B are two events such that P(A) = 0, then find P(B|A) if (/) A is a subset of B (ii)
AN B=¢.

. Arandom variable X has the following probability distribution, find k.
X 0 1 2 3 4 5
1 15K -2 15K -1 1
P 15 K 15 K 15 15

. Out of 30 consecutive integers two are chosen at random. Find the probability so that
their sum is odd.

. Assume that in a family, each child is equally likely to be a boy or a girl. A family with
three children is chosen at random. Find the probability that the eldest child is a girl
given that the family has atleast one girl.

N

5 — = _ _
. If Aand B are such that P(A U B) = 9 and P(A U B)= 5,thenfindP(A)+P(B).
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6. Prove that if A and B are independent events, then A and B' are also independent
events.

7. If Aand B are two independent events such that P(A) = 0.3, P(A U B) =0.5, then find
P(A|B) - P(BIA)

8. Three faces of an ordinary dice are yellow, two faces are red and one face is blue. The
dice is rolled 3 times. Find the probability that yellow, red and blue face appear in the
first, second and third throw respectively.

9. Find the probability that a leap year will have 53 Fridays or 53 Saturdays.

10. A person writes 4 letters and addresses on 4 envelopes. If the letters are placed in the
envelopes at random, then what is the probability that all the letters are not placed in
the right envelopes.

11. A box has 100 pens of which 10 are defective. What is the probability that out of a
sample of 5 pens drawn one by one with replacement atmost one is defective ?

12. In a class XlI of a school, 40% of students study Mathematics, 30% of the students
study Biology and 10% of the class study both Mathematics and Biology. If a student
is selected at random from the class, then find the probability that he will be studying
Mathematics or Biology.

THREE MARKS QUESTIONS

Q.1. A problem in mathematics is given to three students whose chances of solving it are

1 1
23 and 1 What is the probability that the problem is solved ?

; — 2 _ 1
Q.2. If Aand B are two independent events such that P(A 1 B) = 15 andP(AN B)= s
then find P(A) and P(B).

Q.3. Acard from a pack of 52 cards is lost. From the remaining cards of the pack, two cards
are drawn. What is the probability that they both are diamonds.

Q.4. Aman takes a step forward with probability 0.4 and backward with probability 0.6. Find
the probability that at the end of eleven steps he is one step away from the starting
point.

Q.5. Inagame, a man wins a rupee for a six and looses a rupee for any other number when
a fair die is thrown. The man decided to throw a die thrice but to quit as and when he
gets a six. Find the expected value of the amount he wins/looses.

Q.6. Suppose that 10% of men and 5% of women have grey hair. A grey haired person is
selected at random. What is the probability that the selected person is male assuming
that there are 60% males and 40% females ?
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Q.7.

Q.8.

Q.9.

Q.10.

Q.1.

Q.2.

Q.3.

Q4.

U]
Q.5.

Two dice are thrown once. Find the probability of getting an even number on the first die
or a total of 8.

Two aeroplanes Xand Y bomb a target in succession. There probabilities to hit correctly
are 0.3 and 0.2 respectively. The second plane will bomb only if first miss the target.
Find the probability that target is hit by Y plane.

The random variable X can take only the values 0, 1, 2. Given that P(X=0) = P(X=1)
= p and that E(X?) = E(X), find the value of p.

Find the variance of the distribution

X 0 1 2 3 4 5
1 5 2 1 1 1
PX) 6 18 9 6 9 18

FIVE MARKS QUESTIONS

By examining the chest X-ray, the probability that TB is detected when a person is
actually suffering is 0.99. The probability of a healthy person diagnosed to have TB is
0.001. In a certain city, 1 in 1000 people suffers from TB. A person is selected at
random and is diagnosed to have TB. What is the probability that he actually has TB ?

Three persons A, B and C apply for a job of Manager in a private company. Chances of
their selection (A, B and C) are in the ratio 1 : 2 : 4. The probabilities that A, Band C
can introduce charges to improve profits of the company are 0.8, 0.5 and 0.3 respectively.
If the change doesn’t take place, find the probability that it is due to the appointment of
C.

Aletter is known to have come either from TATANAGAR or from CALCUTTA. On the
envelope, just two consecutive letters TA are visible. What is the probability that the
letter came from TATANAGAR.

The probability distribution of a random variable X'is given as under :

kx? for x=12,3
P(X = X) = {2kx for x=4,5,6
|L 0 Otherwise

where k is a constant. Calculate
E(X) (i) E(3X?) (i) P(X>4)

Three critics review a book. Odds in favour of the book are 5: 2,4 :3 and 3: 4
respectively for the three critics. Find the probability that the majority are in favour of
the book.
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Q.6. Two numbers are selected at random (without replacement) from positive integers 2, 3,
4,5, 6, 7. Let X denotes the larger of the two numbers obtained. Find the mean and
variance of the probability distribution of X.

Q.7. Anurn contains five balls. Two balls are drawn and are found to be white. What is the
probability that all the balls are white ?

Q.8. Two cards are drawn from a well shuffled pack of 52 cards. Find the mean and variance
for the number of face cards obtained.

Q.9. Acard from a pack of 52 cards is lost. From the remaining cards of the pack, two cards
are drawn at random and are found to be both clubs. Find the possibility of the lost card
being of club.

Q.10. Bag | contains 3 red and 4 black balls and Bag Il contains 4 red and 5 black balls. One
ball is transferred from Bag | to Bag Il and then a ball is drawn from Bag Il at random.
The ball so drawn is found to be red in colour. Find the probability that the transferred
ball is black.

CASE STUDY QUESTIONS

Q.1. A company sells three types of Nutritional foods A, B, C for a weightloss programme.
These are sold as a mixture where the proportions are 4 : 4 : 2 respectively. The
probability of loosing weight by these foods A, B and C are 75%, 80% and 60%
respectively.

Weight loss Weight loss Weight loss
® ©

Based on the above information, answer the following questions :

(a) Calculate the probability of randomly chosen food to do weight loss.
(N 73% (i) 74% (iiiy 75% (iv) 95%

(b) Calculate the probability that there is no weightloss when it is given that the person
takes food B

() 80% (i) 60% (i) 20% (v) 40%
(c) Calculate the probability that food was of type C given that there is reduction in weight.
32 . 12 .. 8 .74
) 75 i (i) ) 15
(d) The probability that there is no reduction in weight given the food C is
(H 0.4 (i) 0.6 (i) 0.25 (v) 0.2
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(e) What is the probability of choosing food B given that there is no weight loss.
(H 0.4 (i 0.8 (iii) 4/25 (v) 0.3

Q.2. In a birthday party, a magician was being invited by a parent and he had 3 bags that
contain number of red and white balls as follows :

Bag 1: 3 red balls, Bag 2 : 2 white balls and 1 red ball
Bag 3 : 3 white balls

The probability that the bag / will be chosen by the magician and a ball is selected from

i
itis =,i=1,2,3.
itis &

Based on the above information, answer the following questions.

(a) What is the probability that a red ball is selected by the magician

13 ) ] .00
) 1g i (i) ) g
(b) What is the probability that a white ball is selected by the magician
5 .13 ] .9
) & () 15 (i) ) g

(c) Given that the magician selects the white balls, what is the probability that this ball
was from Bag 2.

4 4 o1
() 13 (i) 5 (iiiy O (iv) 5
(d) Given that the magician selects the red ball, what is the probability that this ball was
from Bag 1.
3 4 4 o1
0 3 = (i) 33 W) 5

(e) What is the probability of selecting either red or white ball from Bag 2.

4 ] ,
H 0 (i) 5 (iii) 5 (v) 1
Q.3. In an office three employees Vinay, Sonia and Igbal process incoming copies of a
certain form. Vinay process 50% of the forms. Sonia processes 20% and Igbal the
remaining 30% of the forms. Vinay has an error rate of 0.06, Sonia has an error rate of
0.04 and Igbal has an error rate of 0.03.
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A

Based on the above information answer the following :

() The conditional probability that an error is committed in processing given that Sonia
processed the formis :

(@) 0.0210 (b) 0.04 (c) 0.47 (d) 0.06
(i) The probability that Sonia processed the form and committed an error is :

(a) 0.005 (b) 0.006 (c) 0.008 (d) 0.68
(i) The total probability of committing an error in processing the form is

(@ o0 (b) 0.047 (c) 0.234 (@) 1

(iv) The manger of the company wants to do a quality check. During inspection he selects
aform at random from the days output of processed forms. If the form selected has an
error, the probability that the form is NOT processed by Vinay is :

(@ 1 (b) 30/47 (c) 20/47 (d) 17/47
(v) Let A be the event of committing an error in processing the form and let £, E, and E;
3
be the events that Vinay, Sonia and Igbal processed the form. The value of Z P(E; | A)
i=1
is

@ 0 (b) 0.03 (c) 0.06 (@) 1
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ANSWERS

ONE MARK QUESTIONS
1 2 [1 [ 3.03 4. (0.3)3
> 3 . 0. . (0.3)
29 20
3
. No 6.0 7. % 8. =
Cs 8
1 10. 0.36 1. - 12, =
" 10 e 32 28
TWO MARKS QUESTIONS
. ) 4 15 4
. (N1 (@0 2. 15 3. 29 4, 7
10 1 1 3
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23 11 [ijs o1 (ET 12. 0.6
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THREE MARKS QUESTIONS
3 1 1 5 4
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110 7 7
1. 221 2. 0 3. Tl
15 209
4. (i) 4.31, (i) 61.9, (iii) P 5. 343
s L, 14 1 ——)
6.x—3,c52—9 7.2 8.x—13
11 16
9. % 10. a
CASE STUDY QUESTIONS
(if) (b) (i) (c) (if)
e) (v)
a) (v) (b) (i) (c) (0
e) (v)
(b) (if) (c) (iif) (b)
v) (d)

FIVE MARKS QUESTIONS

(@) @

(@
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PRACTICE PAPER - 1 (2020-21)
CLASS XilI
MATHEMATICS

[PREPARED BY TEAM MATHS - DOE]

Time Allowed : 3 Hours Maximum Marks : 80
General Instruction

1. This question paper contains two parts A and B. Each part is compulsory. Part A
carries 24 marks and Part B carries 56 marks.

2. Part-Ahas objective Type Questions and Part-B has Descriptive Type Questions.
3. Both Part Aand Part B have choices.
Part-A
1. It consists of two sections — | and II.
2. Section | comprises of 16 very short answers type questions.

3. Section Il contains 2 case studies. Each case study comprises of 5 case-based MCQs.
An examinee is to attempt any 4 out of 5 MCQs.

Part- B

1. It consists of three sections-IIl, IV and V.

2. Section Il comprises of 10 questions of 2 marks each.

3. Section IV comprises of 7 questions of 3 marks each.
4. Section V comprises of 3 questions of 5 marks each.
5

. Internal choice is provided in 3 questions of Section-lll, 2 questions of Section IV and 3
questions of Section-V. You have to attempt only one of the alternative in all such
questions.
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PART -A
SECTION - |

All questions are compulsory. In case of internal choices attempt any one.

1.

2.

10.
1.

12.

. 3n
Find the principal value of sin™" [SmTj-

Find the probability of obtaining an even prime number on each die, when a pair of dice
is rolled.

(X (3]
Find the value of x is, if sin {S'n 1(5} cos 1(5]) =1

How many arbitrary constants are there in the particular solution of the differential
dy
tion — =—4xy; =1.
equation X xy ; y(0)
Find the area bounded by y = x4, the x-axis and the lines x =—2 and x = 2.

OR

Give an example of a function which is continuous everywhere but falls to be differen-
tiable at exactly two points.

-> > -> - - -
If (ax b)®> + (a.b)? =225and | a| =5 then find the value of | b |.

Find the perpendicular distance of P(1, 1, 1) from the plane 2x + 2y — z=6.

d
Find the integrating factor for solving the differential equation : xd—i —2y=eX.x°.

3
Find the value of J. X~ sin x2 x.dx.

—T

OR

e (x+ 1) dx=1x) = c, then find (x).

Find the slope of the tangent to the curve y = x3 — x at x = 2.

Given that the two numbers appearing on throwing two dice are different. Find the
probability of the event ‘the sum of numbers on the dice is 4'.

2 1]
IfA= 5 3| , find AA™".

OR
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If A is a square Matrix such that A% = A, then find the value of (m + n), if (| + A)3 - 7A
=ml + nA. (Where m and n are constants).

13. Write the direction cosines of x-axis.

14. Find the value |/ —j [°.
OR
Find the projection of 2/ —f +2k on | —2f -2k.

15. Forwhat value of ‘m’ is the following a homogeneous differential equation:

ay _ Yy 4 x% + y?

ax X
OR
. . . _(dy} | d¥y
Find the sum of the order and degree of the differential equation : I + W =3.

16. What is the cosine of the angle which the vector /2 i+ f + 2k makes with y-axis.

SECTION I
Both the case study based questions are compulsory.
Attempt any 4 sub parts from each questions (17 and 18).
Each question carries 1 mark.

17. A printed page must contain 60 cm? of printed material. There are to be margins of 5
cm on either side and margins of 3 cm on the top and bottom (Fig. 16.3).

¢3cm

y cm

5cm

A
A 4

A
A 4

xcm
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Let x be the length of the line and let y be the height of the printed material.
Based on the above information answer the following :

(i) What will be the relation between xand y ?

(a) xy=15 (b) xy=5
(c)xy=3 (d) xy =60

(i) What will be the total area (A) of the paper in terms of xand y ?
(@A=(x+5)(y+3) (b) A=(x+3)(y+5)
(c)A=(x+10)(y +6) (d) A=(2x+10)(2y +6)

(iif) What will be the total area (A) of the paper in terms of x ?

100 100
(@) A=20+x+ —= (b)A=6[20+X+Tj
100 1
(c)A=60+x+T (d)A=20+100x+;
(iv) How long should the printed lines be in order to minimize the amount of paper used
?
(a)6cm (b) 8.cm
(c)10cm (d) 12cm
(v) How long should the printed material in height in order to minimize the amount of
paper
used ?
(a)6cm (b) 8.cm
(c)10cm (d) 5cm

18. Two farmers Ramkrishan and Gurcharan Singh cultivates only three varieties of rice
namely Basmati, Permal and Naura. The quantity of sale (in kg) of these varieties of
rice by both the farmers in the month of September and October are given by the
following matrices A and B.

Basmati Permal Naura
1000 2000 3000| Ramkrishan

A (September Sales) = )
5000 3000 1000'| Gurcharan Singh
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Basmati Permal Naura

B (October Sales) = 5000 10000 6000|T Ramkrishan
20000 10000 10000'| Gurcharan Singh

Based on the above information answer the following :

(/) Find the combined sales in September and October for each farmer in each variety.

Basmati Permal Naura

(a) Total sales = | 6000 3000 9000 ] Ramkrishan
7000 13000 2000'| Gurcharan Singh

Basmati Permal Naura

(b) Total sales = 6000 12000 9000]| Ramkrishan
7000 13000 2000|J Gurcharan Singh

Basmati Permal Naura

(c) Total sales = 6000 12000 9000] Ramkrishan
25000 13000 2000|J Gurcharan Singh

Basmati Permal Naura

(d) Total sales = 6000 12000 9000 | Ramkrishan
25000 13000 11000'] Gurcharan Singh

(i) Find the decrease in sales from September to October.

Basmati Permal Naura

(a) Net Decrease in sales = 4000 8000 9000] Ramkrishan
7000 13000 2000|J Gurcharan Singh

Basmati Permal Naura

(b) Net Decrease in sales = 4000 8000 3000] Ramkrishan
15000 13000 2000'| Gurcharan Singh

Basmati Permal Naura

(c) Net Decrease in sales = 4000 8000 3000]| Ramkrishan
15000 7000 9000'| Gurcharan Singh
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Basmati Permal Naura
4000 8000 3000] Ramkrishan

(d) Net Decrease in sales =
15000 13000 9000'| Gurcharan Singh

If Ramkrishan sell the variety of rice (per kg) i.e., Basmati, Permal and Naura at Rs. 30,
Rs. 20, and Rs. 10 respectively, while Gurcharan Singh sell the variety of rice (per kg)
i.e., Basmati, Permal and Naura at Rs. 40, Rs. 30 and Rs. 20 respectively.

(iff) Find the total selling price received by Ramkrishan in the month of September.
(a) Rs. 80,000 (b) Rs. 90,000
(c)Rs. 1,00,000 (d) Rs. 1,10,000

(iv) Find the total selling price received by Gurcharan Singh in the month of September.

(a)Rs. 1,10,000 (b) Rs.2,10,000

(c) Rs. 3,00,000 (d) Rs. 3,10,000
(v) Find the total selling price received by Ramkrishan in the month of September and
October.

(a) Rs. 4,00,000 (b) Rs.5,00,000

(c) Rs. 5,10,000 (d) Rs.6,10,000

Part- B
Section Il

19. Check whether the relation R in the set Z of integers defined as
R={(a, b): a + bis “divisible by 27} is reflexive, symmetric or transitive.

20. How many reflexive relations are possible in a set A whose n(A) = 3. Also find how
many symmetric relations are possible in a set B whose n(B) = 2.

21. Find the vector and Cartesian equation of a line joining the points B(4, 7, 1) and C(3, 5,
3).

OR

Prove thatthelines x=py+q,z=ry+sandx=p'y+q,z=ry+ s are perpendicular
ifpp +r +1=0.

22. Find the area of the parallelogram whose adjacent sides are determined by the vectors

N
a

~ ~ ~ - ~ ~ ~
=i —j +3kand b =2i -7 + k
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23.

24.

25.

26.

27.

28.

- - - - - -
Let a, b and ¢ be the three vectors suchthat|a|=3,|b|=4,|c |=5and eachone

-> o

of them being perpendicular to the sum of the other two then find the value of |a + b
-

+ c|.

Find the values of x for which y = [x(x — 2)]? is an increasing function.

Evaluat 'j—dx
valuate : " Ax+3
. ady . .
Find a,whenx=a(cose +0sin0),and y=a (sin® -6 cos 0).

Show that the relation R on defined as R ={(a, b) : a < b%} is not transitive.

OR

[ 2 2x—4
LetA=R-{3}andB=R- 15 Jff:A— B, f(x)= 3i—_9 then prove that fis Bijective

function.

sinx

Evaluate: | ——
sinx + cos x

O N3

Find the area of the region bounded by the parabola y? = 8x and the line x = 2.

Section IV

All questions are compulsory. In case of Internal choices attempt any one.

29.
30.

Find the area of the ellipse x2 + 9y2 = 36 using integration.

There are three coins. One is a biased coin that comes up with tail 60% of the times,
the second is also a biased coin that comes up heads 75% of the times and the third
is an unbiased coin. One of the three coins is chosen at random and tossed, it showed
heads. What is the probability that it was the unbiased coin ?

OR

Four defective bulbs are accidently mixed with six good ones. If it is not possible to just
look at a bulb and tell whether or not it is defective, find the probability distribution of the
number of defective bulbs, if four bulbs are drawn at random from this lot.

204
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31. Two dice are thrown together and the total score is noted. The events. E, Fand G are
‘a total of 4, ‘a total of 9 or more’, and ‘a total divisible by s’, respectively. Calculate
P(E), P(F), P(G) and decide which pairs of events, if any, are independent.

32. Show that the function f(x) = 2x — |x| is continuous but not differentiable at x = 0.

OR

J1+sinx +/1-sinx
J1+sinx —/1-sinx

If y = cot™
Y { ax

J, such that x (0%) Find the value of ﬂ .

d 2
33. Solve the differential equation : x log x d_i ty= - log x.

34. Find the equation of the tangent and Normal to the curve x = asin®0 and y =6 cos36
a t

6=T
-

2
35. Evaluate the integrals : .[|x3 —X|dx
-1

OR
Evaluate the integrals, J’M
(x+3)(x“+4)
Section -V
2 1 3]
36. fA=|3 2 1  find A™' and the use the result to solve the following system of
1.3 2|
equations+
2x+y+3z=6
3x+2y+z=6
x+3y+2z=06
OR
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1 -1 1]
-1 2 1
1 3 5|

IfA= , find A= and use it to solve the following system of equations :

xX—y+z=1
-x+2y+3z-4=0
xX+y+5z=7

37. Find the equation of the plane through the intersection of the planes x + 3y + 6 =0 and
3x — y—4z =0 and whose perpendicular distance from origin is unity.

OR

Find the distance of the point (3, 4, 5) from the plane x + y + z= 2 measured parallel to
the line 2x =y = z.

38. Solve the following linear programming problem (L.P.P) graphically.
Maximize Z = 400x + 1000y subject to constraints:
x+y< 200
4x—y< 0
x> 20
x,y>0
OR

The corner points of the feasible region determined by the system of linear constraints
are as shown below:

Y| B (4, 10)

101
9--

A(8,0)8] C (6, 8)

7..
6..
-1 D (6, 5)
41
31
21
Tt E (4,0)
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Answer each of the following :

() LetZ=23x-4ybe the objective function. Find the maximum and minimum value of
Zand

also the corresponding points at which the maximum and minimum value occurs.

(i) LetZ=px+ qy, where p, g > 0 be the objective function. Find the condition on p
and g so

that the maximum value of Z occurs at B(4, 10) and c(6, 8). Also mention the
number of

optimal solutions in this case.
Value Points of Practice Paper -1 (2020-21)
Class XIl (Mathematics)
[Prepared by Team Maths — DOE]

(SECTION -1)
s
1. — 1
4
1
2. -—= 1
36
3 x=3 1
4 0 1
16
5. 3 sq. units 1
OR
F(x) =|x—1| + |x—2| (Or any correct Response)
6. 3 1
7. 1 Unit 1
8 s 1
- X2
9. 0 1

OR

fix)=x.ée*
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10.

12.

13.
14.

15.

16.

17. (i)
17. (i)
17. (i)
17. (iv)
17.(v)
18. (i)
18. (i)
18. (i)
18. (iv)
18.(v)

19.

1
1 0]
/= |
0 1
OR
m+n=1

(1,0,0)

OR

OR

-

SECTION -1

(d)
()
(b)
()
(@
(d)
()
(c)
(d)
()
SECTION - 1lI

Reflexive : Since, a + a = 2a, which is even

. (a,a)e Rv ae ZHence Ris reflexive

Yz

208
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Symmetric : If (a, b)e R,thena+b+2L=b+a=2r= (b, a)e R, V2
Hence R is symmetric

Transitive : If (a, b)e Rand (b, ¢) e Rthen

(@+h)=2r...(1)andb+c=2u ... (2)

Adding (1) and (2) wegeta+2b+c=2AL+u)=>a+c=2(A+un->hb) 1
= a+c=2k,whereA+pu—-b=k= (g, c)e R, Hence R is transitive

21. No. of Reflexive Relations = 26 = 64 1
No. of Symmetric Relations = 23 =8 1

) ) x-4 y-7 z-1
21. Cartesian Equation : = = 1
-1 -2 2
VectorEquation:7=(4f+7f+l€)+k(—f—2f+2R) 1
OR

The given lines can be written as :

X-q y-0 z-s X-q _ \
I T B B 1%

As lines are perpendicular then pp’ + r +1 = 0.

—> ~ ~ ~ —> ~ ~ ~
22. a=j—-j+3kand b =2ji-7j +k
i ok
- - _ ~ a ~
a><b=1 13=20i+5j—5k 1
2 -7 1

1 > - 1 15 ,
Area of parallelogram = 2 la x b|= 5 J400+25+25 = 3 2 sq. units

OR

As, Each one of them being perpendicular tot he sum of other two

- > - > - >
20a.b+tc.a+b.c)=0 Ya

and
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N N T N
la+b+clP=(a+b+c).(a+b+c)

- - - - - - - - -
=|alP+|b2+|cl?+2(a.b+c.a+ b.c)
=9+16+25+0=50 1
- - -
la+b+c|=52 Y2
23. f(x)=4x (x=1)(x-2) 1
so, f(x) is increasing for x e [0, 1] U [2, =]
_ adx 1 x—2-1 )
24, I_(x—2)2—1)2 —Elog ~_o+1t¢ V2 + 1
— 1 x-3 1
I= 2 log 59| + ¢ V2
dy _ _ dx
25. a0 ao sin 0, a0 - ad cos 0 1
dy _ absin® _
dx ~ abcoso @nd 1
26. As(10,3)e R, (3,2)e Rbut(10,2)¢ R 1%
so, Ris not Transitive.
(Or any correct Response)
OR
2x-4 2y-4 1
Let,f(x)—f(y):m— 3y-9 =>X=y Va
So, f(x) is one-one function.
2x-4 9y-4
Let, y=1f(x) = 3x_9 = X= 3y -2
As, Range = Codomain 1
thus, f(x) is onto function.
So, f(x) is Bijective Function. VA
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sinx

27. 4= [ SNX
SIN X + COS X

dx

1
O =N |3
O —N|3A

sin x + cos x
sin x + cos x

ax

N
-
1
O =N |a

N

3 2
28. A=2j.2\/§x/;dx - 4\/5[)(2]
0

{ /y2=8x

32
A= 3 SO units.

1l
O N |a
—
£
1l

COos X

—.dX
COS X +SIinXx

NE]

xX=2

SECTION - IV

29. Areaof Ellipse =4 (Area of BOC)

X <

A (—6‘, 0)

>X
W C6.0)
yvD(0,-2)

©1
A=4_[§ 62 - x2 .dx
0

Y2

Y2

1%

Yz

Yo+"2 (for figure)
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30.

6
A=i X 62—x2+%sin‘1 X
3 (2 2 6 ) )

A =12r sq. units.
Let the Events be
E, : Choosing 15t Coin
E, : Choosing 2" Coin
E, : Choosing 3 Coin
A : Getting Heads

1
P(E1)=P(E2)=P(E3)= 5

A 40 _(A)_ 75 _(A)_1
P[EJ_W’P{EJ_WO’ (Esj_z

11

p[ B 32 _ 50 _10
A)  1(40+75+50) " 165 33
3 100

OR

Let X represents the number of defective bulbs drawn.

~ Xcan take values 0, 1,2, 3, or 4 Probability distribution
_ _[Eéiij_%o X PX)
PX=0)=110"2"8"7 )~ 5040 . 360
5040
6 54 4) 1920 1920
= = — ... | = — 1 I
PX=1) 4[10 9°8 7) 5040 5040
) 2160
o8 54 3) 2160 5040
P(X=2)=6 10°9°8°7)~ 5040 3 576
5040
6 432) 576 _4
Total 1

Y2
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31.

32.

4 3 21 24
P(X=4)=1[ﬁ-§-§-7j=% 22
Two dice are thrown togetheri.e.,

. n(S) = 36, where S is the sample space.

Event ‘E’ is ‘a total of 4’

s E={(2,2),(3,1),(1,3)}

Event ‘F is a ‘total of 9 or more’

~ F={(3,86, (6, 3), (4,5), (5, 4), (4, 6), (6,4), (5, 5), (5, 6), (6, 5), (6, 6)}
Event ‘G’ is ‘a total divisible by 5’

o G={(1,4,(4,1),(2,3),(3,2), (4, 6), (6, 4), (5, 5)}
Here,(EnF)=¢and (En G)=¢

Also, (F G) ={(4, 6), (6, 4), (5, 5)}

P(G)=%=% 1
P(FmG)=;—6=%
5 7 _ 35

and P(F).P(G)=§ %=%

So, P(F~ G) = P(F) . P(G)
Hence, there is no pair which is independent. 1

The function f(x) = 2x — |x| can be written as

[3x, x<0
fx) = Tx, x>0

Now, 1%
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33.

34.

Lim + f(x) = 0.

x—0

f0)=0

So we've, LHL = RHL = f(x = 0), Thus the function f(x) is continuous at x = 0.

We observe LHD = 3, RHD = 1 thus LHD is not equal to RHD, thus f(x) is

not differentiable at x = 0.

OR
X X
= 1|cot—| =2
y cot—( j 5
a _1
dx 2
dy 1

2
ax | xlogx YT 2
Integrating factor = log x

s0, solution of given differential equation is,

2
y.logx= X—zlogxdx

-2
y.Iogx=7(1+Iogx)+c

dy -b
-7 = _— t
X 2 cot 6

S0, slope of tangent = =

Slope of Normal = %

Equation of Tangent: /o (bx + ay)=ab

Equation of Normal : 2./2 (by — ax) = b? — a2

1%

1%

1%
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2 0 1 2
35, 1= |1 Xlgx= [(C=Xgxs [ gx s [0 =0 gy
1

-1 -1 0
{ﬁ 2L {ﬁ eal {ﬁ X2
I=l>~"5 = |7 "5 +| 5" 5]
4 2h_1 4 2h0 4 2h1
11
=7
OR
X+1 A Bx+C

Let, (x+3)(x2+4) = (x+3) * X214

. 2 5.2 oL
On solving we get, A = 13,B— 13,C— 13
1%
) 1 7 X
= = _ 2 AP
/= 13 Iog(x+3)+13 log (x +4)+26 tan (2j+C
SECTION -V
] 1 7 -5]
36. A_1=E -5 1 7
7 -5 1]
] 1 7 -5]]6] ; 18] 1]
ThenX:A—1B:E -5 1 7‘ 6‘ =18 18‘ = 1‘
7 -5 11 |6 18] 1]
Thus,x=1,y=1,z=1
OR
] 7 8 -3]
Al=— |6 4 -2
-5 -4 1]

12

2>

Yz
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1 7 6 -5][1] 1 41 [1]
X=(AT)‘1B=(A‘1)TB=I 8 4 —4‘ 4 = ‘ = |1 2%
-3 -2 1l 7] -4 L

Thus, x=1,y=1,z=1. VA
37. Let the required equation of plane passing through the intersection of planes

x+3y+6=0and3x—y—-4z=0be

(x+3y+6)+A(3x—y—42)=0 ... (i)

Above equation can be written as

X+3y+6+3Ax—Ay—4rz=0

orx(1+30)+y(3—L)—4rz+6=0... (ii)

which is the general form of equation of plane.

Also, given that perpendicular distance of plane (i)

from origin, i.e., (0, 0, 0) is unity, i.e., one.

(1431).(0) + (3—1)(0)— 41(0) + 6]
JA+ 32+ B+ (an? ||

[ distance of point (x4,y4,2;) froma |
plane ax+ by + ¢z + d = 0 is given by
_ |ax1 + by, +cz1+d|

\/32 +b%+c? |
here,a=1+3\, b=3-A,c= -4},
| (X4,¥1,21)=(0,0,0) d

d

| 6 .

or =1
V14902 + 61+ 9+ 22— 61 + 1612

6

of ———=1o0r6= 2
/7267L2+10 26).°+10
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On squaring both sides, we get
36=261%2+10

or 26A2=26o0rA?=1orA=+1.

Now, on putting A = = 1 in Eqn. (), we get

x+3y+6-3x+y+4z=0

or—2x+4y+4z+6=0

or x — 2y — 2z— 3 = 0 [divide by — 2]... (iv)

Hence, required equations of the plane are

2x+y—-2z+3=0andx—-2y—-2z-3=0

OR
2x=y=2z

or ——= ==

X _y_z
172 1 1

1
Direction ratios of this line are (E 1, 1)

Line parallel to this line and passing through

3 y-4 z-5
X220 J YR S 270 ket

(3,4,9)is 5 = 1

k
orx=3+E,y=4+k,z=5+k

Substituting in the plane x + y + z= 2, we get

k
3+§+4+k+5+k=2

5k
+ — =
or12 5 2
orSk=-10x%2
or k=-4

Point of intersection is :
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38.

4
[3—5,4—4,5—4j =(1,0,1)

Distance = \/(3 ~1)? +(4-0)% +(5-1)

= J4+16+16

= 6 units.

Corner points are A(20, 180), B(40, 160) and
C(20, 80)

ZatA=1, 88,000

Z at B=1,76,000

Z at C = 88,000

So maximum Z = 1,88,000
Atx=20andy =180

C (20, 80)

218
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(0

Corner points

Z=3x-4y

0(0, 0) 0

A(0, 8) -32

B(4,10) -28

C(6, 8) -14

D(6, 5) -2

E(4,0) 12 1%
Max Z = 12 at E(4, 0) Min Z = - 32 at A(0, 8) 1
(i) Since maximum value of Z occurs at B(4, 10) and C(6, 8)
© 4p+10q=6p+8g=>29=2p=>p=q 2
Number of optimal solution are infinite Y2
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Practice Paper - 2 (2020-21)
Class XIlI
MATHEMATICS

[Prepared by Team Maths — DOE]

Time Allowed : 3 Hours Maximum Marks : 80
General Instruction

1. This question paper contains two parts A and B. Each part is compulsory. Part A
carries 24 marks and Part B carries 56 marks.

2. Part-Ahas objective Type Questions and Part-B has Descriptive Type Questions.
3. Both Part Aand Part B have choices.
Part - A
1. It consists of two sections — | and II.
2. Section | comprises of 16 very short answers type questions.

3. Section Il contains 2 case studies. Each case study comprises of 5 case-based MCQs.
An examinee is to attempt any 4 out of 5 MCQs.

Part- B

—_

. It consists of three sections-lll, IV and V.

2. Section Il comprises of 10 questions of 2 marks each.
3. Section IV comprises of 7 questions of 3 marks each.
4. Section V comprises of 3 questions of 5 marks each.
5

. Internal choice is provided in 3 questions of Section-lll, 2 questions of Section IV and 3
questions of Section-V. You have to attempt only one of the alternative in all such
questions.

PART - A
SECTION -1
(All questions are compulsory. In case of internal choices attempt any one)
1. Write the smallest reflexive relation on set A= {1, 2, 3, 4}.
OR

If f: A— Bis an injection such that range of f = {a}. Determine the number of elements
in A.
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2. If Ris a symmetric relation on a set A, then write a relation between R and R".
3. LetA={1, 2, 3}. Then, what is the number of equivalence relations containing (1, 2)?
OR

IfA={a, b,ctand B={-2,-1,0, 1, 2}, write total number of one-one functions from
Ato B.

a+b 2] 6 2]
If 5 abU: 5 8IJ,findthevaluesofaandb.

5. If is the identity matrix and A is a square matrix such that A2 = A, then what is the
value of
(I+A2-3A7

OR

Write a square matrix which is both symmetric as well as skew-symmetric.

6. A matrix A of order 3 x 3 is such that |A| = 4. Find the value of |2A].

7. Write a value of fex sec x(1 + tan x) dx
OR

1-sinx

Write a value of I ax.

0082 X

8. Find the area bounded by the curves y = sin x between the ordinates x =0, x = and the
X-axis.

9. If sin x is an integrating factor of the differential equation % + py = Q, then write the
value of P.
OR
Write the order of the differential equation associated with the primitive

y=C,+C,eX+ C,e?*C4 where C,, C,, C;, C, are arbitrary constants.

g ~ ~ ~
10. Find a vector in the direction of a =2/ —j + 2k , which has magnitude of 6 units.
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1.

12.

13.

14.
15.

16.

17.

- -
For a what value of A are the vectors a =2i+Ai+ kand b =\ —2j+ 3k perpendicular
to each other ?

- -
Ifaand b are mutually perpendicular unit vectors, write the value of [a + b |.

. . . o 2x-1  y+2  z-3 _ o
The Cartesian equation of a line AB is 5 = 5 = 3 Find the direction

cosines of a line parallel to AB.
Write the distance between the parallel planes 2x—y + 3z=4 and 2x— y + 3z = 18.

If P(A) = 0.3, P(B) = 0.6, P(B/A) = 0.5, find P(A U B).

If Xis a random-variable with probability distribution as given below:
X: 0 1 2 3
PX=x): k 3k 3k k
Find the value of k.
SECTIONII

(Both the case study based questions are compulsory. Attempt any 4 sub

parts from each questions 17 and 18. Each part carries 1 mark)

Following is the pictorial description for a page.

Printing
Area

Y

The total area of the page is 150 cm2. The combined width of the margin at the top and

bottom is 3 cm and the side 2 cm.

Using the information given above, answer the following :
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() The relation between x and y is given by

(@ (x-3)y=150 (b) xy=150

(c) x(y—-2)=150 (d) (x=)(y—3)=150
(i) The area of page where printing can be done, is given by

@ xy (b) (x+3)(y+2)

() (x=3)y-2) (d) (x=3)(y+2)

(iify The area of the printable region of the page, in terms of x, is
(@) 156 + 2x +450/x (b) 156 —2x + 450/x
(c) 156 —2x—45/x (d) 156 —2x—450/x
(iv) Forwhat value of ‘x’, the printable area of the page is maximum ?
(@) 15cm (b) 10 cm
(c) 12cm (d) 15 units
(v) What should be dimension of the page so that it has maximum area to be printed ?
(@) Length =1 cm, width =15 cm (b) Length = 15 cm, width = 10 cm
(c) Length =15 cm, width =12 cm (d) Length = 150 cm, width =1 cm

18. Anju and her sister Sweety are playing with a Die and a Coin. If Anju throws 5 or 6 with
Die, then Sweety tosses coin three times. If Anju gets 1, 2, 3 or 4 with Die, then
Sweety tosses coin twice. Using the information given above, answer the following:

(/) Probability of getting 5 or 6 in single throw of a Die is
(@) 1/3 (b) 2/3
(c) 1/6 (d) 5/6

(i) Probability of getting 1, 2, 3 or in single throw of a Die is
(@) 1/3 (b) 2/3
(c) 1/6 (d) 5/6

(iif) 1f Anju gets 5 or 6, then probability of getting exactly one head by Sweety is
(@) 1/8 (b) 3/8
(c) 5/8 (d) 1/2
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(iv) If Anju gets 1, 2, 3 or 4 then probability of getting exactly one head by Sweety is

(a) 1/8 (b) 3/8
(c) 5/8 (d) 1/2
(v) If Sweety obtained exactly one head, then probability of getting 1, 2, 3 or 4 by Anju is
(a) 213 (b) 5/11
(c) 8/11 (d) 1/3
Part- B
Section Il
19. If % = e and y = 0 when x = 5, then the value of x when y = 3.

20. If the points A(—1, 3, 2), B(— 4, 2, —2) and C(5, 5, A) are collinear, find the value of A.
_) ~ ~ ~
21. Find a vector in the directional of a =2/ —j + 2k which has magnitude 6 units.
n n
22. Find the principal value of tan™ tanF + cot™’! COt? .

23. Evaluate

3+5cos x
log ——— |dx
3+5sinx

O N3

OR

log(sin x)

dx .
tanx

Evaluate j

24. Find the slope of the normal to the curve x =acos®0, y=asin30 at0 = %

cos X dy
= -1 i —
25. If y=tan (1+sinxj find o

26. Find matrices Xand Y, if

[5 2] [3 6 ]
X+Y=

o ojandX-v=o
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27.

28.

OR
Find the value of k so that the points A(5, 5) B(k, 1) and C(11, 7) are collinear.

A bag contains 15 tickets numbered from 1 to 15. A ticket is drawn and then another
ticket is drawn without replacement. Find the probability that both tickets will show
even numbers.

OR
A die is tossed thrice. Find the probability of getting an odd number at least once.

Using integration, find the area of the region bounded by the line y — 1 = x, the x-axis
and the ordinates x =—2 and x = 3.

SECTION IV

(All questions are compulsory. In case of internal choices attempt any one)

29.

30.

31.

32

33.

34.

Let Z be the set of all integers and R be the relation on Z definedas R={(a, b): a, be
Z, (a— b) is divisible by 5}. Prove that R is an equivalence relation.

Using integration, find the area of the region bounded by the following curves, after
making a rough sketch:

y=1+[|x+1,x=-3,x=3,y=0.
OR
Find the area bounded by the parabola y? = 4x and the straight line x + y = 3.
Evaluate
J~Tf xsinx

0 1+ cos? x

Find the intervals in which f(x) = (x + 1)3 (x — 3)3 is increasing or decreasing.

1 d’y dy
If x = tan (glogyj, show that (1 + x?) P (2x - a) ol 0.

d
If x =ae’ (sin® — cos ©) and y = ae® (sin 6 + cos 0), find d_i

OR

dy (1+logy)?
=gV—x = =77
If y¥ = e¥~—X, prove that dx logy
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35. Solve the following differential equation

dy 1
2 4\ Y - .
(x 1)dx + 2xy X2_1,|X|¢1

SECTIONV

(All questions are compulsory. In case of internal choices attempt any one)

- N A
36. Find the equation of the plane through the intersection of the planes r . (i +3)-6

g ~ ~ ~
=0and r .(3i—j—4k)=0,whose perpendicular distance from origin is unity.

OR

Find the distance of the point (2, 3, 4) from the line %3 = yT—Z = % measured
parallel to the plane 3x + 2y + 2z—- 5= 0.
37. Solve the following LPP Graphically :
Maximize z=1000x + 600y
Subject to x+y<200,x>20,y>4x, x, y>0.
OR
Solve the following linear programming problem graphically :
Maximize z = 6x + 5y subject to 3x + 5y <15, 5x + 2y <10, x, y > 0.

38. Solve the following system of equations 3x + 2y + z=6;4x—y+2z=5;7x+ 3y— 3z

=7.
3 2 1
fA=4 -1 2| find A,
7 3 -3
OR
Find AB, use this to solve the system of equations x—y=3,2x+ 3y +4z=17,y + 2z
=7.
1 -1 0] 2 2 -4
Where A=12 3 4 andB=|-4 2 -4
0 1 2 2 -1 5]
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10.
1.

12.

13.

14.

15.
16.

17.

18.

© ® N o o M W

MARKING SCHEME (PRACTICE PAPER - 2)
PART - A
SECTION -1

. {(1,1),(2,2), (3,3), (4,4)} OR1
.R=R"

.2 OR 60

2,4

.1 OR Null Matrix

32

.e¥secx+C OR tanx—-secx+C
. 2 sq units

.cotx OR 3

47 -2 +4k

4 6

55" /65 ' /55

SR R

o
\‘
o1

SECTION-II
Following is the pictorial description for a page.
() B (i cC (i) D () A vy B
() B (i cC (i) D () A vy B

[Class XIlI : Maths] 227



PART -B

SECTIONIII
. dy _ _ @
19. Given that ol G o2 = dx
2y
= Iezydy:IdX jeT:X"'C

When x =5 and y = 0, then substituting these values in Eqn. (i), we get

0
€ -s5+c
2

1
= 2

1 9
5+CSC—§—5——§

Egn. () becomes €% = 2x-9
When y = 3, then ef=2x-9 = 2x =e%+9
>
20. The equation of the line passing through A(— 1, 3, 2) and B(-4, 2, - 2) is

X+1 y-3

-4 +1 2-3 -2-2
x+1 y-3 _z-2
-3 -1 -4

X+1 y-3 z-2
- = =

0

If the points A(— 1, 3, 2), B(-4, 2,—2) and C(5, 5, 1) are collinear, then the coordinates
of C must satisfy equation (i). Therefore,

5+1 5-3 A-2

3 1 4

A—2
4
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5
21. Firstly, we find a unit vector in the direction of a =

o

o

2i —j+2k
J@2+ 12+ (22

_2i—j+2k
J9

_ 2 1 +zk

“3'73l73

N

2. N
i its=6|=i—=Jj+=k
Now, vector of magnitude of units 6[3 31 3 |J
= 4] -2 +4k

T T
22. We know that the principal value branch of tan™" x is £_E’ E) and cot™' xis (0, n).
2

n n
Principal value of tan™" tanF + cot! cotE

I
—
o
5
IN
—
©
=]
VR
a
+
I
o
+
o
@]
R
1
o
@]
S
7 N\
a
+
|
~

|
—
Q
]
N
7/ N\ 1
—
Q
>
I
~—
+
Q
o
X
7~ N\
Q
(]
—~
|3
~—
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ax

% 3+500$[n—xj
j 2

23. /= j
0

og -
3+ 53in£— X
2

'Tf(x) dx :T f(a-x) dx‘ 2
g

3+5sinx
= |logl ———— | dx=-1
g£3+5003xj

O N3

21=0 = I=0

OR
The differential of log (sin x) is tan x, which exists in denominator. So solve by substitu-
tion method.
2
Given integral is IM
9 tanx
Putting log sin x =t
1
= —— .cos xdx = dt
sinx
= cot x dx = dt
1
= —— dx=dt
tanx

[ jsinx dx = —cosx+C|]

tIIog smx) Itdt

2
t_+C
2

_ (logsin x)?
2
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24. We have,
2

and

Now,

ax
do

dy
do

ax

dy
ax

acos®0, y=asin30

—3acos20 sind

3a sin? 0 cos 0

V%
a6
dx
do

3asin®0coso

———— =—tan®9
—3acos?0sing

Hence, (Slope of the normal at 6 = %j = cot L. 1.

4

25, y = tan-" ( 12‘2;;) 2
{ (n )
sm[2+xj ‘
= tan™1 b
‘ 1—cos(n+ xj‘
L 2 J
{2 ( Xj (n xj1
sin| =+ = |cos| —+ =
~ 2 2 4 2‘
= tan' { . r
‘ 25in2(n+j ‘
4 2 I
Lo x
= tan 100': Z-‘:-E
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ax

26. We have, X+Y

= XEN+X-Y)=

= 2X =
= X =
= X =
and (X+Y)-(X-Y)=
= 2Y =

Y =

Let A(5, 5), B(k, 1) and C(11, 7) be three vertices of a AABC.

5 2]

3 6]
0 9]

and X-Y= {0 |

5 2—| 3 6—|
o tlo

8 8]
o 8

1[8 8]
E{O8|J

(4 4]
0 4]

5 2] [3 6]
o 9| ‘{o ol
2 —4]
0 10|

1 [2 -4]
2 {0 10')

OR

2
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Then area of AABC =

ox o,
N =2 o
— —

= — [5(1=7)=5(k—11)+ 1(Tk— 11)]
= % [- 30 — 5k + 55 + 7k — 11]

[2k + 14] = [k + 7] sQ. units.

x Nl=

But it is given that A(5, 5), B(k, 1) and C(11, 7) are collinear.
Area of AABC= 0
k+7=0 = k=-7

27. Let A and B be the events of drawings an even number ticket in the first and second
drawn respectively.

In the first draw, there are 7 even numbers out of 15 numbers.
7

P(A) = G

After first draw, there are 14 tickets left.

In the second drawn, one even number ticket is drawn out of 14 tickets.

pEA) = > =3

14~ 7
7 3 1
P(A N B) = P(A) . P(B/A) = 5 x 7%3
OR
When a die is thrown, there are 3 odd numbers on the die out of 6 numbers. 2

3 1
Probability of getting odd number = s = 5

1
2
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1
Probability of getting even number = 1 — 5 =




Now probability of getting no odd number when the die is tossed thrice

= Probability of getting even number when the die is tossed
thrice

1 1
= — X = X =
2 2

1
8

N =

Probability of getting an odd number at least once when the die is tossed thrice

—1-1=T
8 8
28. y—1=x or y=x+1isthegivenline DE () 2
x = —2is the line EF.
x = 3is the line CD.
Let A be a point of intersection of (/) and x-axis.

Limits are x =—2 and x =— 1 for the area AEF and the limits for the area ACD are x =
—1and x = 3.

e F A
E \;

The required area = Shaded area

IAAFE| + |AACD)|

1 3
- I_z(x+1) dx j_1(x+1) dx

+

2 I {Xz B
- | —=+x —+X
2

L 1=,

[t s

+
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Section IV
29. R={a, b):a—bisdivisible by 5, a, be Z} 3
For reflexive : (a, a)e R—= a—aisdivisible by 5, true. Hence R is reflexive.

For symmetric: (a, b)e R—= a- bdivisible by 5= b - ais divisible by 5= (b, a)
e R.
Hence R is symmetric.

For transitive : Letfor (a, b), (b, c)e R
(a,b)e R—= a—bdivisible by 5
(a,c)e R= b-cdivisible by 5
As a — b divisible by 5 and b — ¢ divisible by 5. Hence a — c is also divisible by 5.
ie., (@, b)e Rand (b, c)e R= (a, ¢)e R. Hence Ris transitive.
From above Ris reflexive, symmetric, transitive, therefore R is an equivalence relation.
30. Givencurveis 3
[(1+x+1 ifx+1>0
y= 1= (x4 1), ifx+1<0 - (7)
Given lines are =-3,x=3,y=0 ()]
The rough sketch of (/) has been shown in the figure.

The required area = the area of the shaded region ABECDA

j:::yBE ax + IiYEc ax

j:;(—x) dx + f1(x+ 2) dx

27" 2 7
a5

-1

-3 -1

oo,

4 +12 =16 sq. units.
OR
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Given curves are y2 = 4x .. ()3
and x+y=3 oo (i)
Curve (i) is a right handed parabola whose vertex is (0, 0) and axis is y = 0.

Line (i) cuts x-axis at (3, 0) and y-axis at (0, 3). Here required area OCDAOQO is bounded
by curves (i) and (ii) and abscissa at A and C.

Hence we will find the values of y from equations (i) and (ii).

AY

Putting the value of x from equation (ii) in (i), we get
y2=4(3-y)
or, V2+4y—12=0
=-6,2

2
Required area OCDAO = J._G(x1 —Xy) dy

1 (X”ne(i) - Xcurve(ii)) dy
I

2 2 372

1 1
Lloon oo 24

2 216) 10 64
6-2-2| _[-18-184+219] - 19 = 25
E 3) ( * 12} 3 T18=73 sd

units.
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T xsinx
31. Let /= J.Om

dx () 3
| = jﬂ(n—x)sin(n—x)
~ Jo 14 cos?(n-x)

0 0 1
[ jo f(x)dx = IO fla— x)dxu

T (m— x)sinx )
|= | ———dx
0 1+cos? x (i)

On adding Egs. (i) and (i), we get

T(X+m—Xx)sinx
o= [[EEZX)SINX
0 1+cos“x

T (T sinx
2 Jo 14 cos? x

[~ Let t=cos x, dt = —sin x dx]

dx

upper limit — cos n=—1]
Lower limit — cos 0 = 1]

n (1 -dt x (1 dt

'= 2 L 1+ 2 - 2 .[_11+t2
[.,.J‘bf(x)dx=_‘[:f(x)dxﬂ
1

= % [tan*1 tL = g [tan-1(1) — tan~"(= 1)]
= {E_[—ET— T (E E)_ T T
“2014 0 4)]7244) 22
.

7
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32

33.

We have,
fx)= (x+1)3 (x=3)3 3
= f(x)=(x—3)3.3(x+1)+(x+1)3.3(x—3)2%(x—3)
= £(x) = 3(x+ 1)2 (x=3)3 + 3(x + 1)3 (x — 3)2
= f(x)=3(x+12(x-32(x+1+x-23)
= f(x)=6(x+1)2(x=3)2(x-1)

For f(x) to be increasing, we must have

f(x)= 0
= B(x+ 1)2 (x—3)2(x-1)=0
-l b, — + + »
:'oc -1 1 3 +:|o
= xe [1, ]
So, f(x) is increasing on [1, «]
For f(x) to be decreasing, we must have
f(x)< 0
= B(x+1)2(x—3)2(x-1)<0
- - + + -
:w -1 1 3 +:o
= xe (—oo,1)

So, f(x) is decreasing on (— o, 1).

1
Given that X = tan (g'OQ}’j
1
= tan”' x= — logy
a
= atan'x = logy

Now, differentiating both sides w.r.t, x, we get

238
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1 1 dy
ax = L —
14x2 ¥ dx
d 1 1 ]
o —(tan” ' x) =
[ dX( ) 1+x2|J
dy
2y L =
= (1+x)dx ay

[By cross multiplication]

Differentiating again on both sides w.r.t. x, we get

o). L(L) DIy

“dx \adx dx dx dx
-.'i(u.v) == uﬂ+ vﬂﬂ
dx dx  dx'|
d%y dy dy
2y 22 =g. 2
= (1 + x9) X2+dx.(2x) a'dx
1+ x2 i + ZXQ Y 0
= (142 o2 ax Fax T
d?y dy
= (1+ XZ)W + (2x—a)a =0. Hence proved.
34. x = ae® (sin 6 — cos 0) 3
Diff. w.r.t. 6
ax 9 . . 0
0 = a[e’ (cos 0 + sin ©) + (sin 6 — cos 0) €]
= ae’ [cos O + sin O + sin 6 — cos 0]
= 2ae’ sin 0
Now, y = ae’ (sin 6 + cos 0)
Diff. w.r.t. 6
Y _ e ; ; 0
a0 - ale’ (cos 6 — sin ©) + (sin 6 + cos 0) €]
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ae’ [cos 0 — sin 0 + sin 0 + cos 0]

2ae% cos 0

dy _ dy/de _ 2ae’cosb
dx ~ dx/do  2ae’sin®

cot 6.

OR
Given that yX = e¥y=>x
Taking log on both sides, we get

log y* = log eV =%

= xlogy= (y—x)loge
[~ loge=1]
= xlogy=y—-x
_ y
= *= 1+logy

Differentiating eqn. (/) both sides w.r.t. x, we get

d d d d
= X (log y) + Iogya(X)—a(y)—a(X)
1 dy _dy
= x.y.dx+logy.1—dx—1

%0

= (1+logy)= o 7y

- dy _ y(i+logy)
dx (y=x)

Put the value of x from Eqgn. (i) in Egn. (ii), we get

dy _ y+(1+logy)

dx
y- Y
1+logy

- (i)

240
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wxlogy =y—x]
x=—7Y
1+logy ||

d 2
- dy _ y+(1+logy)

dx  (y+ylogy-y)

35. Givendifferential equation is

2 ay 1
1 .
(x<=1) » 2xy 217 [x] =1 3

Dividing both sides by x2 — 1, we get

dy 2xy 1 .
ax T X217 (-1 - ()

This is a linear differential equation and is of the form

dy _ ,
dx +Py=Q .. (i)

Comparing Eqns. (i) and (ii), we get

pe 2X o
=2Z_qan Q= (X2 —1)?
Now, solution of above equation is given by
yx1F.= [(@xIF)dx+o ... i)
] [ Pax
where, I.F. = Integrating factor and |.F. = €
2
LE. = [259 = Jog(x®~1) = x2 — 1 [Q o9 = x]

e

:
|

2

[J. 2X1deutx2—1:t:>2xdx:dt:. I%zlogltlzlog|x2—1|+c
X —

1
Putting LF.=x2—1and Q = (x2 1) in Eqn. (i),
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36.

we get

1

y(x2-1)= J.(X2—1) (212 dx
= y(x2—1)= -[x2—1 dx
dx
= y(E—1)= Jm
2 T g X2
y(x<=1)= 2 log 1 + C.
SECTION -V

Let P(2, 3, 4) be the given point and given equation of line be

X+3 _y-2 _z
3 6 2
Any random point T on the given lines is calculated as
X+3 _
3 -
y-2 _z _
6 5 A [Say]
or Xx=3L-3,y=61+2,z=2)\

Coordinates of T are (3L — 3, 61 + 2, 2).)
Now, DR’s of line PT are
(Br—3-2,6L+2-3,20-4)=(31—-5,61L—1,2A —4)
Since, the line PT is parallel to the plane
3x+2y+2z-5=0

a.a, + b,b, + c,c, =0

[ Line is parallel to the plane, therefore, normal to the plane is

perpendicular to the line]

242
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where, a;=3r-50b,=6L-1,¢c,=21-4

and a,=3,b,=2,¢,=2
[~ a,, by, ¢, are DR'’s of plane whose equation

is3x+2y+2z-5=0]

We get,
3(3L—-5)+ 2(6L—1)+2(2p—4)=0
= 9L—15+120— 2+41-8=0
= 250-25=10
= 250 = 25
or A=1

. Coordinates of T=Br-3,60L+2,21)=(0,8,2)
[Puti =1]

Finally, the required distance between points P(2, 3, 4) and T(0, 8, 2) is given by

PT= J(0-272+@B-3%+(2-4)

[Q (x4, ¥4, 24) = (2, 3, 4) and (x,, ¥,, Z,) = (0, 8, 2)]

J4+25+4 = /33 units.

OR
- R A~ - R n R
We have, ng =( +3j)d,=6and n, =@3i-j —4k),d, =0
N - -
Using the relation, ro.(m +iny)=d; +d
- ~ 2 ~ 2 ~
= r . [(i +3j)+X3i —-j —-4k)=6+0.1A
- ” N -
= r . [(1+3x)i + B=A)j + k(-4r)]=6

. (D)

On dividing both sides by \/(1+ 31)? +(3—1)? +(~41)? , we get
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37.

7.[(1+3x)f+(3—x)j+;2(—4x)] 6

JO+3 2+ B2+ () 3P + (B2 +(-40)
Since, the perpendicular distance from origin is unity.

6
=1
1302 + (3-1)% + (-41)?

(1+ 3)»)2 + (3—?»)2+ (—47u)2 =36
1+9)2+6L +9 + A2—6A + 1602 =36
2602 +10= 36

u ol

2= 1

A=t
Using Eqn. (i), the required equation of plane is
.

[(1£3)] +@BF 1)j +(74)k]=6

=7 [(1+3)] +@-1)] +(-4k1=6

andr.[(1-3)f +(3+1)j +4k]=6
- ~ N ~
= r .47 +2] -4k)=6

andr .(-27 +4] +4k)=6

= dx+2y—-4z-6=0

and —-2x+4y+4z-6=0-

Maximize z = 1000x + 600y

Subject to x+y< 200,x>20,y>4x,x,y>0

Consider the linear constraint defined by the inequality

x+y< 200

First draw the graph of the line x + y =200
X 100 80
y 100 120
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Putting (0, 0) in the inequality x + y < 200, we have
0 +0< 200 = 0< 200, which is true
So the half plane of x + y <200 is towards the origin.
Now consider the linear constraint defined by the inequality
x= 20
First draw the graph of the line x = 20
Putting (0, 0) in the inequality x > 20, we have
0> 20, which is false
So the half plane of x > 20 is away from origin.
Now consider the linear constraint defined by the inequality.
Y A
180
160
140
120
100
80
80
40

2
x 2 X'

(71 20 40 60 80 100120 140
Y

y> 4x
First draw the graph of the line y = 4x
X 10 20
y 40 80
Putting (10, 0) in the inequality y > 4x, we have
0>4x10 = 0240, which is false.
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So the half plane of y > 4x is away from the point (10, 0)
Since x,y>0
So the feasible region lies in the first quadrant.

The coordinates of the corner points of the feasible region are A(20, 80), 8(40, 160) and
C(20, 180). These points have been obtained by solving equations of the corresponding
intersecting lines simultaneously.

Now z = 100x + 600y

At A(20, 80) z = 1000 x 20 + 600 x 80 = 20000 + 48000 = 68000

At B(40, 160) z = 1000 % 40 + 600 x 160 = 40000 + 96000 = 136000
At C(20, 180) z = 1000 x 20 + 600 x 180 = 20000 + 108000 = 128000

Thus zis maximum at (40, 160) and maximum value = 136000
OR
The given objective function is z=6x + 5y
Consider the linear constraint defined by the inequality
3x+5y< 15
First draw the graph of the line 3x + 5y = 15
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Putting (0, 0) in the inequality 3x + 5y < 15, we have
3x0+5x0<15=0<15, whichis true
So the half plane of 3x + 5y < 15 is towards the origin.
Now consider the linear constraint defined by the inequality
5x+2y< 10

First draw the graph of the line 5x + 2y = 10

X 0 2

y 5 0
Putting (0, 0) in the inequality 5x + 2y < 10, we have

5x0+2x0< 10 = 0< 10, which is true.

So the half plane of 5x + 2y < 10 is towards the origin.
Since x,y>0
So the feasible region lies in first quadrant.

The coordinate of the corner points of the feasible region are O(0, 0)

20 45
A(2,0), B [EE) and C(0, 3). These points have been obtained by solving equa-

tions of the corresponding intersecting lines simultaneously.

Now Z = 6x+ 5y
At O(0, 0) z=6x0+5x0=0
At A(2, 0) z=6x2+5x0=12+0=12
o[22 soex 20,5, 45 _120 225 345
19°19 B 19 19 ~ 19 19 ~ 19
At C (0, 3) z=6x0+5x3=0+15=15
. . 20 45 . 345
Thus z is maximum at | ==, | and maximum value = —.
19 19 19

38. Given that

3 2 1]
A= |4 -1 2
7 3 -3
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The given system of equations can be written as

AX =B
3 2 1] X | 6|
where, A=|4 -1 2| X=|y| andB= 5)
7 3 -3 z| ul

Solution of above system of equations is given by

X=A"'B
- (i)
So, now we find A"
adj(A)
where Al =
[A]
Now IA| = 3(3-6)—2(- 12— 14) + 1(12 + 7)

3(=3)—2(- 26) + 1(19)
~9+52+19=62

Al = 0
hence unique solution.

;
Ay Ap Al

and adj(A)= | Ayy Ayp Ax
Azr Agp Assl]

2_1 2 2

Ay =(=1) 3 _3 =(-1)x3-6)=-3
34 2

A= 1P, l=-1(12-14)=26
st -

A= 10, ol =1(1247)=19
32 1

Ap = 1P|, ol =-1(-6-3)=9
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N
Ap= 1L [=1(-9-7)=-16
B2
A= (1P [, 3 =-10-14)=5
L2
Ay = (1F | =14+ 1)=5
MER
Ag = (1P|, o =—1(6-4)=-2
o2
A= (1P|, 1=1(-3-8)=-11
3 26 197
adj(A)= | 9 -16 5‘
5 -2 11
3 9 5]
- |26 -16 —2‘
19 5 11|

N A= |26 18 —2‘ 5
2119 5 —11) |7]]

[AMJ

Al ]

Now, by using Eqn. (i), we get

x| -3 9 5 ]7/6]
yl =1 126 -16 —2‘ 5
A %19 5 1) |7)
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18 445 4351 62]

- g%- 156 —80 —14‘ - o5 |82

114 +25 -77) 62
.62,  _62 62
" 627 62°% 62

Hence, 1,y=1andz=1.

OR

First find the product AB and then premultiply both sides of product AB by A~ and
obtain A~'. Then, using the relation X = A='C and simplify it to get the resuilt.

First we find the product AB

1 -1 0][2 2

AB=12 3 4 |4 2

o1 272 1

[2+4+0 2-2-0

=|4-12+8 4+6-4

| 0-4+4 0+2-2

6 0 O] 10

10 0 6l 00
AB = 6/

Now, given system of equations can be written as

AX=CdX=A"C

1 -1 0] X |
where A=12 3 4 X=|y
0 1 2| zl|
Now again from Eqn. (/)
AB = 6/
= AV AB = 6A~Y

1C:

4]
-4

5]

~4+4+0 ]
-8-12+20
0-4+10 ||

3 ]
17’
[l
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[Premultiplying by A" on both sides]

= B = 6A""
[QA"A=1/and IB = B]

1 2 2 -4]
A_1=EB=_ -4 2 —4‘
2 -1 5]
Now from Eqn. (ii), we get
3] x|
X=A"'"Cwhere C=|17| and X= |y
7J 4]
x| 1‘2 2 -471[3]
= Y =E -4 2 -4 (17
zl| 12 -1 5] |71

[6+34-28 | 127 [2]
-12+34-28 1 |-6 _|-1

1
6 6-17+35 [ 6 |24] 4‘J

x=2, y=-—1and z=4.
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PRACTICE PAPER - 3 (2020-21)
Class XII
Mathematics

[Prepared by Team Maths — DOE]

Time Allowed : 3 Hours Maximum Marks : 80
General Instruction

1. This question paper contains two parts A and B. Each part is compulsory. Part A
carries 24 marks and Part B carries 56 marks.

2. Part-Ahas objective Type Questions and Part-B has Descriptive Type Questions.
3. Both Part Aand Part B have choices.
Part - A
1. It consists of two sections — | and II.
2. Section | comprises of 16 very short answers type questions.

3. Section Il contains 2 case studies. Each case study comprises of 5 case-based MCQs.
An examinee is to attempt any 4 out of 5 MCQs.

Part- B

—_

. It consists of three sections-lll, IV and V.

2. Section Il comprises of 10 questions of 2 marks each.
3. Section IV comprises of 7 questions of 3 marks each.
4. Section V comprises of 3 questions of 5 marks each.
5

. Internal choice is provided in 3 questions of Section-lll, 2 questions of Section IV and 3
questions of Section-V. You have to attempt only onhe of the alternative in all such
questions.

PART - A
SECTION -1

(All questions are compulsory. In case of internal choices attempt anyone)

2 3]
1 -2 3] ,
1LIFA=| , , .B=|4 5 and BA=[b], find by, + by, 1
2 1
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2. Find the direction ratios of the line where equation is given by 1

5x-3=15y+7=3-10z

- - - " “ n
3. Find a unit vector perpendicular to both a and b where a =/ —2j + 3k and

— " oa R
b=2i—j+k. 1
OR
- - > o - -
Ifla|=5,|b|=6and a . b =20,find|a x b| 1

4. Arelation R on set {2, 3, 4} is defined by R ={(2, 3), (3, 2), (2, 2)}. Which order pairs

should be added to it to make R is a smallest equivalence relation ? 1
5. Evaluate: 1
.[ X ax
1-x3
OR
a

1 7
If dx = —,thenfind ‘@’ 1

J. 1+ 4x? 8

0

6. Write the order and degree of the differential equation

2.V dy
d y + edx = 0 1
dx?
7. Evaluate: 1
E—sm‘1 (— 1 )—|
sin |3 2)]
8. If f{x) = x> + 2x + 3 and g(x) = 2x — 3. Find g o f(x). 1
OR
If f: R > R be defined by f(x) = x2 + 1, find the preimage of 26 and 17. 1

[Class XIlI : Maths] 253



9. If the rate of change of volume of a sphere is equal to the rate of change of its radius,

10.

1.

12.
13.

14.

15.

16.

then find the radius of the sphere.

If A is any square matrix of order 3 x 3 and |adj A| = 25, then find |4A| and |adj adj A|.

OR

2 3 1]
If|A -1 1] isnon singular, find A.
1.0 1]

1 -2 3]
2 1 -1
-1 3 ol

IfA= , then find the value of (adj A) A

If P(not A) = 0.7, P(B) = 0.7 and P(B/A) = 0.5, then find P(A/B) and P(A U B).

Write the integrating factor of the differential equation.

ay .o
x log x o +y=2logx

Evaluate :

1
I(x5+tan3x+ x+1) dx
-1

2x 1- x?
Differentiate tan~" 5 | w.r.t. cos™ 2 |
1 1+ x

[2x-3, x>1
Is function f(x 11 2% x<1 continuous at x=17?

1
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SECTIONII

(Both the case study based questions are compulsory. Attempt any 4 sub
parts from each questions 17 and 18. Each part carries 1 mark)

17. Mr. X who is an architect designs a building for a small company. The design of the
window on the ground floor is proposed to be different than other floors. The window is
in the shape of a rectangle which is surmounted by a semicircular opening. This win-
dow is having a perimeter of 10 m as shown below:

D P C
Based on the above information answer the following : 1
() If 2xand 2y represents the length and breadth of the rectangular portion of the window,
then relation between variables is
(@) 4y—2x=10-n= (b) 4y=10—-(2—m)x

(€) 4y=10—(2 +n)x (d) 4y—2x=10+x

(i) The combined area A of the rectangular region and semicircular region of the window
expressed as a function of x is 1

1

(@) A=10x+ (2+§njx2
1

(b) A:10x—£2+575jx2
1

(¢) A=10x— EZ—EWJXZ

1 5 1
(d) A=4xy+ — nx?,wherey=— + — (2+n)x
2 2 4
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(iiiy The maximum value of area of the whole window, A is

1
50 50
= 2 = 2
(@ A don m (b) A e m
100 50
= 2 = 2
(c) A don m (d A R m

(iv) The owner of this small company is interested in maximizing the area of whole window
so that max. light input is possible. For this to happen, the length of the rectangular

portion of the window should be 1
20 10
(@ 4+1tm w>4+nrn
4 100
© o7 M @ 4

(v) Inorder to get the max. light input through the whole window, the area (in sq. m) of the
only semi circular opening of the window is : 1

100n
@ (442

507
4+n

(b)

50r
w)(4+nf

(d) Same as the area of rectangular portion of the window.
18. There are three categories of students in a class of 60 students : 1
A : Very hard working students
B : Regular but not hard working
C : Careless and irregular

Itis known that 10 students are in category A, so in category B and rest in category C.
Itis also found that probability of students of category A, unable to get good marks in
the final year examination is 0.002 of category B it is 0.02 and of category C, the
probability is 0.20.

Based on the above information answer the following :
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() If a student selected at random was found to be the one who could not get good marks

in the examination, then the probability that this student is of category C is 1
201 200

@ 231 ®) 531
31 21

© 537 (@ 533

(i) Assume that a student selected at random was found to be the one who could not get
good marks in the examination, then the probability that this student is either of category

A or of category B is 1
31 200

(a) 231 (b)'§§q
201 21

(c) 231 (d) 231

(iiify The probability that the student is unable to get good marks in the examination is

1
231 231
@ 300 ®) 3000
770
(c) 1000 (d) 0.007
(iv) A student selected at random was found to be the one who could not get good marks
in the examination, the probability that this student is NOT of category A is 1
230
@ o (b) 5373
21
© 531 (a1

(v) A student selected at random was found to be the one who could not get good marks
in the examination, The probability that this student is of category A is

1 200
(@ 231 (b) 231
230
(c) 231 (d) None of these
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PART -B

SECTION - i
19. Prove that 2
n 1 148 n 1 14 2b
—+—cos '— ——-—cos — |= =
tan [4+2 b]*ta” [4 2 b) a
OR
Solve for x
sin™! x + sin™! (1 — x) = cos™" x.
[0 2y z]
20. fA=|x y -z and AA=1I Findx, yand z. 2
L x -y z]
2 3]
21.IfA=|, 5|J and f(x) = x2 - 7x — 2, find f{A). 2
. dy -
22. If e+ e¥ = X", then prove that ax +e¥=X=0. 2
23. Evaluate: 2
[pS—
1+ x tanx
OR
Evaluate : J.ezx (2cos x —sin x) dx 2

24. The surface area of a spherical balloon is increasing at the rate of 2 cm?/sec. Find the
rate of change of its volume when its radius is 6 cm. 2

25. Find the differential equation for y = a €%, a. b are arbitrary constants. 2

26. Using differentials, find approximate value of /9. 082 -

N
27. If a is any vector in space, then prove that

- . N - N

a=(a.l)i+(a.j)]+(a.k)k 2
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OR

Find the projection of j + 3] +7k onthe vector 2/ -3 +6k .

— . ~ . ~ ~ ~ g N - ~
28. Arethevector a =-2j —2j +4k, b =—2j +4j -2k and ¢ =4] —2j —2k
coplanar ? 2

Section - IV

29. Using properties of determinants, show that

—-bc  b%+bc c%+bc
a®+bc -ac c?+ac| = (ab + bc + ca)®. 3

a’+ab b%>+ab -ab

OR
Using elementary operators find A~!, where 3
2 -6
a=|?2 7Y
1 -2
-2
30. Let A= R-{3} and B= R - {1}, consider the function f: A — B defined by f(x) = 1_ 3"
Show that fis bijective. Hence find 1. 3

31. Three numbers are selected at random (without replacement) from first six positive
integers. Let X denotes the largest of the three numbers obtained. 3

Find the probability distribution of X. Also fine the mean and variance of the distribution.

+1 _y+3 _z+5 x-2 y-4 z-6 . :
=Ty =3 and T3 T3 intersect. Find

the point of intersection also. 3

32. Show that the lines ~

33. Solve the differential equation x2 dy + y(x + y) dx = 0. Given thaty=1whenx=1. 3

OR
Solve the following differential equation 3
dy
— + — + =
de y—x+xycotx=0.

Given that y = 0 when x = 0.
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34.

35.

36.

37.

38.

If y1/m + y—1/m =2x 3
Then prove that (x2 — 1) y, + Xy, = m?y.

Evaluate : 3

1
log(1+ x)
[logtt=x) g

0 1+ x
Section -V
Find the equations of the two planes passing through the points (0, 4, — 3) and (6, — 4,
3). If the sum of their intercepts on the three axes is zero. 5
OR

Find the image of the points (2, 3, — 4) in the plane 7 (27 =] + k)=3.

Using integration, find the area of the region bounded by the lines

x—3y+5=0,3x-2y=6,2x+y=4. 5
OR

Find the area of that part of the circle x2 + y2 = 16 which is exterior to the parabola y2
= 6x. (using integration). 5

Solve graphically maximize and minimize
Z=—x+2y
subject to the constraints
X—y<2,—-x+3y<10,x+y<6,x, y>0.
OR

Two tailors A and B are paid ¥ 225 and ¥ 300 per day respectively. A can stitch 9 shirts
and 6 pants while B can stitch 15 shirts and 6 pants per day. Form a Linear Program-
ming Problem to minimize the labour cost to produce atleast 90 shirts and 48 pants.
Solve the problem graphically.
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ANSWERS

Practice Paper - 3

. —18.
. <6, 2,-3>

1

) E(hshs&) OR 10,5 .

. (3,3),(4,4)

2 1
. —sin"(x¥)+C OR a=—.

3 2

. Order =2, degree = Not defined.

1.

.2x2+4x+3 OR +5, 4.

1
. 2\/; units.

10.

+320,625 OR R-{0}.

22 0 0
. 0 22 0
0 0 22
3
12. P(A/B) = 12 P(A u B) =0.85.
13. log x.
14. 2.
15. 1.
16. Yes.
17. (N c (inb (iiiy b (v) a (v) c
18. (b (ih a (iii) ¢ (v) b (v) a
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19. OR 0, 2
20 1 1 1
=4+ —F =4+ —F =4+ —F
.x_2,y_6,z_\/§
21. 0.
23. log (cos x + xsinx)+ C OR e%*cos x + C.
24. 6 cm¥/sec.
a2y dy 2
—F = | — =y 2
26. 0.2867.
27. OR 5units.
28. Yes.
1 [-2 6]
R
29. OR A 5 [_1 2|J
3x-2
Uy = 22" 2
30. F'(x) 1 (x=1)
31. X 3 4 5 6
1 3 6 10
P9 20 20 20 20
21 63
Mean = 1 Var. = 80
113
2. (27272
33. y+2x=3x%y OR y.xsinx=—Xxcos x +sin x
T
35. 8 log 2.
36. 6x+3y—2z=18 OR 2x-3y—6z=6.
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7 4
37. 2 square units OR 3 (8n — /3 ) square units.

20 10
=== 0,—
38. Max. 3 at ( 3 j
Min. = -2 at (2, 0).
OR

Min. Labour cost =3 2025.
When A works for 5 days and B works for 3 days.
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SAMPLE QUESTIONS PAPER
Class XIlI
Session : (2021-22)

Mathematics (Code-041
Time Allowed : 90 Min Maximum Marks : 40
General Instruction

1. This question paper contains three sections- A, B and C. Each part is compulsory.
2. Section - Ahas 20 MCQs, attempt any 16 out of 20.
3. Section - B has 20 MCQs, attempt any 16 out of 20.
4. Section - C has 10 MCQs, attempt any 8 out of 10.
5. All questions carry equal marks.
6. Thereis no negative marking.
SECTION-A

(In this section, attempt any 16 questions out of questions 1-20.
Each question is of 1 mark weightage.)

1. sin {%—Sin(—%)} is equal to 1
1 b 1
@ 3 ®) 3
(c) 1 @ 1
2. The value of k (k < 0) for which the function f defined as 1
1—c<?skx 40
xsinx
f(x) =
(%) ‘ 1 , X=0
L 2
(@ £1 (b) —1
1 1
+ — —
© *5 @
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(1, wheni=j

=Jla.]i i L= 2is:
3. IfA [aU] is a square matrix of order 2 such that a;; 10, wheni=j’ then A%is: 1
1 0] 1 1]
@) [1 o) ) [o ol
1 1] 1 0]
(©) [1 o] @ [o 1)
4. Val f Kk, f h'hA—k 8 s I trix i 1
- Value of k, for which A= |, 2k|j is singular matrix is
(@) 4 (b) —4
(c) +4 (d) 0
5. Find the intervals in which the function of given by f(x) = x? — 4x + 6 is strictly
increasing 1
@) (=, 2)u(2,x) (0) (e, 2)
(€) (== 2) (d) (=0, 2]V (2, )
6. Given that A is square matrix of order 3 and | A| =—4, then | adj A | is equal to 1
(@) -4 (b) 4
(c) —16 (d) 16

7. Arelation RinsetA={1, 2, 3} is definedas R ={(1, 1), (1, 2), (2, 2), (3, 3)}. Which
of the following ordered pair in R shall be removed to make it an equivalence relation

in A? 1
@ (1,1) (b) (1,2)
(€) (2,2) ) (3.3)
2a+b a-2b | [4 -3] _
8. If{Sc—d 4C+3d|j:{11 24| ,thenvalueof a+b—c+2dis: 1
(@ 8 (b) 10
(c) 4 (d) -8
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1
9. The point at which the normal to the curve y = x + X > 0 is perpendicular to the line

3x—-4y-7=0is 1
(@) (2,5/2) (b) (£2,5/2)
(c) (—1/2,5/2) (d) (1/2,5/2)
10. sin (tan~"'x), where | x| < 1, is equal to 1
X 1
(a) (b) -
1- x? 1-x
1 X
(©) @
1+ X2 1+ x?
11. Let the relation Rinthe A={xe z: 0< x 212}, givenbyR ={(a, b) : |a—b|is a
multiple of 4}. Then [1], the equivalence class containing 1, is: 1
(@ {1,5,9} () {0, 1, 2, 5}
() ¢ d A
. dy .
12. If e¥+ &Y = &X'V, then —is: 1
dx
(@) e~ (b) ext
(c) —ey> (d) 2y
13. Given that matrices A and B are of order 3 x n and m x 5 respectively, then the order
of matrix C=5A + 3B is 1
(@ 3x5 (b) 5x3
(c) 3x3 d) 5x5
_ . d2y .
14. If y =5 cos x — 3 sin x, then — is equal to 1
dx
@ -y (b) y
(c) 25y d) 9y
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2 5]
15. For matrix A = [_11 7|J , (adj A) is equal to: 1
-2 5] 7 5]
@) [11 7l ®) [11 |
7 1] e |7 5
© |5 2l @ 4y 2l
X2 )2
16. The points on the curve ?+ T =1 at which the tangents are parallel to y-axis are 1
(@) (0,%4) (b) (4,%0)
(c) (£3,0) d) (0,%3
17. Giventhat A = [a,.j] is a square matrix of order 3 x 3 and | A | =—7, then the value of
21.3:1 ajpA;2 » Where A; denotes the cofactor of element a; is: 1
@ 7 (b) -7
(c) O (d) 49
dy .
18. If y = log(cos &%), then — is 1
dx
(@) cos &1 (b) e cos e*
(c) e*sineX (d) —eXtan eX

19. Based on the given shaded region as the feasible region in the graph, at which
point(s) is the objective function Z = 3x + 9y maximum? 1

4 _ x+3y=60

(a) PointB (b) PointC
(c) PointD (d) Every point on the line segment CD
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20. The least value of the function f(x) = 2cos x + x in the closed interval {O,E

2]

is
@) 2 (b) g+\/§

(©)

% (d) The least value does not exist.

SECTION-B

(In this section, attempt any 16 questions out of questions 21-40.
Each question is of 1 mark weightage.)

21. The function f: R — R defined as f(x) = x3 is: 1
(a) One-on but not onto (b) Not one-one but onto

(c) Neither one-one nor onto (d) One-one and onto

2

22. Ifx=asece,btan6,thend—§/atﬁzgis 1

_343b _
{ ) 243b

a a

(@)

~34/3b -b
a @ 3\/§a2

23. Inthe given graph, the feasible region for a LPP is shaded. The objective function
Z = 2x — 3y, will be minimum at: 1

(©)

Y 4, 10)

P

(0, 8) (6. 8)

(6,9)

0,0) (5,0)
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(@) (4,10) (b) (6.8)
(c) (0.8) (d) (6.5)

1 1
24. The derivative of sin™! (2x+/1- x? ) w.rt sin~x, —5 X<

T
-2
(@ 2 (b) 5
T
il d) -2
(c) 5 (d)
1 -1 0] 2 2 4]
25.1fA=12 3 4] andB=|-4 2 -4] then
0 1 2| 2 -1 51
(@) A'=B (b) A" =6B
1
(c) B'=8B d B'= EA

26. The real function f(x) = 2x3 — 3x2 - 36x + 7 is

(a

)
(b) Strictly decreasing in (-2, 3)
(c)

)

(d) Strictly decreasing in (—w0, —=2) U (3, »)

27. Simplest form of tan™! [\/1 +C0sx +1-cosx ]

J1+cos x —/1-cos x

T W 3n =w
@ 473 ® 573

© -5 @ =3

Strictly increasing in (—w0, —2) and strictly decreasing in (-2, «)

Strictly decreasing in (—oo, 3) and strictly increasing in (3, =)

28. Given that A is non-singular matrix of order 3 such that A2 = 2A, then value of | 24| is 1

(@) 4 (b) 8
(c) 64 (d) 16
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29. The value of b for which the function f(x) = x + cosx + b is strictly decreasing over R

is : 1
(@ b<1 (b) No value of b exists
(c) b<1 (d) b>1
30. Let R be the relation in the set N given by R={(a, b) : a=b -2, b =6}, then 1
@ (2,4)eR b) 3,8 eR
(c) (6,8)e R d) 8,7 e R
31. The point(s), at which the function f given by f(x) = L [ x| 1
=12 x
(@ xe R (b) x=0
(c) xe R-{0} (d) x=-1and 1
32. IfA= 0 2 ﬂ and kA = 0 3aﬂ , then the values of k, a and b respectively are 1
3 -4 2b 24|
(@) —-6,-12,-18 (b) —6,-4,-9
(c) 6,4,9 (d) -6,12,18

33. Alinear programming problem is as follows:
Minimize Z = 30x + 50y
Subject to the contraints,
3x+5y>15
3x+3y>18
x=>0,y>0
In the feasible region, the minimum value of Z occurs at 1

(a) aunique point (b) no point
(c) infinitely many points (d) two points only

34. The area of a trapezium is defined by function fand given by f(x) = (10 + x)

100 - x?2 , then the area when it is maximised is 1
@) 75 cm? (b) 73 cm?
(c) 753 cm? (d) 5cm?
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35. If A is square matrix such that A2 = A, then (I + A)® — 7A is equal to 1

(@ A b) I1+A
(c) I-A d) 1
36. Iftan~'x =y, then 1
a) —1<y<1 b) - Z<y<™
(@) y b) —Z<y=2
T Y T T
© —3<¥<3 @ ye{ 2’2}
37. LetA={1,2,3},B={4,5,6, 7}and letf={(1, 4), (2, 5), (3, 6)} be a function from A
to B. Based on the given information, fis best defined as 1
(a) Surjective function (b) Injective function
(c) Bijective function (d) function
3 1] o
38. ForA= 1 2|J , then 14 A-1is given by 1
@) 14 {2 ol o |4 2
al ® |5
5 2 1] Q) 2 -3 1]
© 2 4| @2,
39. The point(s) on the curve y = x3 — 11x + 5 at which the tangent is y = x — 11 is/are 1
@ (-2,19) (b) (2,-9)
(c) (£2,19) (d) (-2,19)and (2,-9)
. _|a B | 2 _
40. Giventhat A = | and A< =31, then 1
v o]
(@ 1+a?+By=0 (b) 1-a?—Py=0
(©) 3-0?-By=0 (d) 3+a2+By=0
SECTION-C

(In this section, attempt any 8 questions. Each question is of 1 mark weightage.
Questions 46-50 are based on a case-study)
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41.

42.

43.

44.

45.

For an objective function Z = ax + by, where a, b > 0; the corner points of the
feasible region determned by a set of constraints (linear inequalities) are (0, 20), (10,
20), (30, 30) and (0, 40). The condition on a and b such that the maximum Z occurs

at both the points (30, 30) and (0, 40) is 1
(@ b-3a=0 (b) a=3b
(c) a+2b=0 (d) 2a—b=0
For which value of mis the line y = mx + 1 a tangent to the curve y? = 4x? 1
@ + ©) 1
2

(c) 2 (d) 3
The maximum value of [x(x —1) + 1]"3,0< x< 1is 1
@ o ) o

2
© 1 @ 3

3

In a linear programming problem, the constraints on the decision variables x and y
are x—3y >0, y>0,0< x< 3. The feasible region 1
(a) is notin the first quadrant (b) is bounded in the first quadrant

(c) isunbounded in the firstquadrant (d) does not exist

1 sina 1 ]
Let A= | —Sina 1 sina

, where 0 < o < 2r, then 1
-1 —sina 1 |
@ |A[=0 (b) [Ale (2,)
(€) [Ale (2,4) d) [Ale [2,4)
Case Study

The fuel cost per hour for running a train is proportional to the square of the speed it
generates in km per hour. If the fuel costs Rs 48 per hour at speed 16 km per hour
and the fixed charges to run the train amount to Rs 1200 per hour. Assume the
speed of the train as v km/h.

fig.

Based on the given information, answer the following question.

272
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46. Given that the fuel cost per hour is k times the square of the speed the train gener-

ates in km/h, the value of k is

16
(@) 3

(c) 3

1
(b) 3

3
@ 15

1

47. If the train has travelled a distance of 500 km, then the total cost of running the train

is given by function

15, 600000
@ 76

v

5 - 150000
(C) —V- +

16 v

375 600000
(b) TV+ »

’ iv+6000
(d) 16 v

48. The most economical speed to run the train is:

@ 18km/h
(c) 80 km/h

(b) 5km/h
(d) 40 km/h

49. The fuel cost for the train to travel 500 km at the most economical speed is

(a) Rs 3750
(c) Rs 7500

(b) Rs750
(d) Rs 75000

50. The total cost of the train to travel 500 km at the most economical speed is

(@) Rs3750
(c) Rs7500

1. (d) sin [g— (%]] = sin(—

2. (b) lim (1—coskxj

x—> 0\ xsinx

1
2

(b) Rs 75000
(d) Rs 15000

Answers

1
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i 2kx
lim | <S5 | 1
= =

x>0\ xsinx 2

2

. kx
, 2| sin—

Dh_mz(ﬁj 2 (.szl
x—>0 \2 kx sinx ) 2

2

=k =1=k=21butk<0=k=-1

10
3. (d)A%= {0 1ﬂ
4. (c) As A is singular matrix
= |Al=0
= 2k*-32=0 = k=1#4
5. (b)f(x)=x2—4x+6
f(x)=2x—-4
Letf(x)=0 = x=2
fig.
asf(x)>00xe (2, )
= f(x) is strictly increasing in (2, «)
6. (d) as |adj A] = |A|™", where n is order of the square matrix A.
= (-4)2=16
7. (b)(1,2)
8. (@)2a+b=4,a—2b=-3,5c—d=11,4c + 3d = 24}
= a=1b=2c=3d=4
atb—-c+2d=8

1 1 x%-1
9. (@) f(x)=x+—,x>0= f(x) =1-—F="—7%—,x>0
X X X

As normal to the curve y = f(x) at some point (x, y) is L to given line
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10.

1.
12.

13.

14.

15.

16.

x? 3 1
= 12 XZ__ (my.my =-1)

= X2=4 = x=4+2

Butx>0, .. x=2

Therefore point = (2%)

(d)sin(tan—1x)=sin[sin”{ X ]}: X
ﬂ \/1+x2 \/1+x2

(a){1,5, 9}
(c)eX+ey=¢eX*y

= ev+eX=1
Differentiating w.r.t. x:

(b)3 x5

(a) y =5 cosx -3 sinx = %= -5 sinx — 3 cosx

d’y 5 + 3 si
—> =—5cosx + 3 sinx = —
:>dx2 Y
7 -5] 7 1]
djA= dj Ay =
(c) adj [11 2|J(aJ ) [_5 2|J
2 2
y 2x 26dy
© 9 %" = 9 T16dx
. dx 9y
= Slope of normal at any point (x, y) to the curve = _W =16

As tangent to the curve at the point (x, y) is parallel to y-axis

9y
—:0 = =
= 16x = y=0and x=13
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. Points = (3, 0)
17. (b) |A| =7
3
L D@22 = @Ag + axphg, + aphy, = Al = -7
18. (d) y = log (cos &%)

Differentiating w.r.t. x:

&y

= -(-sineX)- e* (chain rule)
dx  cos(e¥)

ay
dx

= =—e*tane”

19. (d) Zis maximum 180 at points C (15, 15) and D (0, 20).

Z is maximum at every point on the line segment CD

20. (d) fix) = 2cos x + X, x € [ogﬂ

f(x)=—2sinx+1

Letf(x)=0 = x= %e[O,%ﬂ
f(0)=2
Y T
5)-5+5
f(g)=g = Least value of f(x) is % atx= %
Section-B
21. (d) Letf(x,) Let ye R (codomain). Then foranyx, f(x) = y
= f(x,) such that x,x, € R ifx3=y
= x3=x,° i.e., x=y" e R (domain)
=X =X, i.e., every element ye R (codomain) has a
= fis one-one preimage y'3in R (domain)
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= fis onto

fis one-one and onto

22. (a) x=asech = %:asecetane

d
y=btand = - = bsec?0

do
d_y = Qcosece
dx a
2 -
- ﬂ = —bcosece -coto- @co@ 0
dx? a a®
d’y  -33b
dx? =" a®
6

23. (c) Zis minimum — 24 at (0, 8)

24. (a) Let u=sin"! (2xy/1-x2 )

1 1
and v = sinx, —$< X< E

using (1), we get:

= sin~1(2sinv cosv) = sin~!(sin2v)

I T
=2y, ——<2v<—
= U=2y, 5 5

du
Differentiating u with respect to v, we get: @ 2

1
25. (d)AB=6/ = B'=_A

26. (b) 7 (x) = B(X2— x — 6) = 6(x — 3)(x + 2)
Asf(x)<0 xe (=2, 3)
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= f(x) is strictly decreasing in (-2, 3)

\/1+cosx+\/1—cosxj

27. (a) tan™!
(a) tan (\/1+cosx—\/1—cosx

—\/Ecosi+\/§sin£
=tan”’ )2( )2( n<x<3—n:>£<£<3—n
—x/icosg—\/isini’ 2 2 2 2
X . X X
CoS— —sin— 1-tan> —
=tan™’ % =tan™’ —)2( =’[an‘1[tan(z—5)J
COS— +sin— 1+tan—
2 2 2
_rx mom X . m
4 27 4 4 2 2
28. (c) A2=2A
= |A? = |2A|

= |A? =23|A| as |kA| = k"|A| for a square matrix of order n
= either|A|=0o0r|Al =8
But A is non-singular matrix
|A| = 82 = 64
29. (b)f(x)=1-sinx = fix)0 xe R
= No value of b exists.
30. (c)a=b—-2andb>6
= (6,8)eR

X
31. (a) fix) = :=—1,x<0 -1, x>0

= fix)=-1 xe R

= f(x)is continuous xe R as itis a constant function.
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32, (b)kA:{o 2k1_{0 3a]

3k -4k'| |2b 24')

= k=-6,a=—4andb=-9
33. (c) Corner points of feasible region  Z=30x + 50y

(5, 0) 150
(9, 0) 270
(0, 3) 150
(0, 6) 300

_2x2—10x+100

\100 — x2

f(xX)=0 =>x=-100r5,butx>0 = x=5

34. (c) F(x) =

2x3 —300x — 1000 -30
f"(x) =f"(5)=—=<0
(100 - x)%'? J75

Maximum ara of trapezium is 753 cm2when x=5
35. (d) (/—AP—TA=1+A+3A+3A—TA=]
e T
; ——<y<=
36. (c) 5 <V<3

37. (b) Since, distinct elements of A have distinct f-images in B. Hence, fis injective and
every element of B does not have its pre-image in A, hence fis not surjective.

fis injective andis not surjective.

_ 2 1]
38. (b) |A|=7, adjA= | 3|J

paat=1ax 22 -] —2|1
1T 372 e

d
39. (b) y=x3—11x+5 = d—};=3x2—11

Slopeofliney=x-11is1 = 3x°-11=1 = x=4%2

Pointis (2, -9) as (-2, 19) does not satisfy the equation of the given line
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40.

41.

42.

43.

44.
45.

46.

(c) A2 = 3]

aZ+py 0 | [3 0]
= { 0 Byﬂxzh_{o 3|J = 3-0a?-By=0
Section-C
(c) As Zis maximum at (30, 30) and (0, 40)
= 30a+30b=40b = b-3a=0
@y=mx+1 (1)
y2=4x .(2)
Substituting (1) in (2) : (mx + 1)2 = 4x

= mx2+(2m-4)x+1=0 ..(3)
As line is tangent to the curve

= Line touches the curve at only one point
= (2m—-42-4m?=0 = m=1

(c)Letfi(x)=[x(x—1)+1]"3,0<x<1

2x -1

(x) = - 1
f(X)—3(X2_ L =0 = x= <01

1

f0) =1, f(%j: (%js and f(1) = 1

Maximum value of f(x) is 1.
(b) Feasible region is bounded in the first quadrant
(d) |A] = 2 + 2 sina
As-1<sina<1, 0<a <2
= 2<2+2sina<4 = |Ale [2,4]
(d) Fuel cost per hour = k (speed)?

3
= 2 -2
= 48 =k. 16 = k 16

280
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3
47. (b) Total cost of running train (let C) =%V2t +1200t

500
Distance covered = 500 km = time = ~ hrs

3 500
Total cost of running train 500 km =2 (TJHZOO(

16

375 600000
= C=—-Vv+
4 v

dC 375 600000

48. (c) O a 2

Let£:0:>v=80 km/h
av

375 375

49. (c) Fuel cost for running 500 km - Tx 80 =7500

375 60000
50. (d) Total cost for running 500 km = =7=v +—
_ 375x 80 . 600000 15000
4 80
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